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Estimates for the Best M–Term Approximations of Function
Classes with Bounded Mixed Derivatives in Lorentz Spaces
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Abstract

Order-sharp estimates are eatablished for the best M-term approximations of functions from W r
q,τ1

with
respect to the multiple trigonometric system in the metric of Lp,τ2

for a number of relations between the
parameters p, q,τ1, and τ2. Constructive methods of nonlinear approximation are used in the proofs of
upper estimates in most of the main results.

1 Introduction

Let Rm be an m-dimensional Euclidean space of points x̄ = (x1, . . . , xm) with real coordinates; Tm = [0, 2π)m and Im = [0, 1)m be
m-dimensional cubes.

By Lp(Tm) we denote the Lebesgue space equipped with the norm (see [1, p. 500])

‖ f ‖p =

�∫ 1

0

...

∫ 1

0

| f (2πx1, . . . , 2πxm)|pd x1 . . . d xm

�

1
p

, 1≤ p <∞.

Lp,τ(Tm) denotes the Lorentz space of all real-valued Lebesgue measurable functions f , which have a 2π-period in each
variable and for which the quantity

‖ f ‖p,τ =







τ

p

1
∫

0

�

f ∗(t)
�τ

t
τ
p −1d t







1
τ

, 1< p <∞, 1≤ τ <∞,

is finite, where f ∗(t) is the nonincreasing rearrangement of the function | f (2πx)|, x ∈ Im (see [2, p. 213–216]). Note that for
τ= p, the Lorentz space Lp,τ(Tm) coincides with the Lebesgue space Lp(Tm).

We denote by�Lp,τ(Tm) the set of all functions f ∈ Lp,τ(Tm) such that

∫ 1

0

f (2π x̄) d x j = 0, j = 1, . . . , m.

Here N, Z, R are sets of natural, integer, real numbers, respectively, and Z+ = N∪ {0}.
We begin by introducing some notation that will be used throughout this work. First, we associate a function f ∈ L1(Tm) with

its Fourier series
∑

n̄∈Zm
an̄( f )ei〈n̄,2π x̄〉, where an( f ) is the Fourier coefficients of a function f ∈ L1 (Tm) by the system {ei〈n,2πx〉}n∈Zm .

Here the inner product of ȳ and x̄ is the number 〈y , x〉=
m
∑

j=1
y j x j;

δs( f , x) =
∑

n∈ρ(s)

an ( f ) e
i〈n,x〉,

where
ρ(s) =

¦

k = (k1, . . . , km) ∈ Zm : [2s j−1]≤
�

�k j

�

�< 2s j , j = 1, . . . , m
©

,

[a] is the integer part of the number a, s = (s1, . . . , sm), s j = 0,1, 2, . . . .
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For a given vector r = (r1, . . . , rm)> 0= (0, . . . , 0), we set γ= r
r1

and Qn,γ = ∪〈s,γ〉<n
ρ(s) and

SQn,γ
( f , x) =

∑

k∈Qn,γ

ak( f )e
i〈k,x〉,

where SQn,γ
( f , x) is a partial sum of the Fourier series of a function f (see [1, p. 134]).

Consider the one-dimensional Bernoulli kernel (see, for example, [1, p. 130])

Fr(x) = 1+ 2
∞
∑

k=1

k−r cos(kx − rπ/2), r > 0.

For a vector r = (r1, . . . , rm), r j > 0, j = 1, . . . , m, we put

Fr(x) =
m
∏

j=1

Fr j
(x j).

Consider the Sobolev class (see [1, p. 105])

W r
p,τ = { f : f = ϕ ∗ Fr , ‖ϕ‖p,τ ≤ 1},

where 1< p <∞, 1≤ τ <∞,

(ϕ ∗ Fr)(x) =
1

(2π)m

∫

Tm

ϕ(x − u)Fr(u)du.

In the case τ= p, we write W r
p instead of W r

p,p (see [1, p. 105], [3], [4]).
Let X = X (Tm) be a Banach space. The quantity (see [1, Sec. 8.1])

eM ( f )X = inf
k̄( j) ,b j








 f −
M
∑

j=1

b j e
i〈k̄( j) , x̄〉










X

is called the best M–term trigonometric approximation of a function f ∈ X , where the infimum is taken over the coefficients b j

and k̄( j). For a class of functions F ⊂ X (Tm), we set

eM (F)X = sup
f ∈F

eM ( f )X .

The theory of M -term approximations originates from the work of S.B. Stechkin [5], who studied best approximations in
orthonormal systems and obtained criteria for absolute convergence of the Fourier series. Classical results of Vallée-Poussin and
N.S. Bernstein [1, p. 21] established the exact order of polynomial approximation of functions such as f (x) = |x |, x ∈ [−1,1].

The advantage of nonlinear M -term approximations over linear methods was first demonstrated by R.S. Ismagilov [6], who
proved that

eM (| sin2πx |)∞ ≤ CεM
− 6

5+ε, ∀ε > 0,

while V.E. Mayorov [7] later obtained the sharp estimate

eM (| sin2πx |)∞ � M− 3
2 .

For functions of one variable, sharp estimates of M -term approximations in Sobolev classes were obtained by E.S. Belinsky
[8]:

Theorem 1.1 (Belinsky E.S. [8]). Let 1≤ p ≤ 2< q <∞. Then

en(W
r
p )q �



















n−(r−
1
p +

1
2 ), r > 1

p ,

n−
q
2 (r−

1
p +

1
q ), 1

p −
1
q < r < 1

p ,

n−
1
2 log1− 1

p n, r = 1
p , p > 1

n−
1
2 log n, r = 1, p = 1.

In the multidimensional case, for 1< q ≤ p < 2, r1 > 2( 1
q −

1
p ) order-sharp estimates of M -term approximations in Sobolev

classes W r
q with respect to the norm of the space Lp(Tm) were established by V.N. Temlyakov [3, 4] and further for 1< q ≤ p < 2

and r1 ≤ 2( 1
q −

1
p ) was developed by E.S. Belinsky [9]. A systematic study of such problems for Sobolev, Nikol’skii–Besov and

Lizorkin–Triebel classes can be found in [10, 11, 12]. Further results for M -term approximations in Lorentz spaces and related
function classes were obtained in [13]–[16].

V.N. Temlyakov [17], using constructive methods, established estimates for M -term approximations of functions from the
class W r

q in the space Lp(Tm) for 1 < q ≤ 2 < p <∞ and ( 1
q −

1
p )p

′ < r1 <
1
q , p′ = p

p−1 . He also posed the problem of finding

a constructive estimation method in the case 1
q −

1
p < r1 ≤ (

1
q −

1
p )p

′. This problem was solved in [13]–[16]. In particular,
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order-sharp estimates for the quantities eM (W r̄
q,τ1
)p,τ2

were established in various parameter ranges in [13, 14, 16]. The case of

generalized classes W a,b(·),r̄
q,τ1 ,θ was investigated in [15], where upper bounds and partial sharpness were obtained.

Let us consider these results in more detail. In [13], order-sharp estimates were obtained for the best M -term approximations
of functions from the class W r̄

q,τ1
in the space Lp,τ2

(Tm) for 1 < q < 2 < p <∞, 1 < τ1 ≤ τ2 <∞, and 1
q −

1
p < r1 <

1
q . In the

case τ1 = q and τ2 = p, Theorem 4 [13] implies the results of E.S. Belinsky [9] and V.N. Temlyakov [18]. For q = 2, upper bounds
for the quantity eM (W r̄

2,τ1
)p,τ2

were obtained in [14].

