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Abstract

In this paper, we introduce the generalized (p, q)-Bernstein-Stancu polynomials based on the (p, q)-
integers. We study approximation properties of these operators. In special cases, we obtain (p, q)-
Bernstein operators, Stancu operators or Phillips polynomials.

1 Introduction

In recent years, (p, q) - integers have been introduced into classical linear positive operators to construct new approximation
processes. A sequence of (p, q) - analogue of Bernstein operators was first introduced by Mursaleen [17, 18]. Besides, (p, q)-
analogues of Szasz-Mirakyan [1], Baskakov Kantorovich [2], Bleimann-Butzer-Hahn [3] and Kantorovich type Bernstein-Stancu-
Schurer [5] operators were also considered. For further developments, one can also refer to [19, 20, 21, 22, 4, 12]. These
operators are double parameters corresponding to p and q versus single parameter q-Bernstein-type operators [26, 27, 28, 24, 25].
The aim of these generalizations is to provide appropriate and powerful tools for application areas such as numerical analysis,
computer-aided geometric design and solutions of differential equations (see, [14, 15, 11, 31, 30]).

For any fixed real numbers p > 0, q > 0 and for nonnegative integer r, the (p, q)-integers of the number [r]p,q is defined by

[r]p,q ≡ [r] = pr−1 + pr−2q+ pr−3q2 + ...+ pqr−2 + qr−1 =

� pr−qr

p−q , when p 6= q
npn−1, when p = q

The (p, q)-factorial [r]p,q! for r ∈ N0 = {0,1, 2, ...}, is defined in the following way

[r]p,q!= [1]p,q[2]p,q...[r]p,q (r = 1,2, ...), [0]p,q!= 1.

For the integers n, k,(n≥ k ≥ 0), the (p, q)-binomial or the Gaussian coefficients is defined by
�

n
k

�

p,q

=
[n]p,q!

[k]p,q![n− k]p,q!

For f ∈ C[0; 1], 0< q < p < 1, α≥ 0 and each positive integer n, we introduce the following generalized (p, q)-Bernstein-Stancu
operators:

Bp,q,α
n ( f ; x) =

n
∑

k=0

bp,q,α
n,k (x) f

�

[k]p,q

pk−n[n]p,q

�

, (1)

where

bp,q,α
n,k (x) =

�

n
k

�

p,q

k−1
∏

i=0
(pi x +αp[i]p,q)

n−1−k
∏

s=0
(ps − qs x +αp[s]p,q)

n−1
∏

j=0
(p j +αp[ j]p,q)

. (2)

Note, that an empty product in (2) denotes 1.
Let j ∈ N0. For f ∈ C[0,1], we define the (p, q)-differences as follows

∆0
p,q f (x j) = f (x j), (3)

and recursively,
∆k+1

p,q f (x j) = pk∆k
p,q f (x j+1)− qk∆k

p,q f (x j) (4)
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for k ∈ N0 and f j = f
�

[ j]p,q

p j−n[n]p,q

�

.

It is easily established by induction [23] that (p, q)-differences satisfy the relation

∆k
p,q f (x j) =

k
∑

r=0

(−1)r
�

k
r

�

p,q

p(k−r)(k−r−1)/2qr(r−1)/2 f (x j+k−r). (5)

In this paper, we prove that the operators Bp,q,α
n ( f ; x) defined by the formula (1) can be expressed in terms of (p, q)-differences

Bp,q,α
n ( f ; x) =

n
∑

k=0

p−k(2n−k−1)/2

�

n
k

�

p,q

∆k
p,q f0

k−1
∏

i=0

pi x +αp[i]
pi +αp[i]

,

which generalizes the well known result [23] for the (p, q)-Bernstein polynomial. Moreover, we present some properties of these
operators.

2 Main result

Lemma 2.1. For any fixed real numbers p > 0, q > 0, α≥ 0 and for nonnegative integer n, we have

n−1
∏

s=0

(ps − qs x +αp[s]) = p−n(n−1)/2 (6)

·
n
∑

s=0

(−1)sqs(s−1)/2p(n−s)(n−s−1)/2

�

n
s

�

p,q

s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j]).

