
Lecture 3: 
Good bases for kernel spaces 

Grady B. Wright 
Boise State University 

2013 Dolomites Research Week on Approximation  



DRWA 2013 
Lecture 3 

  

Good Bases for 
Kernel Spaces 

By Dr. RBF 



DRWA 2013 
Lecture 3 

Overview 

●  Part I:  Smooth kernels with a shape parameter. 

●  Part II:  “Scale independent” kernels. 

�(r) = exp(�("r)2)Ex: 

Issues:  
•  For large N, interpolation 

matrices are dense. 
 
•  Matrices are not nice for 

iterative methods. 

Ex: 
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Good bases for kernel spaces 

Analogy:  
(Fornberg) 

Vectors	
  

Polynomials	
  

Splines	
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Good bases for kernel spaces 

Part I:  Smooth “flat kernels” (small shape parameter) 
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Radial basis function (RBF) interpolation 

Key idea: linear combination of translates 
and rotations of a single radial kernel: 

Linear system for determining the interpolation coefficients 

RBF-Direct 
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RBF interpolation in the “flat” limit 

RBF interpolant: 
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Illustration of using a bad basis for flat kernels: 
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Illustration of using a good basis for flat kernels: 
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Behavior of interpolants in the flat limit 
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Behavior of interpolants in the flat limit 
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Uncertainty principle misconception 
●  Schaback’s uncertainty principle: 
 

    Principle: One cannot simultaneously achieve good conditioning  
                 and high accuracy. 
    Misconception: Accuracy that can be achieved is limited by ill-conditioning. 
 

    Restatement: 
    One cannot simultaneously achieve good conditioning and high accuracy  

    when using the standard basis. 
 

●  It’s a matter of base vs. space. 
●  Literature for interpolation with “flat” kernels is growing: 

Driscoll & Fornberg (2002) 
Larsson & Fornberg (2003; 2005) 
Fornberg, Wright, & Larsson (2004) 
Schaback (2005; 2008) 
Platte & Driscoll (2005) 
Fornberg, Larsson, & Wright (2006) 
deBoor (2006) 
Fornberg & Zuev (2007) 
Lee, Yoon, & Yoon (2007) 
Fornberg & Piret (2008) 
Buhmann, Dinew, & Larsson (2010) 
Platte (2011) 
Song, Riddle, Fasshauer, & Hickernell (2011) 

Fornberg & Wright (2004) 
Fornberg & Piret (2007) 
Fornberg, Larsson, & Flyer (2011) 
Fasshauer & McCourt (2011) 
Gonnet, Pachon, & Trefethen (2011) 
Pazouki & Schaback (2011) 
De Marchi & Santin (2013) 
Fornberg, Letho, Powell (2013) 
Wright & Fornberg (2013) 

Theory: Stable 
algorithms: 
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Better kernel bases for the sphere: RBF-QR algorithm 
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Better kernel bases for the sphere: RBF-QR algorithm 
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Better kernel bases for the sphere: RBF-QR algorithm 
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Better kernel bases for the sphere: RBF-QR algorithm 
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Better kernel bases for the sphere: RBF-QR algorithm 
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Numerical example 



DRWA 2013 
Lecture 3 

Concluding remarks on RBF-QR 

●  RBF-QR allows one to stably compute “flat” kernel interpolants on the 
sphere. 

●  One can reach full numerical precision using this procedure (for smooth 
enough target functions and large enough N) 

●  It is more expensive than standard approach (RBF-Direct). 

●  Work has gone into extending this idea to general Euclidean space, but 
the procedure is much more complicated. 

●  Matlab Code for RBF-QR is given in Fornberg & Piret (2007) 

●  One interesting idea is to extend the procedure for the divergence- and 
curl-free vector interpolants. 
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Good bases for kernel spaces 

Part II:  Scale independent kernels 
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Good bases for kernel spaces 
●  Part II:  “Scale independent” kernels. 

Issues:  
•  For large N, interpolation 

matrices are dense. 
 
•  Matrices are not nice for 

iterative methods. 

Ex: 
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Lagrange functions on the sphere 

Standard  
zonal 
interpolant: 

Lagrange 
form: 
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Lagrange functions on the sphere 

Standard  
zonal 
interpolant: 

Lagrange 
form: 

Results on the Lagrange functions for quasi-uniform X: 
(Hangelbroek, Narcowich, Sun, Ward) 
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Local Lagrange functions on the sphere 
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Local Lagrange functions on the sphere 

n=70 
N=1024 
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Local Lagrange functions on the sphere 

Estimates:  (FHNWW, 2013) 
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Interpolation matrices 
•  Example: N=1024, n=70 

Standard basis: Approximate Lagrange basis: 

Interpolation matrix Interpolation matrix 
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Solving “preconditioned” systems 

•  Numerical experiment: 
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Solving “preconditioned” systems 

•  Numerical experiment: 
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Solving “preconditioned” systems 

•  Numerical experiment: 
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Application: Quadrature on the sphere 
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Application: Quadrature on the sphere 
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Quadrature on the sphere 
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Quadrature on the sphere 

(FHNWW-2, 2013) 
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Quadrature on the sphere 

(FHNWW-2, 2013) 
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Quadrature on the sphere 

(FHNWW-2, 2013) 
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Example of quadrature weights 
N=23042, icosahedral nodes 

N=22501, Fibonacci nodes N=22500, Quasi-min. energy 

Borodachov, Hardin, Saff (2013) 
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Numerical example 

Smooth target function 
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Numerical example 
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Concluding remarks on local Lagrange basis 

Thank you! 