In [15], the class W a,b(·),r̄
q,τ1 ,θ was introduced, where a > 0, 0 < θ <∞ and b(t) is a slowly varying function on [0,∞)]. In

the special case b(t) = (1+ log2 t)(ν−1)b, t ≥ 1, b ∈ R with τ= q and θ =∞, the class W a,b(·),r
q,τ,θ =W a,b,r

q was introduced by V.N.
Temlyakov in [17, 18] to study M–term approximations of functions from the Sobolev and the Nikol’skii–Besov classes. In the
case b = 0, the definitions of the classes W a,b,r̄

q,τ and W r̄
q,τ imply the embedding W r̄

q,τ ,→W r1 ,0,r̄
q,τ (see [13, 14]). In particular, for

τ= q, this embedding was established in [18].
In [15], upper bounds were obtained for the best M -term approximations of functions from the class W a,b(·),r̄

q,τ1 ,θ in the metric of
the space Lp,τ2

(Tm) for 1< q < 2< p <∞, under certain conditions on the parameters a,τ1, and τ2. For some ranges of these
parameters, the obtained upper bounds were shown to be order-sharp. Similar results for the class of functions with bounded
mixed derivatives W r̄

q in the space Lp(Tm) were proved in [18].
In [16], order-sharp estimates were obtained for the quantity eM (W r̄

q,τ1
)p,τ2

in the cases 1 < q < 2 < p <∞, r1 >
1
q and

r1 =
1
q , with either 1< q < 2 and 1< τ1 <∞ or q = 2 and 2< τ1 <∞. The exact order of this quantity was also established in

the diagonal case p = q and τ2 = τ1 = τ, as well as upper estimates for 1< p < q <∞. Further applications of the constructive
method can be found in [18, 19] and [20].

Despite these advances, the problem of obtaining order-sharp estimates for the quantities eM (W r
q,τ1
)p,τ2

with 1< q < p ≤ 2
and 1< τ1 ≤ τ2 ≤ 2 remains incomplete.

The aim of this paper is to obtain order-sharp estimates for eM (W r
q,τ1
)p,τ2

in the case 1 < q < p ≤ 2 and 1 < τ1 ≤ τ2 ≤ 2
under appropriate conditions on the smoothness parameters r1,τ1, and τ2.

The results of this paper extend and complement earlier works in several directions. Order-sharp estimates are obtained in
parameter ranges where only partial results were previously known (see [13, 14, 16]). In particular, the case 1< q < p ≤ 2 is
covered, which is essentially different in order from the classical case studied by V.N. Temlyakov and E.S. Belinsky. Furthermore,
the dependence on the Lorentz parameters τ1 and τ2 is refined. Finally, new upper bounds are provided based on constructive
methods of nonlinear approximation.

All results are formulated in Section 2 and proved in Section 4. Section 3 contains auxiliary statements required for the
proofs of the main results. Finally, a comparison with previously known results is provided.

Throughout the paper, we state our results in terms of order relations and say that µ1(e) and µ2(e) are functions of the same
order, written µ1 � µ2, if there are constants C1, C2 with 0< C1 ≤ C2 such that C1µ2(e)≤ µ1(e)≤ C2µ2(e). The constants C1 and
C2 do not depend on e. The order inequalities µ1� µ2 and µ1� µ2 can be defined likewise. If A is a finite set, then |A| stands
for the number of its elements. Here and below log M is the logarithm with base 2 of the number M > 1.

2 Main result

Theorem 2.1. Let 0< r1 = . . .= rν < rν+1 ≤ . . .≤ rm, 1< q < p ≤ 2 and 1< τ1 ≤ τ2 ≤ 2. If 1
q −

1
p < r1 <

1
q −

1
p +

1
τ1
− 1
τ2

, then

eM (W
r

q,τ1
)p,τ2

� M−(r1+
1
p −

1
q ).

Theorem 2.2. Let 0< r1 = . . .= rν < rν+1 ≤ . . .≤ rm, 1< q < p ≤ 2 and 1< τ1 ≤ τ2 ≤ 2. If r1 =
1
q −

1
p +

1
τ1
− 1
τ2

, then

eM (W
r

q,τ1
)p,τ2

� M−( 1
τ1
− 1
τ2
).

Theorem 2.3. Let 0< r1 = . . .= rν < rν+1 ≤ . . . rm, 1< q ≤ p ≤ 2, 1< τ1 ≤ τ2 ≤ 2. If r1 >
1
q −

1
p +

1
τ1
− 1
τ2

, then

eM (W
r

q,τ1
)p,τ2

� M−(r1+
1
p −

1
q )(log M)(ν−1)(r1+

1
p −

1
q +

1
τ2
− 1
τ1
), M > 1.

Theorem 2.4. Let 0< r1 = . . . = rν < rν+1 ≤ . . .≤ rm, 1< q < p ≤ 2 and 1< τ2 ≤ 2< τ1 <∞. If 1
q −

1
p < r1 <

1
q −

1
p +

1
τ2
− 1
τ1

,
then

eM (W
r

q,τ1
)p,τ2

≤ M−(r1+
1
p −

1
q )(log M)(ν−1)(r1+

1
p −

1
q )+(m−1)( 1

τ2
− 1
τ1
).

3 Auxiliary statements

Theorem 3.1 ([21]). Let 1< q < λ <∞, 1< τ,θ <∞. If a function f ∈ Lq,τ(Tm), then

‖ f ‖q,τ ¾ C
�∑

s∈Zm
+

m
∏

l=1

2sl (1/λ−1/q)τ‖δs( f )‖τλ,θ

�1/τ
.
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Theorem 3.2 ([21]). Let 1< p < q <∞, 1< τ1,τ2 <∞. If a function f ∈ Lp,τ1
(Tm) satisfies the condition

∑

s∈Zm
+

m
∏

j=1

2s jτ2(1/p−1/q)‖δs( f )‖τ2
p,τ1
<∞,

then f ∈ Lq,τ2
(Tm) and the inequality

‖ f ‖q,τ2
¶ C

 

∑

s∈Zm
+

m
∏

j=1

2s jτ2(1/p−1/q)‖δs( f )‖τ2
p,τ1

!1/τ2

holds.

Consider the set
Π(N , m) = {k ∈ Zm : |k j | ≤ N j , j = 1, . . . , m}, N j ∈ Z+

and the set of trigonometric polynomials

`(N , m)) =
¦

T (x): T (x) =
∑

k∈Π(N ,m)

akei〈k,x〉
©

.

For a function f ∈ L(Tm), we put
‖ f ‖A =

∑

k∈Π(N ,m)

|ak( f )|.

In this section, we recall the definition of the fractional derivative of a function and formulate statements that are often used
in the proofs of the main results.

For a function f ∈�L(Tm) and a vector α= (α1, . . . ,αm) with nonnegative coordinates, the fractional differentiation operator
is determined by the formula (see [22, Chapter 3, Section 15])

f (α)(x) := f (α1 ,...,αm)(x) =
∑

n∈�Zm

m
∏

j=1

(in j)
α j an( f )e

i〈n,x〉,

where �Zm = {n ∈ Zm :
∏m

j=1 n j 6= 0} and (in j)α j = |n j |α j ei π2 α j si gnn j , j = 1, . . . , m.
It is known that the following relation [22, Chapter 3, Section 15] is true

‖ f (α)‖p �









�∑

s∈Zm
+

22〈s,α〉|δs( f )|2
�1/2








p
, (1)

for a function f ∈�Lp(Tm), 1< p <∞. Here relation (1) means that the finiteness of any part implies the finiteness of its other
part and two-sided inequalities are satisfied.

Using relation (1) and the interpolation theorem in the Lorentz space, it is easy to prove the following statement.