Proof . We use induction on n. The base case for n= 1 is evident. Assuming the lemma holds for a given n ∈ N , we then
proceed to demonstrate it for n+1, following through the algebraic manipulations to uphold the induction principle. Then, using
(6), we obtain

pn(n−1)/2
n
∏

s=0

(ps − qs x +αp[s]) = (pn − qn x +αp[n])

·
n
∑

s=0

(−1)sqs(s−1)/2p(n−s)(n−s−1)/2

�

n
s

�

p,q

s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j])

=
n
∑

s=0

(pn + pα[n] + qnαp−s+1[s])(−1)sqs(s−1)/2p(n−s)(n−s−1)/2

·
�

n
s

�

p,q

s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j])

−qn
n
∑

s=0

(−1)sqs(s−1)/2p(n−s)(n−s−1)/2−s

�

n
s

�

p,q

s
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j])

=
n
∑

s=0

(pn + pα[n] + qnαp−s+1[s])(−1)sqs(s−1)/2p(n−s)(n−s−1)/2

·
�

n
s

�

p,q

s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j])

+qn
n+1
∑

s=1

(−1)sq(s−1)(s−2)/2p(n−s)(n−s+1)/2−s+1

·
�

n
s− 1

�

p,q

(ps−1 +αp[s− 1])
s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j])

= (pn +αp[n])p−n(n−1)/2
n−1
∏

j=0

(p j +αp[ j])

+(−1)n+1qn(n+1)/2pn(pn +αp[n])
n
∏

i=0

(pi x +αp[i])

+
n
∑

s=1

Rs(−1)sqs(s−1)/2p(n−s)(n−s−1)/2
s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=s

(p j +αp[ j]),
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where

Rs = (p
n +αp[n] +αqnp−s+1[s])

�

n
s

�

p,q

+qn−s+1pn−2s+1

�

n
s− 1

�

p,q

(ps−1 +αp[s− 1])

Thanks to obvious equalities

qs−1[s]

�

n
s

�

p,q

+ pn−s[s− 1]

�

n
s− 1

�

p,q

= [n]

�

n
s− 1

�

p,q

and

ps

�

n
s

�

p,q

+ qn−s+1

�

n
s− 1

�

p,q

=

�

n+ 1
s

�

p,q

we have

Rs = (p
n +αp[n])

�

n
s

�

p,q

+α

�

qnp−s+1[s]

�

n
s

�

p,q

+ qn−s+1pn−2s+2

�

n
s− 1

�

p,q

p[s− 1]

�

+ qn−s+1pn−s

�

n
s− 1

�

p,q

= (pn +αp[n])

�

n
s

�

p,q

+αqn−s+1p−s+1[n]

�

n
s− 1

�

p,q

+ qn−s+1pn−s

�

n
s− 1

�

p,q

= (pn +αp[n])

�

�

n
s

�

p,q

+

�

n
s− 1

�

p,q

p−sqn−s+1

�

= (pn +αp[n])p−s

�

n+ 1
s

�

p,q

.

Collecting the results we obtain Lemma.

Theorem 2.2. The generalized Bernstein-Stancu polynomial can be expressed in the form as follows:

Bp,q,α
n ( f ; x) =

n
∑

k=0

p−k(2n−k−1)/2

�

n
k

�

p,q

∆k
p,q f0

k−1
∏

i=0

pi x +αp[i]
pi +αp[i]

, (7)

where ∆k
p,q f0 is defined by the earlier stated recursive formula (4).

Proof. Using (1), (2) and (6) we have

Bp,q,α
n ( f ; x)

n−1
∏

i=0

(pi +αp[i]) =
n
∑

k=0

�

n
k

�

p,q

f
�

[k]
pk−n[n]

�

Sk, (8)

where

Sk = p−(n−k)(n−k−1)/2
n−k
∑

s=0

(−1)sqs(s−1)/2p(n−k−s)(n−k−s−1)/2

�

n− k
s

�

p,q

·
k−1
∏

i=0

(pi x +αp[i])
s−1
∏

j=0

(p j x +αp[ j])
n−k−1
∏

l=s

(pl +αp[l]).

