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Abstract

In this paper, we introduce the generalized (p, q)-Bernstein-Stancu polynomials based on the (p, q)-
integers. We study approximation properties of these operators. In special cases, we obtain (p,q)-
Bernstein operators, Stancu operators or Phillips polynomials.

1 Introduction

In recent years, (p,q) - integers have been introduced into classical linear positive operators to construct new approximation
processes. A sequence of (p,q) - analogue of Bernstein operators was first introduced by Mursaleen [17, 18]. Besides, (p, q)-
analogues of Szasz-Mirakyan [1], Baskakov Kantorovich [2], Bleimann-Butzer-Hahn [3] and Kantorovich type Bernstein-Stancu-
Schurer [5] operators were also considered. For further developments, one can also refer to [19, 20, 21, 22, 4, 12]. These
operators are double parameters corresponding to p and q versus single parameter g-Bernstein-type operators [26, 27, 28, 24, 25].
The aim of these generalizations is to provide appropriate and powerful tools for application areas such as numerical analysis,

computer-aided geometric design and solutions of differential equations (see, [14, 15, 11, 31, 30]).
For any fixed real numbers p > 0, ¢ > 0 and for nonnegative integer r, the (p, q)-integers of the number [r], , is defined by
p’—q"

[rl, =lrl=p ' +p 2q+p °¢*+...4pq *+q ' = { n’;fff

when p # ¢
when p=q

The (p, q)-factorial [r], ,! for r € Ny ={0,1,2,...}, is defined in the following way
[rlq! =[1],402], 4[]0 (r=1,2,..), [0],,!=1.

For the integers n, k,(n > k > 0), the (p, q)-binomial or the Gaussian coefficients is defined by

|: n :| _ [n]p,q!
k] T Tk, Tk

For f € C[0;1],0<q < p <1, a >0 and each positive integer n, we introduce the following generalized (p, q)-Bernstein-Stancu

operators:
- (k]
B (fix) = ) by (x)f (i : eY)
kzzo: * pknl,q
where
k-1 . n—1—k
1 e +aplil,y) TT ¢ —ax+aplsl,,)
b (x) = [ . ] — — @)
ba [T +apljl,q)
j=0
Note, that an empty product in (2) denotes 1.
Let j € N,. For f € C[0, 1], we define the (p, q)-differences as follows
Ag,qf(xj) =f(x;), 3)
and recursively,
Algzlf (xj) = PkAl;)qf(xjH) - qkAl;)qf(xj) (C))
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for k € N, and f; :f( Ulpg )

P [nlpq
It is easily established by induction [23] that (p, q)-differences satisfy the relation

k
k —r)(k—r— r(r—
A’;_qf(xj)=20(—1)’[ ) ] U DD E (), ®)

Pq

In this paper, we prove that the operators B2%(f; x) defined by the formula (1) can be expressed in terms of (p, q)-differences

n k=1 .

k(2n—k— +apli]

BPOY(f:x) = k(2n—k-1)/2| T Ak P?C ,
Pa%(f; x) kZp €] p,qfol;[—plmp[i]

which generalizes the well known result [23] for the (p, q)-Bernstein polynomial. Moreover, we present some properties of these
operators.

2 Main result

Lemma 2.1. For any fixed real numbers p > 0, ¢ > 0, a = 0 and for nonnegative integer n, we have

n—1

[ 1o -ax+aplsh = o7 ©)
s=0
n n s—1 n—1
A -1y s(s—1)/2 (n—s)(n—s—1)/2 |: :| ix +apli J+anli.
g( ya ; p’qL_O[(p Pl ])I;[(p pLiD)

Proof . We use induction on n. The base case for n =1 is evident. Assuming the lemma holds for a given n € N, we then

proceed to demonstrate it for n+ 1, following through the algebraic manipulations to uphold the induction principle. Then, using
(6), we obtain

P12 l_[ (p* —¢'x +ap[s]) = (p" —q"x + ap[n])

s=0
n n s—1 n—1
-Z(—l)sqs“-“/zp(“—sx“—s—”/z[ . ] [ [o'x+apliD] [’ +apliD)
s=0 p,q i=0 Jj=s
n
— Z(pn + pa[n] + qnap—s+1 [S])(_1)sqs(s—l)/Zp(n—s)(n—s—l)/Z
s=0
n s—1 n—1
. i i J i
[ s ] [T +aplid] [’ +apliD
p.q i=0 j=s
n n s n—1
—q"Z(—1)Sqs“—Mp‘“—”("-s-”/z—s[ s ] [ [@x+apliD] [’ +apliD)
s=0 p,q i=0 j=s

n
— Z(pn + pa[n] + qnap—s+1 [S])(_1)sqs(s—l)/zp(n—s)(n—s—l)/Z

s=0
s—1 n—1
[ : ] l_[(PiX+aP[i])l_[(pj+ap[j])

p,q =0 j=s
n+1
+q" Z(_l)s q(sfl)(sf2)/2 p(nfs)(nfs+1)/275+l
s=1

s—1 n—1
[ o Lq G +ap[s—l])!;[(pfx+ap[i])]_[(pf +ap[j])