Theorem 3.3 ([22]). Suppose 1< p,τ <∞ and f ∈ Lp,τ(Tm). Then the relation

‖ f (α)‖p,τ �









�∑

s∈Zm
+

22〈s,α〉|δs( f )|2
�1/2








p,τ
.

holds.

Theorem 3.4 ([21]). Let 1< p,τ <∞. Then for any function f ∈ Lp,τ(Tm) the following relation holds

‖ f ‖p,τ �









�∑

s∈Zm
+

|δs( f )|2
�1/2








p,τ
.

For a function f ∈ L1(Tm), we set
fl,r(x) =

∑

l≤〈s,γ〉<l+1

δs( f , x), l ∈ Z+,

where γ= (γ1, . . . ,γm), γ1 = . . .= γν < γν+1 ≤ . . .≤ γm, γ j =
r j
r1

, r j > 0, j = 1, . . . , m.
Consider the class defined in [5, 6]

W a,b,r
A =

�

f ∈ L1(Tm): ‖ fl,r‖A ≤ 2−la l̄(ν−1)b, l ∈ Z+
	

,

where
‖ fl,r‖A =

∑

l≤〈s,γ〉<l+1

∑

n∈ρ(s)

|an( f )|.

In proving the main results, we often use the following statement.
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Lemma 3.5. Let 2 ≤ p <∞, 1 < τ <∞, a > 0 and b ∈ R. Then there is a constructive method GM ( f , x̄) based on greedy
algorithms. This leads to the estimate

‖ f − GM ( f )‖p,τ ≤ C(m)M−a− 1
2 (log M)(ν−1)(a+b),

where f ∈W a,b,r
A and M > 1.

Remark 1. The formulation of Lemma 3.5 and a brief outline of its proof are given in [13], the complete proof can be found in
[23]. For τ= p, Lemma 3.5 was previously proved by V.N. Temlyakov [17].

Let Γ (N ,γ) = {k = (k1, . . . , km) ∈ N:
∏m

j=1 k
γ j
j ≤ N} (see [1, p. 131]). Consider a trigonometric polynomial over the set

Γ (N ,γ)
TN ,γ̄(x) =

∑

|k|∈Γ (N ,γ)

akei〈k̄, x̄〉.

Assume that T(N ,γ) = {TN ,γ̄}, where |k|= (|k1|, . . . , |km|), ‖TN ,γ̄‖A =
∑

|k|∈Γ (N ,γ)

|ak|.

Theorem 3.6. Let 1< p ≤ 2, 1< τ <∞ and TN ,γ̄ ∈ T(N ,γ).

1. If 1< p < 2, 1< τ <∞, then
‖TN ,γ̄‖A ≤ CN

1
p (log(N + 1))(ν−1)(1− 1

τ )‖TN ,γ̄‖p,τ.

2. If p = 2, 2≤ τ <∞, then
‖TN ,γ̄‖A ≤ CN

1
2 (log(N + 1))(ν−1)(1− 1

τ )+
1
2−

1
τ ‖TN ,γ̄‖2,τ.

Proof. Assume that there is εk such that |εk|= 1 and εkak = |ak|. Consider the polynomial

Tn,ε(x) =
∑

k∈Qn,γ

εkei〈k,x〉,

where n= log N + γ(m), γ(m) =
m
∑

j=1
γ j . Then, by the orthogonality of the system {ei〈k̄, x̄〉} and Hölder’s inequality in the Lorentz

space, we have





TN ,γ̄







A =













∑

s∈Γ (N ,γ̄)

εk̄ak̄( fl)













=
1

(2π)m

∫

Tm

TN ,γ̄(x)Tn,ε(x)≤ C‖TN ,γ̄‖p,τ‖Tn,ε‖p′ ,τ′ , (2)

where 1
b +

1
b′
= 1.

Since 1< p < 2, then 2< p
′
<∞. Therefore, by virtue of Theorem 3.1 [21] we obtain

‖Tn,ε‖p′ ,τ′ ≤ C













§ m
∏

j=1

2
s j (

1
2−

1
p′
)
‖δs(Tn,ε)‖2

ª

s∈X (log N ,γ)













l
τ
′

where X (log N ,γ) = {s = (s1, . . . , sm) ∈ Zm
+ : s j > 0, 〈s,γ〉 ≤ n+ γ(m) + 1}.

Then, using Parseval’s equality, Lemma Γ [4] and choosing δ = (δ1, . . . ,δm) such that 1≤ δ j ≤ γ j , j = 1, . . . , m, we have

‖Tn,ε‖q′ ,τ
′
1
≤ C













§ m
∏

j=1

2
s j
p

ª

s∈X (log N ,γ)













l
τ
′

≤ C













§ m
∏

j=1

2
s jδ j

p

ª

s∈X (log N ,γ)













l
τ
′

≤ C2(n+γ(m)+1) 1
p (n+ γ(m) + 1)

ν−1

τ
′
1 (3)

≤ C2
n
p n

ν−1

τ
′
1 ≤ CN

1
p (log N)

ν−1

τ
′
1 .

Now from inequalities (2) and (3) it follows that

‖TN ,γ̄‖A ≤ C‖TN ,γ̄‖p,τN
1
p (log N)

ν−1

τ
′
1

for 1< p < 2 and 1< τ <∞.
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If p = 2 and 2≤ τ <∞, then by virtue of Theorem 1.3 [21] we get

‖Tn,ε‖2,τ′ ≤ C









¦�

m
∑

j=1

(s j + 1)
�

1
τ
′ −

1
2 ‖δs(Tn,ε)‖2

©

s∈X (log N ,γ)










l
τ
′

= C









¦�

m
∑

j=1

(s j + 1)
�

1
τ
′ −

1
2

m
∏

j=1

2
s j
2

©

s∈X (log N ,γ)










l
τ
′

= C
¦

n+γ(m)+1
∑

l=0

∑

l<〈s,γ〉≤l+1

�

m
∑

j=1

(s j + 1)
�( 1
τ
′ −

1
2 )τ

′ m
∏

j=1

2
s jτ
′

2

©
1
τ
′

≤ C
¦

n+γ(m)+1
∑

l=0

∑

l<〈s,γ〉≤l+1

�

m
∑

j=1

(s jγ j)
�( 1
τ
′ −

1
2 )τ

′ m
∏

j=1

2
s jτ
′

2

©
1
τ
′

≤ C
¦

n+γ(m)+1
∑

l=0

(l + 1)(
1
τ
′ −

1
2 )τ

′ ∑

l<〈s,γ〉≤l+1

m
∏

j=1

2
s jτ
′

2

©
1
τ
′
.

Let δ j = γ j , j = 1, . . . ,ν and 1 < δ j < γ j , j = ν+ 1, . . . , m. Then, taking this fact into account and applying Lemma Γ [4] we
obtain

‖Tn,ε‖2,τ′ ≤ C
¦

n+γ(m)+1
∑

l=0

(l + 1)(
1
τ
′ −

1
2 )τ

′ ∑

l<〈s,γ〉≤l+1

2〈s,δ〉
τ
′

2

©
1
τ
′

≤ C
¦

n+γ(m)+1
∑

l=0

(l + 1)(
1
τ
′ −

1
2 )τ

′

2l τ
′

2 lν−1
©

1
τ
′
≤ C2

n
2 l

ν−1
τ
′ +

1
2−

1
τ . (4)

Then, (2) and (4) imply that

‖TN ,γ̄‖A ≤ CN
1
2 (log N)

ν−1
τ
′ +

1
2−

1
τ ‖TN ,γ̄‖2,τ

for p = 2 and 2≤ τ <∞.

Let us give a proof of the inequality of different metrics in the Lorentz space from [24]. The proof is given here with the
consent of the author G. Akishev.

Suppose
Tn,γ̄( x̄) =

∑

k∈Q(γ)n

bk̄ei〈k̄, x̄〉.