First we prove that

Sk = pk(k−1)/2−n(n−1)/2
n−k
∑

s=0

(−1)sqs(s−1)/2p(n−k−s)(n−k−s−1)/2 (9)

·
�

n− k
s

�

p,q

k+s−1
∏

i=0

(pi x +αp[i])
n−1
∏

j=k+s

(p j +αp[ j])

for all n ∈ N and (x ∈ [0; 1]).
We use the induction on k. First, we see that equality (9) holds for k = 0 and n ∈ N . Let us assume that (9) holds for a given k,
0≤ k ≤ n, and for all n ∈ N . Then from (9), we obtain

Sk+1 = p−(n−k−1)(n−k−2)/2
n−k−1
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2

�

n− k− 1
s

�

p,q
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·
k
∏

i=0

(pi x +αp[i])
s−1
∏

j=0

(p j x +αp[ j])
n−k−2
∏

l=s

(pl +αp[l])

= (pk x +αp[k])pk(k−1)/2−(n−1)(n−2)/2
n−k−1
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2

·
�

n− k− 1
s

�

p,q

k+s−1
∏

i=0

(pi x +αp[i])
n−2
∏

j=k+s

(p j +αp[ j])

= pk(k−1)/2−(n−1)(n−2)/2
n−k−1
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2−s

�

n− k− 1
s

�

p,q

·
k+s
∏

i=0

(pi x +αp[i])
n−2
∏

j=k+s

(p j +αp[ j])

+pk(k−1)/2−(n−1)(n−2)/2α

n−k−1
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2−s

�

n− k− 1
s

�

p,q

·(ps+1[k]− p[k+ s])
k+s−1
∏

i=0

(pi x +αp[i])
n−2
∏

j=k+s

(p j +αp[ j]).

We see that
�

n− k− 1
s

�

p,q

(ps+1[k]− p[k+ s]) = −
�

n− k− 1
s− 1

�

p,q

[n− k− s]pqk,

and hence

Sk+1 = pk(k−1)/2−(n−1)(n−2)/2
n−k−1
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2−s

·
�

n− k− 1
s

�

p,q

k+s
∏

i=0

(pi x +αp[i])
n−2
∏

j=k+s

(p j +αp[ j])

−αpk(k−1)/2−(n−1)(n−2)/2
n−k−1
∑

s=1

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2−s

·
�

n− k− 1
s− 1

�

p,q

[n− k− s]pqk
k+s−1
∏

i=0

(pi x +αp[i])
n−2
∏

j=k+s

(p j +αp[ j])

= (−1)n−k−1q(n−k−1)(n−k−2)/2pk(k+1)/2−n(n−1)/2
n−1
∏

i=0

(pi x +αp[i])

+pk(k−1)/2−(n−1)(n−2)/2
n−k−2
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2−s

�

n− k− 1
s

�

p,q

·(pk+s +αp[k+ s] +αqk+s p−n+k+s+2[n− k− s− 1])
k+s
∏

i=0

(pi x +αp[i])
n−2
∏

j=k+s+1

(p j +αp[ j]).

It is easy to verify that

pk+s +αp[k+ s] +αqk+s p−n+k+s+2[n− k− s− 1] = p−n+k+s+1(pn−1 +αp[n− 1])

and thus

Sk+1 = (−1)n−k−1q(n−k−1)(n−k−2)/2pk(k+1)/2−n(n−1)/2
n−1
∏

i=0

(pi x +αp[i])

+pk(k+1)/2−n(n−1)/2
n−k−2
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2

�

n− k− 1
s

�

p,q

·
k+s
∏

i=0

(pi x +αp[i])
n−1
∏

j=k+s+1

(p j +αp[ j])

= pk(k+1)/2−n(n−1)/2
n−k−1
∑

s=0

(−1)sqs(s−1)/2p(n−k−s−1)(n−k−s−2)/2

�

n− k− 1
s

�

p,q
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·
k+s
∏

i=0

(pi x +αp[i])
n−1
∏

j=k+s+1

(p j +αp[ j])

Therefore (9) is evident. Consequently, in view of (8) and (9) we get

Bp,q,α
n ( f ; x)

n−1
∏

i=0

(pi +αp[i])

=
n
∑

k=0

�

n
k

�

p,q

fk pk(k−1)/2−n(n−1)/2
n
∑

s=k

(−1)s−kq(s−k)(s−k−1)/2p(n−s)(n−s−1)/2

�

n− k
s− k

�

p,q

s−1
∏

j=0

(p j x +αp[ j])
n−1
∏

i=s

(pi +αp[i]).