Jj=s
=(p" + ap[n])p™ 2] [ + aplj])
j=0

+H=1)* gV 2p(p" + ap[n]) [ [ (p'x + aplil)

i=0

n s—1 n—1
+ > R(-1yq e 2D [ T (pix + ap[iD [ [0/ + apljD),
s=1 i=0

J=s
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where
n
R, =(p" +ap[n]+ aq”p’*‘“[ﬂ)[ S ]

pq

—S n—as n S—
+¢""'p 2“[ o1 ] (P +apls—1])
psq

s—1 n n—s n _ n
q [S][ s Lq+p [s—l][ s—1 Lq—[n][ 1 Lq

s n n—s+1 n+1

P 4 1

Pq pq
- mp[n)[ ]

—S n n—s n—as n—s n—s n
+a(q”p “[S][ S ] +q""p “2[ 3 p[s—1])+q “p [5_1 ]
Pq p,q

— n n n— s+1 —s+1 n—s+1_,n—s n
=( +ap[n])[ s ] +aq L0 ] +q"p [s_l ]pq

pq

!
— (" + apln]) ([ ] +[ 1] p—sqn—sﬂ)
"

=" +aplndp| "T! ]

Thanks to obvious equalities

and

we have

Collecting the results we obtain Lemma.

Theorem 2.2. The generalized Bernstein-Stancu polynomial can be expressed in the form as follows:

Y +
Bg,q,a(f;x) — prk(zn—k—l)/z |: Z :| A}; qfo l_[ p ix aP[l e

k=0 P pi+apli]”’

where A’;’q fo is defined by the earlier stated recursive formula (4).

Proof. Using (1), (2) and (6) we have

n—1 n
a . i . — n [k]
s Jo +ap[z])—;[ . ] £ (st e ®
i= = P
where )
S, = p—(n—k)(n—k—l)/Z Z(_1)sqs(s—l)/2p(n—k—s)(n—k—s—1)/2 [ n—k :|
s=0 $ P

n—k—1

l_[(p X+ap[l])l_[(p x+ap[j]) ]_[ (' +apllD.

First we prove that
n—k

S, = pk(k—l)/z—n(n—l)/z Z(_l)s qs(s—l)/Zp(n—k—s)(n—k—s—l)/z )
s=0

k4s—1
[ k ] l_[(pX+ap l])l_[(PJ"‘aP[JD

p,q i=0 Jj=k+s

forallne N and (x €[0;1]).
We use the induction on k. First, we see that equality (9) holds for k =0 and n € N. Let us assume that (9) holds for a given k,
0 <k <n,and for all n € N. Then from (9), we obtain

n—k—1
Se =P —(n—k—1)(n—k—2)/2 Z (—-1)q s(s— 1)/2p(n—k—s 1)(n— k—s—z)/z[ n—lsc—l ]
5=0 X
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n—k—2
]_[(p x+ap[l])]_[(p x +ap[j]) ]_[ (@' +apll)
n—k—1
— (ka + ap[k])pk(k—l)/z—(n—l)(n—z)/z Z (_1)sqs(sfl)/2p(n7kfsfl)(n7k7572)/2
s=0
n—k—1 k+s—1
. j
[ . ] [ Tw'x+aplil ]_[ (o’ +aplj])
p,q i=0 Jj=k+s
n—k—1 k—1
pk(k 1)/2—(n—1)(n—2)/2 Z ( 1)5 s(s— l)/Zp(n k—s—1)(n—k—s—2)/2—: §|: n—Kk-— :|
S
s=0 pq
k+s
| Jwoix + aptil) ]_[ (o +aplj])
i=0 j=k+s
n—k—1 k—1
+pk(k—1)/2—(n—1)(n—2)/2a Z (_1)sqs(s—l)/zp(n—k—s—l)(n—k—s—z)/z—s[ n—Kk-— :|
S
5=0 p,q
k+s—1
(p**'[k]—pLk +5]) ]_[ (p'x + apli]) H (o +aplj).
Jj=k+s
We see that
—k—1 —k—1
[ " ] (ps+1[k]—p[k+s])=—[ " ] [n—k—slpg",
s pq s p.q
and hence
n—k—1
Sk+1 =pk(k71)/27(n71)(n72)/2 Z (_1)sqs(sfl)/2p(nfkfsfl)(nfk7572)/27s
s=0
n—k—1 k+s
. J
[ s ] l_[(p x +ap[i]) l_[ (p’ +ap[j])
p,q i=0 j=k-+s
n—k—1
_apk(kfl)/zf(nfl)(nfz)/Z Z (_1)sqs(sfl)/2p(nfkfsfl)(nfkfsf2)/2fs
s=1
n—k—1 k+s—1
[ 1 ] [n—k—slpg“ [ | ('x +apli]) ]_[ (o +aplj])
pq i=0 j=k+s
n—1
— (_1)n—k—lq(n—k—l)(n—k—2)/2pk(k+1)/2—n(n—1)/2 l_[ (pix + ap[l])
i=0

n—k—2
+pk(k 1)/2—(n—1)(n—2)/2 Z( 1)q s(s— 1)/2p(n k—s—1)(n—k—s—2)/2 s|: n—k—1 ]
P.q

s=0 S
k+s
(P + aplk +s]+ ag = p 2 n—k—s— 1) [ [@'x +aplid) [ @'+ apliD.
i=0 j=k+s+1