Theorem 3.7. Let 1< p < q ≤ 2, 1< τ2 < τ1 and 2< τ1 <∞. Then

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1
q )n(m−1)( 1

τ2
− 1
τ1
)‖Tn,γ̄‖p,τ1

.

Proof. In Theorem 3.1 putting λ= θ = 2 and using Parseval’s equality, we have

‖ f ‖q,τ ≥ C
�∑

s̄∈Zm
+

2|s|(
1
2−

1
q )τ
� ∑

k̄∈ρ(s̄)

|ak̄( f )|2
�τ/2� 1

τ
(5)

for f ∈ Lq,τ(Tm), 1< q < 2 and 1< τ <∞, where |s̄|=
∑m

j=1 s j = 〈s̄, 1̄〉, 1̄= (1, . . . , 1).
Let 2< τ <∞. Then applying Hölder’s inequality for β = τ/2, 1/β + 1/β ′ = 1, we get

� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|ak̄|2
�

1
2 ≤

¦ ∑

〈s̄,γ̄〉<n

2|s|(
1
2−

1
p )τ
� ∑

k̄∈ρ(s̄)

|ak̄|2
�τ/2© 1

τ
¦ ∑

〈s̄,γ̄〉<n

2−|s|(
1
2−

1
p )2β

′©
1

2β′ . (6)

If 1< p < 2, then according to inequality (5) we have

�

∑

〈s̄,γ̄〉<n

2|s|(
1
2−

1
p )τ

�

∑

k̄∈ρ(s̄)

|ak̄|2
�τ/2� 1

τ

≤ C‖Tn,γ̄‖p,τ. (7)

By Parseval’s equality, inequalities (6), (7) and Lemma Γ [4], we have

‖Tn,γ̄‖2 ≤ C‖Tn,γ̄‖p,τ

¦ ∑

〈s̄,γ̄〉<n

2−|s|(
1
2−

1
p )2β

′©
1

2β′ ≤ C‖Tn,γ̄‖p,τ2
n( 1

p −
1
2 )n(m−1)( 1

2−
1
τ ) (8)

for 1< p < 2 and 2< τ <∞.

Dolomites Research Notes on Approximation ISSN 2035-6803



Myrzagaliyeva 162

If 1< τ≤ 2, then according to Jensen’s inequality, we obtain

� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|ak̄|2
�

1
2 ≤ 2n( 1

p −
1
2 )
¦ ∑

〈s̄,γ̄〉<n

2−|s|(
1
2−

1
p )τ
� ∑

k̄∈ρ(s̄)

|ak̄|2
�
τ
2
©

1
τ

(9)

in the case 1< p < 2. Inequalities (5) and (9) imply that

� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|ak̄|2
�

1
2 ≤ C2n( 1

p −
1
2 )‖Tn,γ̄‖p,τ (10)

in the case 1< p < 2 and 1< τ≤ 2.
According to Parseval’s equality from (10) we get

‖Tn,γ̄‖2 ≤ C2n( 1
p −

1
2 )‖Tn,γ̄‖p,τ (11)

in the case 1< p < 2 and 1< τ≤ 2.
Let 2< q <∞. Then, by virtue of Theorem 3.2, we have

‖Tn,γ̄‖q,τ ≤ C
¦ ∑

〈s̄,γ̄〉<n

2|s|(
1
2−

1
q )τ
� ∑

k̄∈ρ(s̄)

|ak̄|2
�τ/2© 1

τ
(12)

for 1< τ <∞.
Applying Hölder’s inequality we obtain

�

�

�

∫

Tm

Tn,γ̄( x̄)g( x̄)d x̄
�

�

�≤
� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|ak̄|2
�

1
2
� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|bk̄(g)|2
�

1
2
. (13)

Since 2< q <∞, then 1< q′ < 2. Therefore, as in the proof of inequalities (8), (10) we can see that

� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|bk̄(g)|2
�

1
2 ≤ C2n( 1

q′ −
1
2 )n(m−1)( 1

2−
1
τ′ )









∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

bk̄(g)e
i〈k̄, x̄〉










q′ ,τ′
≤ C2n( 1

2−
1
q )n(m−1)( 1

τ−
1
2 )‖g‖q′ ,τ′ (14)

in the case 2< τ′ <∞ (i.e. 1< τ < 2) and

� ∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

|bk̄(g)|2
�

1
2 ≤ C2n( 1

q′ −
1
2 )









∑

〈s̄,γ̄〉<n

∑

k̄∈ρ(s̄)

bk̄(g)e
i〈k̄, x̄〉










q′ ,τ′
≤ C2n( 1

2−
1
q )‖g‖q′ ,τ′ (15)

in the case 1< τ′ ≤ 2 (i.e. 2≤ τ <∞) for any g ∈ Lq′ ,τ′(Tm). Now inequalities (13)–(15) imply that

‖Tn,γ̄‖q,τ � sup
‖g‖q′ ,τ′≤1

�

�

�

∫

Tm

Tn,γ̄( x̄)g( x̄)d x̄
�

�

�≤ C2n( 1
2−

1
q )n(m−1)( 1

τ−
1
2 )+‖Tn,γ̄‖2 (16)

in the case 2< q <∞ and 1< τ <∞.
Let 1< p < 2< q <∞ and 1< τ2 ≤ 2< τ1 <∞. Then, it follows from inequalities (8) and (16) that

‖Tn,γ̄‖q,τ2
≤ C2n( 1

2−
1
q )n(m−1)(1/τ2−1/2)‖Tn,γ̄‖2 ≤ C2n( 1

p −
1
q )n(m−1)(1/τ2−1/τ1)‖Tn,γ̄‖p,τ1

(17)

in the case 1< p < 2< q <∞ and 1< τ2 ≤ 2< τ1 <∞.
Consider the case 1 < p < q ≤ 2. Choose a number q1 > 2 such that 1/q = (1− θ)/p + θ/q1, 0 < θ < 1. Then, by the

well-known inequality (see [25, p. 228, Theorem 2.g.18])

‖ f ‖q,τ2
≤ C‖ f ‖1−θ

p,τ1
‖ f ‖θq1 ,τ3

for 1< τ1,τ2,τ3 <∞, and already proven case for 1< p < 2< q1 <∞ we have (see (17))

‖Tn,γ̄‖q,τ2
≤ C‖Tn,γ̄‖1−θ

p,τ1
‖Tn,γ̄‖θq1 ,τ3

≤ C‖Tn,γ̄‖1−θ
p,τ1

�

2n( 1
p −

1
q1
)n(m−1)(1/τ3−1/τ1)‖Tn,γ̄‖p,τ1

�θ

. (18)

Now, considering that (1/p− 1/q1)θ = 1/p− 1/q and choosing the number τ3 ∈ (1, 2) so that 1/τ2 = (1− θ )/τ1 + θ/τ3, from
inequality (18) we obtain

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1
q )n(m−1)(1/τ2−1/τ1)‖Tn,γ̄‖p,τ1

in the case 1< p < q ≤ 2 and 1< τ2 < τ1, 2< τ1 <∞.