Next, in view of the equality
�

n
k

�

p,q

�

n− k
s− k

�

p,q

=

�

n
s

�

p,q

�

s
k

�

p,q

we obtain

Bp,q,α
n f (x)

n−1
∏

i=0

(pi +αp[i])

=
n
∑

k=0

fk pk(k−1)/2−n(n−1)/2
n
∑

s=k

�

n
s

�

p,q

�

s
k

�

p,q

(−1)s−kq(s−k)(s−k−1)/2p(n−s)(n−s−1)/2

·
s−1
∏

j=0

(p j x +αp[ j])
n−1
∏

i=s

(pi +αp[i])

=
n
∑

s=0

p−s(2n−s−1)/2

�

n
s

�

p,q

s−1
∏

j=0

(x +α[ j])
n−1
∏

i=s

(1+α[i])

·
s
∑

k=0

(−1)s−kq(s−k)(s−k−1)/2pk(k−1)/2

�

s
k

�

p,q

fk.

The condition (6) completes the proof.

Remark 1. It should be noted that when α = 0, this result coincides with that obtained by Mursaleen [23] for the (p, q)-Bernstein
polynomial. Moreover, when p = 1, this result corresponds to what Nowak [24] obtained for the q-Bernstein-Stancu operators.

Theorem 2.3. For f (x) = x s, s ∈ {0, 1,2}, we have

Bp,q,α
n (1; x) = 1, Bp,q,α

n (t; x) = x , (10)

and

Bp,q,α
n (t2; x) =

1
1+α

�

x(x +α) +
pn−1

[n]
x(1− x)

�

,

for all n ∈ N and x ∈ [0; 1].

Proof. This proof involves estimating Bp,q,α
n (t s; x) for s = 0, 1, 2. The result can be easily verified for s = 0 based on the last

theorem. Utilizing the definition of Bp,q,α
n (t s; x), the properties of (p, q)-differences, and previous theorem results, one can show

that these identities hold. For s = 2, the detailed computation of Bp,q,α
n (t2; x) involves using the (p, q)-difference formulas to

arrive at the stated expression.

∆0
p,q f0 = f0 = 0, ∆1

p,q f0 = f1 − f0 =
1

p2−2n[n]2
,

∆2
p,q f0 = p f2 − (p+ q) f1 + q f0

= p
�

[2]
p2−n[n]

�2

− (p+ q)
�

1
p1−n[n]

�2

=
p2n−3q[2]
[n]2

.

Consequently

Bp,q,α
n (t2; x) =

�

n
0

�

p,q

∆0
p,q f0 +

�

n
1

�

p,q

1
pn−1

∆1
p,q f0 x +

�

n
2

�

p,q

1
p2n−3

∆2
p,q f0 x

x(x +α)
1+α

=
pn−1

[n]
x +

q[n− 1]
[n]

x(x +α)
1+α

=
1

1+α

�

x(x +α) +
pn−1

[n]
x(1− x)

�

.

The following remark is a consequence of Bohman and Korovkin Theorem
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Remark 2. Let the sequences (pn), (qn) and (αn) be such that 0< qn < pn ≤ 1,αn ≥ 0. Then, for any f ∈ C[0;1], the sequence
Bp,q,α

n ( f ; x) converges uniformly to f (x) on [0; 1], if and only if l imn→∞qn = l imn→∞pn = 1 and l imn→∞αn = 0, where Bq,α
n ( f ; x)

is defined by (1) with p = pn, q = qn and α= αn.

References

[1] T. Acar, (p, q)-Generalization of Szász-Mirakyan operators. Math. Methods Appl. Sci. 39(10), (2016), 2685-2695.

[2] T. Acar, On Kantorovich modification of (p, q)-Baskakov operators. J. Inequal. Appl. (2016). doi:10.1186/s13660-016-1045-9.

[3] T. Acar, Some approximation results on Bleimann-Butzer-Hahn operators defined by (p, q)-integers. Filomat 30(3), (2016), 639-648.

[4] T. Acar, P. Agrawal, A. Kumar, On a modification of (p, q)-Szász-Mirakyan operators. Complex Anal. Oper. Theory (2016). doi:10.1007/s11785-
016-0613-9

[5] Q-B. Cai, G. Zhou, On (p, q)-analogue of Kantorovich type Bernstein-Stancu-Schurer operators. Appl. Math. Comput. 276, (2016), 12-20.

[6] E. W. Cheney, Introduction to Approximation Theory, Chelsea Publ. Company. New York, 1982.

[7] Z. Finta, Direct and converse results for Stancu operator, Periodica Mathematica Hungarica Vol. 44 (1), (2002), 1–6.