It is easy to verify that

pk+s + ap[k +S] + aqk+sp7n+k+s+2[n_k_s _ 1] — p7n+k+s+1(pn71 + ap[n_ 1])

and thus .
e
S (_l)n—k—lq(n—k—l)(n—k—2)/2pk(k+l)/2—n(n—1)/2 l_[ (pix +ap[i])
i=0
n—k—2
4pk+D/2-n(n=1)/2 Z (—1)s gD 2 pn—k=s—Dn—k-s-2)/2 [ n—k—1 ]
s
5=0 X
k+s
l_[(p x +apl[i]) l_[ (' +ap(j])

Jj=k+s+1

n—k—1
- pk(k+1)/27n(n71)/2 Z (=1) qs(sfl)/Zp(n—kfsfl)(n—k—s—z)/z [ n—k—1 :|
s=0 psq
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k+s n—1
Jlo'x+apli) [T @' +apliD)
i=0 j=k+s+1

Therefore (9) is evident. Consequently, in view of (8) and (9) we get
n—1

Bﬁ’q’“(f;x)r[(pi +aplil)

n n
_ [ n ] fkpk(k—l)/z—n(n—l)/zZ(_l)S—kq(S—k)(s—k—l)/2p("—5)(n—3—1)/2
k=0 k P.q s=k
n— k s—1 ) n—1 )
[ L ] [ [@w/x+apliD] [o! + apliD).
p,q j=0 i=s

Next, in view of the equality

LA

Bracf () (! +aplil)

i=0

n n
_ k(k—1)/2—n(n—1)/2 n S 1 ys—k - (s—k)(s—k—=1)/2 , (n—s)(n—s—1)/2
=3 hp S]] cor b

k=0 P pg

s=k

we obtain

s—1 n—1
T T@x+aplin [ [ +aplil)
j=0 i=s

n

_ pfs(ZHfS*l)/2|: n ] i;[(x+a[j])n._ (1+afi])

s=0 s p.q j=0

S
— s—k)(s—k— — S
'Z(_l)s kq( K)(s—k 1)/2pk(k 1)/2[ . :| fe.
p.q

k=0

The condition (6) completes the proof.

Remark 1. It should be noted that when a = 0, this result coincides with that obtained by Mursaleen [23] for the (p, q)-Bernstein
polynomial. Moreover, when p = 1, this result corresponds to what Nowak [24] obtained for the g-Bernstein-Stancu operators.

Theorem 2.3. For f(x)=x*, s € {0,1,2}, we have

BP9 (1;x) =1, B (t;x) = x, 10
and
Bp,q,a(tz-x): 1 x(x+ot)+pni1 x(1—x)
no \ESX= T [n] ’

forallneN and x €[0;1].

Proof. This proof involves estimating B2%%(¢t*; x) for s = 0,1, 2. The result can be easily verified for s = 0 based on the last
theorem. Utilizing the definition of BP*(¢t*; x), the properties of (p, q)-differences, and previous theorem results, one can show
that these identities hold. For s = 2, the detailed computation of Bﬁ’q’“‘(t2 ; x) involves using the (p, q)-difference formulas to

arrive at the stated expression.

1

0 _ _ 1 — _ —
Ap,qfo_fo =0, Ap,qfo_f1 fo= p22n[n]2’

Ai,qfo =pfi—(+afi+af

=p(pggn])z_(pw)(pl‘i[n] )2 N PZ"[:]QZ[Z].

Consequently
aarp2. oy — | ™ 0 n 1 n 1, x(x+a)
By 4(e ,x)—[ 0 ] Ap,qfo"_[ 1 ] pn—lAp,qf0x+[ 2 ] pzn—3Ap,qf0x 14+a
p.a p.a pa

n—1 -1

_p L an—1]x(x+a)
[n] [n] 1+a

pnfl
= +a)+ 1—x) .
1+a(x(x a) [ x( x))

The following remark is a consequence of Bohman and Korovkin Theorem
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Remark 2. Let the sequences (p,), (q,) and (a,) be such that 0 < q, < p, < 1,a, = 0. Then, for any f € C[0; 1], the sequence
BP-%4(f; x) converges uniformly to f (x) on [0; 1], if and only if lim,,_,ccq, = lim,_,cop, = 1 and lim,_, ., a, = 0, where B¥*(f; x)
is defined by (1) with p=p,, ¢ =¢q, and a = a,,.
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