Theorem 3.8. Let 1< p < q ≤ 2 and 1< τ1 ≤ τ2 ≤ 2 or 1< p ≤ 2< q <∞ and 1< τ1 ≤ 2< τ2 <∞ or 2< p < q <∞ and
2< τ1 ≤ τ2 <∞, then

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1
q )‖Tn,γ̄‖p,τ1

.
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Proof. For Tn,γ̄ ∈ T(Qγ̄n) by Theorem 2.2 [21], we have

‖Tn,γ̄‖q,τ2
≤ C

¦ ∑

〈s̄,γ̄〉<n

2|s|(1/p−1/q)τ2‖δs̄(Tn,γ̄)‖τ2
p,τ1

©1/τ2
. (19)

for 1< p < q <∞ and 1< τ1,τ2 <∞.
If 1< τ1 ≤ τ2 <∞, considering that |s̄|=

∑m
j=1 s j ≤ 〈s̄, γ̄〉 according to Jensen’s inequality we have

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1
q )
¦ ∑

〈s̄,γ̄〉<n

‖δs̄(Tn,γ̄)‖τ2
p,τ1

©1/τ2
. (20)

If 2< p <∞, 2< τ1 <∞, then according to Lemma 1.3 [21] from formula (20) we get

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1
q )‖Tn,γ̄‖p,τ1

, (21)

in the case τ1 ≤ τ2.
If 1< p ≤ 2 and 1< τ1 ≤ 2, then (see (11))

‖Tn,γ̄‖2 ≤ C2n( 1
p −

1
2 )‖Tn,γ̄‖p,τ1

. (22)

If 2< q <∞ and 2< τ2 <∞, then from inequality (16) we have

‖Tn,γ̄‖q,τ2
≤ C2n( 1

2−
1
q )‖Tn,γ̄‖2. (23)

Inequalities (22), (23) imply that
‖Tn,γ̄‖q,τ2

≤ C2n( 1
p −

1
q )‖Tn,γ̄‖p,τ1

, (24)

in the case 1< p ≤ 2< q <∞, 1< τ1 ≤ 2< τ2 <∞.
Recall the well-known inequality (see [25])

‖ f ‖q,τ2
≤ C‖ f ‖1−θ

p,τ1
‖ f ‖θq1 ,τ3

(25)

for 1≤ τ1,τ2 <∞, 0< θ < 1.
Let 1 < p < q ≤ 2 and 1 < τ1 ≤ τ2 < 2. We choose the numbers q1 > 2 and τ3 > 2 such that 1/q = (1− θ)/p+ θ/q1 and

1/τ2 = (1− θ )/τ1 + θ/τ3. According to inequalities (24) and (25) we get

‖Tn,γ̄‖q,τ2
≤ C‖Tn,γ̄‖1−θ

p,τ1
‖Tn,γ̄‖θq1 ,τ3

≤ C‖Tn,γ̄‖1−θ
p,τ1

�

2n( 1
p −

1
q1
)‖Tn,γ̄‖p,τ1

�θ

= C2n( 1
p −

1
q1
)θ‖Tn,γ̄‖p,τ1

. (26)

Since 1/q = (1− θ )/p+ θ/q1, then θ (1/p− 1/q1) = 1/p− 1/q. Therefore, from (26) we obtain

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1

q1
)‖Tn,γ̄‖p,τ1

, (27)

in the case 1< p < q ≤ 2 and 1< τ1 ≤ τ2 < 2.
Thus, from inequalities (21), (24) and (27) it follows that

‖Tn,γ̄‖q,τ2
≤ C2n( 1

p −
1
q )‖Tn,γ̄‖p,τ1

,

in the cases 1 < p < q ≤ 2 and 1 < τ1 ≤ τ2 < 2 or 1 < p ≤ 2 < q <∞, 1 < τ1 ≤ 2 < τ2 <∞ or 2 < p < q <∞,
2< τ1 ≤ τ2 <∞.

4 Proofs of Main results

Proof of Theorem 2.1. Let 1
q −

1
p < r1 <

1
q −

1
p +

1
τ1
− 1
τ2

. For a natural number M , there exists a µ ∈ N such that M � 2µµν−1. For
the given number µ ∈ N, we set

SQµ,γ
( f , x) =

∑

〈s,γ〉≤µ,
s∈Zm

+

δs( f , x),

where γ= (γ1, . . . ,γm), γ j = r j/r1, j = 1, . . . , m.
Choose a natural number N such that 2N � 2µµν−1. For a natural number l ∈ (µ, N], we include ml blocks δs( f , x),

l ≤ 〈s,γ〉< l + 1, with the largest ‖δs( f )‖p,τ2
into the approximating polynomial of f ∈W r

q,τ1
. We denote the set of such indices s

by Gl .
In Theorem 3.3, setting f = δs( f ), we obtain that

2〈s,r〉‖δs( f )‖p,τ � ‖δ
(r)
s ( f )‖p,τ = C‖δs( f

(r))‖p,τ = C‖δs(ϕ)‖p,τ, 1< p,τ <∞. (28)
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Using Theorem 3.1 for λ= p, θ = τ2, τ= τ1 and relation (28) we have

� ∑

l≤〈s,γ〉<l+1

m
∏

j=1

2s jτ1(
1
p −

1
q )‖δs( f )‖τ1

p,τ2

�1/τ1
≤
� ∑

l≤〈s̄,γ̄〉<l+1

m
∏

j=1

2s jτ1(
1
p −

1
q )2−〈s,r〉τ1‖δs(ϕ)‖τ1

p,τ2

�1/τ1

≤ C2−l r1
� ∑

l≤〈s,γ〉<l+1

m
∏

j=1

2s jτ1(
1
p −

1
q )‖δs(ϕ)‖τ1

p,τ2

�1/τ1
� 2−l r1










∑

l≤〈s,γ〉<l+1

δs(ϕ)









q,τ1

,

where ϕ ∈ Lq,τ1
(Tm) and ‖ϕ‖q,τ1

≤ 1, 1< q < p <∞, 1< τ1,τ2 <∞.
By Theorem 3.4 we find from the above relation that

� ∑

l≤〈s,γ〉<l+1

m
∏

j=1

2s jτ1(
1
p −

1
q )‖δs( f )‖τ1

p,τ2

�1/τ1
� 2−l r1 , (29)

for a function f ∈W r
q,τ1

, 1< q < p <∞ and 1< τ1,τ2 <∞.

Since 1= γ1 = . . .= γν < γν+1 ≤ . . .≤ γm and 1
p −

1
q ≤ 0, then

m
∏

j=1

2s jτ1(
1
p −

1
q ) ≥ 2〈s̄,γ̄〉(

1
p −

1
q )τ1 ≥ 2(l+1)( 1

p −
1
q )τ1 .

Therefore, from inequality (29) we obtain

2(l+1)( 1
p −

1
q )

 

∑

l≤〈s̄,γ̄〉<l+1

‖δs( f )‖τ1
p,τ2

!1/τ1

�

 

∑

l≤〈s̄,γ̄〉<l+1

m
∏

j=1

2s jτ1(
1
p −

1
q )‖δs( f )‖τ1

p,τ2

!1/τ1

� 2−l r1 .

Hence,
 

∑

l≤〈s̄,γ̄〉<l+1

‖δs( f )‖τ1
p,τ2

!1/τ1

� 2−l(r1+
1
p −

1
q ), (30)

for a function f ∈W r
q,τ1

, 1< q < p <∞ and 1< τ1,τ2 <∞.
We set σl = {s̄ ∈ Zm

+ : l ≤ 〈s̄, γ̄〉< l + 1}. By |σl | is denoted the number of elements of σl .
Let {a j} be the nonincreasing rearrangement of numbers {‖δs‖p,τ2

}s̄∈σl
. Then

 

∑

l≤〈s̄,γ̄〉<l+1

‖δs( f )‖τ1
p,τ2

!1/τ1

=

� |σl |
∑

j=1

aτ1
j

�1/τ1

.