[8] Z. Finta, On approximation properties of Stancu’s operators, Studia Univ. "BABES-BOLYAI"’, Mathematica, 47 (4), (2002) 47–55.

[9] H. H. Gonska, J. Meier, Quantitative theorems on approximation by Bernstein-Stancu operators, Calcolo 21 (4) (1984), 317–335.

[10] J. Hoschek, D. Lasser, Fundamentals of Computer Aided Geometric Design, A. K. Peters, Wellesley, Mass., 1993.

[11] M.N. Hounkonnou, J. Désiré, B. Kyemba, R(p, q)-Calculus: differentiation and integration. SUT J. Math. 49, (2013), 145-167.

[12] H. Ilarslan, T. Acar, Approximation by bivariate (p, q)-Baskakov-Kantorovich operators. Georgian Math. J. (2016). doi:10.1515/gmj-2016-
0057

[13] V. Kac, P. Cheung, Quantum Calculus, Springer, NewYork, 2002.

[14] K. Khan, D.K. Lobiyal, Bézier curves based on Lupas (p, q)-analogue of Bernstein functions in CAGD. J. Comput. Appl. Math. 317, (2017),
458-477.

[15] K. Khan, D.K. Lobiyal, A. Kilicman, A de Casteljau Algorithm for Bernstein type Polynomials based on (p, q)-integers, arXiv 1507.04110v4.

[16] G.G. Lorentz, Bernstein Polynomials, Mathematical Expo. vol. 8, University of Toronto Press, Toronto, 1953.

[17] M. Mursaleen, K. J. Ansari, A. Khan, On (p, q)-analogue of Bernstein operators, Appl. Math. Comput. 266, (2015), 874-882.

[18] M. Mursaleen, K. J. Ansari, A. Khan, Erratum to ’On (p, q)-analogue of Bernstein operators’, Appl. Math. Comput. 278, (2016), 70-71.

[19] M. Mursaleen, K. J. Ansari, A. Khan, A: Some approximation results by (p, q)-analogue of Bernstein-Stancu operators. Appl. Math. Comput.
264, (2015), 392-402.

[20] M. Mursaleen, A. Alotaibi, K.J. Ansari, On a Kantorovich variant of (p, q)-Szász-Mirakjan operators. J. Funct. Spaces 2016, Article ID
1035253 (2016)

[21] M. Mursaleen, Some approximation results on Bleimann-Butzer-Hahn operators defined by (p, q)-integers. Filomat 30(3), (2016), 639-648.

[22] M. Mursaleen, K. J. Ansari, A. Khan, Some approximation results for Bernstein-Kantorovich operators based on (p, q)-calculus. UPB Sci.
Bull., Ser. A 78(4), (2016), 129-142.

[23] M. Mursaleen, Md. Nasiruzzaman, F. Khan and A. Khan, On (p, q)-analogue of divided differences and Bernstein operators, J. Nonlinear
Funct. Anal. 2017 (2017), Article ID 25

[24] G. Nowak, Approximation properties for generalized q-Bernstein polynomials, Math. Anal. Appl. 350(1), (2009), 50-55.

[25] G. Nowak, A de Casteljau algorithm for q-Bernstein-Stancu polynomials, Abstract and Applied Analysis, (2011). doi: 10.1155/2011/609431

[26] G. M. Phillips, Interpolation and Approximation by Polynomials, CMS Books in Mathematics, vol. 14, Springer, Berlin 2003.

[27] G.M. Phillips, Bernstein polynomials based on the q-integers, Ann. Numer. Math. 4, (1997), 511-518.

[28] G. M. Phillips, A de Casteljau algorithm for generalized Bernstein polynomials, BIT 36, (1996), 232-236.

[29] P.N. Sadjang, On the fundamental theorem of (p, q)-calculus and some (p, q)-Taylor formulas. arXiv:1309.3934v1 (2015)

[30] V. Sahai, S. Yadav, Representations of two parameter quantum algebras and (p, q)-special functions. J. Math. Anal. Appl. 335, (2007),
268-279.

[31] D. D. Stancu, Approximation of functions by a new class of linear polynomial operators, Rev. Roumaine Math. Pures Appl. XIII (8) (1968),
1173–1194.

[32] H. Wang , F. Meng , The rate of convergence of q-Bernstein polynomials for 0<q< 1, J. Approx. Theory 136 (2) (2005) 151–158.

Dolomites Research Notes on Approximation ISSN 2035-6803


	Introduction
	Main result