By the definition of the set Gl , the number of elements of the set σl \ Gl is equal to |σl | −ml . Therefore, from the previous
equality it follows that

� ∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ1
p,τ2

�1/τ1
=
�

|σl |
∑

j=ml+1

aτ1
j

�1/τ1
. (31)

Now applying Lemma 2.1 in [18] from equality (31) we obtain






∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ2
p,τ2







1/τ2

=

 

|σl |
∑

j=ml+1

aτ1
j

!1/τ1

≤ m
−( 1
τ1
− 1
τ2
)

l

� |σl |
∑

j=1

aτ1
j

�1/τ1

= (ml + 1)−(
1
τ1
− 1
τ2
)

 

∑

l≤〈s̄,γ̄〉<l+1

‖δs( f )‖τ1
p,τ2

!1/τ1

, (32)

if 1≤ τ1 ≤ τ2 <∞.
(30) and (32) imply that

� ∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ2
p,τ2

�1/τ2
≤ C(ml + 1)−(

1
τ1
− 1
τ2
)2−l(r1+

1
p −

1
q ) (33)

for 1≤ τ1 ≤ τ2 <∞.
If 1< τ2 ≤ 2 and 1< p <∞, then by Theorem 1.2 [21] the following inequality is true










∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f )









p,τ2

≤ C

�

∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ2
p,τ2

�1/τ2

. (34)
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Now from inequalities (32) and (34) it follows that









∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f )









p,τ2

≤ C(ml + 1)−(
1
τ1
− 1
τ2
)2−l(r1+

1
p −

1
q ), (35)

for 1≤ τ1 ≤ τ2 ≤ 2, 1< q < p <∞.
Suppose that

Fl(x) =
∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f , x).

Let κ be a positive number so that r1 +
1
p −

1
q < (

1
τ1
− 1
τ2
)κ < 1

τ1
− 1
τ2

. Assume ml = [2(N−l)κ], where [y] is the integer part of
y . Then, by the property of the norm and inequality (35), we have










∑

µ<l≤N

Fl










p,τ2

≤
∑

µ<l≤N

‖Fl‖p,τ2
� 2−N( 1

τ1
− 1
τ2
)κ
∑

µ<l≤N

2−l(r1+
1
p −

1
q −(

1
τ1
− 1
τ2
)κ)

≤ C2−N( 1
τ1
− 1
τ2
)κ2−N(r1+

1
p −

1
q −(

1
τ1
− 1
τ2
)κ).

Thus,









∑

µ<l≤N

Fl










p,τ2

≤ C2−N(r1+
1
p −

1
q ), (36)

for 1
q −

1
p < r1 <

1
q −

1
p +

1
τ1
− 1
τ2

, 1< τ1 ≤ τ2 ≤ 2 and 1< q < p ≤∞.
Consider the polynomial

An( f , x) = SQµ,γ
( f , x) +

∑

µ<l≤N

∑

l≤〈s̄,γ̄〉<l+1,
s̄∈Gl

δs( f , x).

The polynomial has no more then n elements

n≤ |Qµ,γ|+
∑

µ<l≤N

2l ml ≤ 2µµν−1 +
∑

µ<l≤N

2l2(N−l)κ ≤ C2N � M .

By the property of the norm and Theorem 3.8 in the cases when 1< q < p ≤ 2 and 1< τ1 ≤ τ2 ≤ 2 we have









∑

l>N

fl










p,τ2

≤
∑

l>N

‖ fl‖p,τ2
≤ C

∑

l>N

2l( 1
q −

1
p )‖ fl‖q,τ1

. (37)

By Theorems 3.3 and 3.4 we have









∑

l≤〈s,γ〉<l+1

δs(ϕ)









q,τ1

=









� ∑

l≤〈s,γ〉<l+1

δs( f
(r))
�










q,τ1

�









� ∑

l≤〈s,γ〉<l+1

2〈s,r〉2|δs( f )|2
�1/2








q,τ1

� 2l r1










� ∑

l≤〈s,γ〉<l+1

|δs( f )|2
�1/2








q,τ1

� 2l r1










∑

l≤〈s,γ〉<l+1

δs( f )









q,τ1

(38)

for 1< q <∞ and 1< τ1 <∞.
(37) and (38) imply that










∑

l>N

fl










p,τ2

�
∑

l>N

2−l(r1+
1
p −

1
q )









∑

l≤〈s,γ〉<l+1

δs(ϕ)









q,τ1

� ‖ϕ‖q,τ1

∑

l>N

2−l(r1+
1
p −

1
q )� 2−N(r1+

1
p −

1
q )‖ϕ‖q,τ1

(39)

for a function f ∈W r
q,τ1

and ‖ϕ‖ ≤ 1 in the cases 1< q < p ≤ 2, 1< τ1 ≤ τ2 ≤ 2 and r1 >
1
q −

1
p .

If 1< q < p ≤ 2, 1< τ2 < τ1 and 2< τ1 <∞, then by Theorem 3.7 we get









∑

l>N

fl










p,τ2

≤
∑

l>N

‖ fl‖p,τ2
≤ C

∑

l>N

2l( 1
q −

1
p ) l(m−1)( 1

τ2
− 1
τ1
)‖ fl‖q,τ1

.

Therefore, taking into account inequality (38) and the definition of the class W r
q,τ1

, we obtain









∑

l>N

fl










p,τ2

�
∑

l>N

2−l(r1+
1
p −

1
q ) l(m−1)( 1

τ2
− 1
τ1
)‖ϕ‖q,τ1

� 2−N(r1+
1
p −

1
q )N (m−1)( 1

τ2
− 1
τ1
), (40)

for a function f ∈W r
q,τ1

in the cases 1< q < p ≤ 2, 1< τ2 < τ1, 2< τ1 <∞ and r1 >
1
q −

1
p .

For a function f ∈W r
q,τ1

, by the property of the norm and inequalities (36), (39), we obtain







 f − An( f )









p,τ2

≤









∑

µ<l≤N

Fl










p,τ2

+









∑

l>N

fl










p,τ2

≤ C2−N(r1+
1
p −

1
q ),
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in the cases when 1
q −

1
p < r1 <

1
q −

1
p +

1
τ1
− 1
τ2

, 1< τ1 < τ2 ≤ 2 and 1< q < p ≤ 2.
Thus,

en(W
r

q,τ1
)p,τ2

≤ C M−(r1+
1
p −

1
q ) (41)

for 1
q −

1
p < r1 <

1
q −

1
p +

1
τ1
− 1
τ2

, 1< τ1 ≤ τ2 ≤ 2 and 1< q < p ≤ 2. This completes the proof of the upper estimate in Theorem
2.1.

Let ΩM be the set of M m–dimensional vectors {k
(1)

, . . . , k
(M)
} with integer coordinates, that is

ΩM = {k
(l)
∈ Zm

+ : l = 1, . . . , M}.

There exists s0 = (s0
1, . . . , s0

m) ∈ Z
m
+ such that |ρ(s0)|=

∏m
j=1 2s0

j −1 � M and |ρ(s0)| ≥ 2M . Then

|ρ(s0)∩ΩM | ≤
|ρ(s0)|

2
.

Consider the function

f1(x) =
m
∏

j=1

2−s0
j (r1+1− 1

q )
∑

k∈ρ(s0)

ei〈k,x〉.

We claim that f1 ∈W r
q,τ1

. Indeed, for any function ψ1(x) = f (r)1 using Bernstein’s inequality and Dirichlet kernel estimate (see
[21]) we have

‖ψ1‖q,τ1
= ‖ f (r)1 ‖q,τ1

=
m
∏

j=1

2−s0
j (r1+1− 1

q )


























∑

k∈ρ(s0)

ei〈k,x〉





(r)





















q,τ1

≤ C
m
∏

j=1

2−s0
j (r1+1− 1

q )
m
∏

j=1

2s0
j r1



















∑

k∈ρ(s0)

ei〈k,x〉



















q,τ1

≤ C
m
∏

j=1

2−s0
j (1−

1
q )

m
∏

j=1

2s j (1−
1
q ) = C1.

Hence, the function F1 = C−1
1 f1 ∈W r

q,τ1
, 1< q,τ1 <∞.

Let T (x) denote an arbitrary trigonometric polynomial with "numbers" of harmonics in ΩM , i.e. T (x) =
∑

k∈ΩM
bk̄ei〈k̄, x̄〉. Then

by Theorem 3.1 with λ= θ = 2 and Parseval’s equality we get

‖F1 − T‖p,τ2
≥ C

m
∏

j=1

2s0
j (

1
2−

1
p )‖δs0(F1 − T )‖2 = C

m
∏

j=1

2−s0
j (r1+

1
p −

1
q )

m
∏

j=1

2−s0
j /2
�

|ρ(s0)| −M
�1/2

. (42)

Since |ρ(s0)| ≥ 2M , then

|ρ(s0)| −M ≥
|ρ(s0)|

2
=

1
2

m
∏

j=1

2s0
j −1.

Therefore (42) leads to

‖F1 − T‖p,τ2
≥ C

m
∏

j=1

2−s0
j (r1+

1
p −

1
q ) ≥ C M−(r1+

1
p −

1
q ).

Hence,
eM (F1)p,τ2

≥ C M−(r1+
1
p −

1
q )

means
eM (W

r
q,τ1
)p,τ2

≥ C M−(r1+
1
p −

1
q ) (43)

for 1< q < p <∞, 1< τ1,τ2 <∞ and r1 > 0. The proof of the theorem is complete.

Proof of Theorem 2.2. Let us consider the case r1 =
1
q −

1
p +

1
τ1
− 1
τ2

for 1< τ1 < τ2 ≤ 2. For a natural number M choose n ∈ N
such that M � 2nnν−1. Suppose that n0 = n+ (ν− 1) log2 n. It is well-known that

sup
f ∈W r

q,τ1
















f −
∑

〈s̄,r̄〉<n0

δs( f )
















p,τ2

≤ 2−n0(r1+
1
p −

1
q ) (44)

for 1< q < p <∞, 1< τ1,τ2 <∞, γ= (γ1, . . . ,γm), γ j =
r j
r1

, j = 1, . . . , m.
Consider the sum

 

∑

l≤〈s̄,γ̄〉<l+1

‖δs(ψ)‖τ1
p,τ2

2〈s̄,1̄〉(
1
p −

1
q )τ1

!1/τ1

= Sl(ψ), (45)
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where ψ= f (r).
{Rk(ψ, p,τ2)} denotes the nonincreasing rearrangement (see [26, P. 175–176]) of the sequence {‖δs(ψ)‖p,τ2

}. Then by the
property of rearrangement of numbers we have

Sl(ψ)≥ 2(l+1)( 1
p −

1
q )

 

∑

l≤〈s̄,γ̄〉<l+1

‖δs(ψ)‖τ1
p,τ2

!1/τ1

= 2(l+1)( 1
p −

1
q )

� |Ωl |
∑

ν=1

Rτ1
ν
(ψ, p,τ2)

�1/τ1

≥ 2(l+1)( 1
p −

1
q )

�

k
∑

ν=1

Rτ1
ν
(ψ, p,τ2)

�1/τ1

≥ 2(l+1)( 1
p −

1
q )k

1
τ1 Rk(ψ, p,τ2).

Here Ωl = {s̄ : l ≤ 〈s̄, γ̄〉< l + 1}, and |Ωl | is the number of its elements. So,

Rk(ψ, p,τ2)≤ 2(l+1)( 1
q −

1
p )k−

1
τ1 Sl(ψ). (46)

In the approximating M -term polynomial TM ( x̄) of a function f ∈W r
q,τ1

we include the partial sum

SQn,γ̄
( f , x̄) =

n
∑

l=1

∑

l≤〈s̄,γ̄〉<l+1

δs( f , x̄)

and from the polynomial
∑

l≤〈s̄,γ̄〉<l+1

δs( f , x̄), l = n+ 1, . . . , n+ (ν− 1) log n,

we take only the first ml "blocks" δs( f , x̄) corresponding to the numbers Rk(ψ, p,τ2). We denote the set of such s by G(l). Then,
by the property of the norm, we have

‖ f − TM‖p,τ2
=






















f −






SQn,γ̄
( f ) +

n+(ν−1) log n
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s∈Gl

δs( f , x̄)




























p,τ2

≤






















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

+
















∑

〈s̄,γ̄〉≥n0

δs( f )
















p,τ2

(47)

Using (44) from (47) we obtain

‖ f − TM‖p,τ2
≤






















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

+ C2−n0(r1+
1
p −

1
q ). (48)

Further, according to Theorem 1.2 [21] and (46), we get





















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

≤ C







n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

‖δs( f )‖τ2
p,τ2







1/τ2

= C

 

n0
∑

l=n

|Ωl |
∑

k=|Gl |

Rτ2
k ( f , p,τ2)

!1/τ2

≤ C

 

n0
∑

l=n

Rτ2−τ1
ml

( f , p,τ2)
|Ωl |
∑

k=ml

Rτ1
k ( f , p,τ2)

!1/τ2

≤

 

n0
∑

l=n

m
− τ2−τ1

τ1
l 2−l(r1+

1
p −

1
q )(τ2−τ1)Sτ2−τ1

l (ψ)
∑

l≤〈s̄,γ̄〉<l+1

‖δs( f )‖τ1
p,τ2

!1/τ2

≤ C

� n0
∑

l=n

m
− τ2−τ1

τ1
l 2−lτ2(r1+

1
p −

1
q )Sτ2

l (ψ)

�1/τ2

.

Hence,





















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

≤ C

� n0
∑

l=n

m
− τ2−τ1

τ1
l 2−lτ2(r1+

1
p −

1
q )Sτ2

l (ψ)

�1/τ2

. (49)

As is known, the number of harmonics of the approximating polynomial does not exceed
∑n0

l=n 2l ml . Assume that

ml = [2
nnν−12−lSτ1

l (ψ)] + 1.
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Then
n0
∑

l=n

2l ml ≤ 2nnν−1
∑

n≤〈s̄,γ̄〉<n0+1

2〈s̄,1̄〉(
1
p −

1
q )τ2‖δs(ψ)‖τ2

p,τ2
+ 2 · 2nnν−1.

Applying Theorem 3.1 we get
n0
∑

l=n

2l ml ≤ C2nnν−1(1+ ‖ψ‖τ1
q,τ1
)≤ C M .

Now, substituting the values of ml into (49), we obtain





















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

≤ C(2nnν−1)−(
1
τ1
− 1
τ2
)

� n0
∑

l=n

2−l(r1+
1
p −

1
q +

1
τ2
− 1
τ1
)Sτ1

l (ψ)

�1/τ2

. (50)

If r1 +
1
p −

1
q +

1
τ2
− 1
τ1
= 0, then






















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

≤ C(2nnν−1)−(
1
τ1
− 1
τ2
)

� n0
∑

l=n

Sτ1
l (ψ)

�1/τ2

= C(2nnν−1)−(
1
τ1
− 1
τ2
)

 

n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1

2〈s̄,1̄〉(
1
p −

1
q )τ1‖δs(ψ)‖τ1

p,τ2

!1/τ2

. (51)

Next, using Theorem 3.1 [21] from (51) we obtain





















n0
∑

l=n

∑

l≤〈s̄,γ̄〉<l+1
s/∈Gl

δs( f )






















p,τ2

≤ C(2nnν−1)−(
1
τ1
− 1
τ2
)‖ψ‖q,τ1

≤ C(2nnν−1)−(
1
τ1
− 1
τ2
). (52)

Now, equations (48) and (52) lead to

‖ f − TM‖p,τ2
≤ C

�

(2nnν−1)−(
1
τ1
− 1
τ2
) + 2−n0(r1+

1
p −

1
q )
�

for a function f ∈W r
q,τ1

, 1< q < p ≤ 2, 1< τ1 < τ2 ≤ 2 in the case when r1 +
1
p −

1
q +

1
τ2
− 1
τ1
= 0.

Considering that n0 = n+ [(ν− 1) log n], from here we get

‖ f − TM‖p,τ2
≤ C(2nnν−1)−(

1
τ1
− 1
τ2
)

for a function f ∈W r
q,τ1

, 1< q < p ≤ 2, 1< τ1 < τ2 ≤ 2 in the case when r1 +
1
p −

1
q +

1
τ2
− 1
τ1
= 0. Hence,

eM (W
r

q,τ1
)p,τ2

≤ C(2nnν−1)−(
1
τ1
− 1
τ2
) � M−( 1

τ1
− 1
τ2
).

The lower estimate in the theorem follows from inequality (43) in the proof of Theorem 2.1 for r1 +
1
p −

1
q +

1
τ2
− 1
τ1
> 0.

Remark 2. The lower estimate in the cases when p = 2 and τ2 6= 2 remains open.

Proof of Theorem 2.3. Consider the case r1 >
1
q −

1
p +

1
τ1
− 1
τ2

. Assume that ml = 2N−l . Then, taking into account that 2N � 2µµν−1

from formula (35) we obtain









∑

µ<l≤N

Fl










p,τ2

≤ C
∑

µ<l≤N

‖Fl‖p,τ2

≤ C
∑

µ<l≤N

(ml + 1)−(
1
τ1
− 1
τ2
)2−l(r1+

1
p −

1
q ) ≤ C2−N( 1

τ1
− 1
τ2
)
∑

µ<l≤N

2−l(r1+
1
p −

1
q +

1
τ1
− 1
τ2
)

≤ C2−N( 1
τ1
− 1
τ2
)2−µ(r1+

1
p −

1
q +

1
τ1
− 1
τ2
) ≤ C(2µµν−1)−(

1
τ1
− 1
τ2
)2−µ(r1+

1
p −

1
q +

1
τ1
− 1
τ2
)

= C2−µ(r1+
1
p −

1
q )µ

−(ν−1)( 1
τ1
− 1
τ2
) ≤ C2−N(r1+

1
p −

1
q )N (ν−1)(r1+

1
p −

1
q +

1
τ2
− 1
τ1
)

� n−(r1+
1
p −

1
q )(logν−1 n)r1+

1
p −

1
q +

1
τ2
− 1
τ1 .

So, if r1 >
1
q −

1
p +

1
τ1
− 1
τ2

, then









∑

µ<l≤N

Fl










p,τ2

≤ Cn−(r1+
1
p −

1
q )(logν−1 n)r1+

1
p −

1
q +

1
τ2
− 1
τ1 (53)
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for any function f ∈W r
q,τ1

in the cases 1< q < p ≤ 2 and 1< τ1 ≤ τ2 ≤ 2.

Since r1 >
1
q −

1
p +

1
τ1
− 1
τ2
≥ 1

q −
1
p for τ1 ≤ τ2, (39) implies that










∑

l>N

fl










p,τ2

≤ C2−N(r1+
1
p −

1
q ) ≤ 2−N(r1+

1
p −

1
q )N (ν−1)(r1+

1
p −

1
q +

1
τ2
− 1
τ1
) ≤ Cn−(r1+

1
p −

1
q )(logν−1 n)r1+

1
p −

1
q +

1
τ2
− 1
τ1 (54)

for any function f ∈W r
q,τ1

in the cases when 1< q < p ≤ 2 and 1< τ1 ≤ τ2 ≤ 2.
Now (53) and (54) imply that

‖ f − An( f )‖p,τ2
≤









∑

µ<l≤N

Fl










p,τ2

+









∑

l>N

fl










p,τ2

≤ Cn−(r1+
1
p −

1
q )(logν−1 n)r1+

1
p −

1
q +

1
τ2
− 1
τ1

for any function f ∈W r
q,τ1

in the cases when r1 >
1
q −

1
p +

1
τ1
− 1
τ2

, 1< q < p ≤ 2 and 1< τ1 ≤ τ2 ≤ 2. Hence,

en(W
r

q,τ1
)p,τ2

≤ C M−(r1+
1
p −

1
q )(logν−1 M)r1+

1
p −

1
q +

1
τ2
− 1
τ1

for r1 >
1
q −

1
p +

1
τ1
− 1
τ2

, 1< q < p ≤ 2, 1< τ1 ≤ τ2 ≤ 2. This proves the upper estimate in Theorem 2.3.

The lower estimate in the cases r1 >
1
q −

1
p +

1
τ1
− 1
τ2

and 1< q ≤ p ≤ 2. Let M be a sufficiently large natural number. Choose

a natural number n such that M � 2nnν−1. Assume that Fγn = ∪〈s,γ〉=nρ(s) is a set such that its number of points is

|Fγn |> 4M . (55)

This is always possible since |Fγn | � 2nnν−1 � M (see, for example, [4], [18]).
Consider the function

f0(x) = 2−n(r1+1− 1
q )n−

ν−1
τ1

∑

k∈Fγn

ei〈k,x〉.

Since r1 > 0, then r1 +
1
p −

1
q > 0. Hence, 2−n(r1+1− 1

q )n−
ν−1
τ1 ↓ 0 as n→∞. For f0 we have

‖ fl,r‖q,τ1
= 2−n(r1+1− 1

q )n−
ν−1
τ1













∑

〈s̄,γ̄〉=l

∑

k∈ρ(s)

ei〈k̄,k̄〉













q,τ1

(56)

for l = 1, . . . , n. If l > n, then ‖ fl,r‖q,τ1
= 0.

By virtue of the estimate for the norm of the Dirichlet kernel [21] and by Theorem 3.2, we have

‖Dn,γ‖q,τ1
�
� ∑

〈s,γ〉≤n

m
∏

j=1

2s j (
1

p0
− 1

q )‖δs(Dn,γ)‖τ1
p0

�1/τ1
�
� ∑

〈s,γ〉≤n

m
∏

j=1

2s j (1−
1
q )τ1

�1/τ1
(57)

for some p0 ∈ (1, q), 1 < τ1 <∞. Choose numbers δ j , j = 1, . . . , m such that δ j = γ j = 1 for j = 1, . . . ,ν and 1 < δ j < γ j for
j = ν+ 1, . . . , m. Then (57) implies that

‖Dn,γ‖q,τ1
�
� ∑

〈s,γ〉≤n

2〈s,δ〉(1−
1
q )τ1

�1/τ1
,

where δ = (δ1, . . .δm).
Hence, by Lemma Γ [4] we have

‖Dn,γ‖q,τ1
� 2n(1− 1

q )n(ν−1)/τ1 , (58)

whenever 1< q <∞ and 1< τ1 <∞. Now from inequalities (56) and (58) it follows that

‖ fl,r‖q,τ1
� 2−n(r1+1− 1

q )n−
ν−1
τ1

�

‖Dl,γ‖q,τ1
+ ‖Dl−1,γ‖q,τ1

�

� 2−n(r1+1− 1
q )n−

ν−1
τ1 2l(1− 1

q )l
ν−1
τ1

for l = 1, . . . , n.
Thus,

‖ f0‖q,τ1
� 2−n(r1+1− 1

q )n−
ν−1
τ1

n
∑

l=1

‖ fl,r‖q,τ1
� 2−n(r1+1− 1

q )n−
ν−1
τ1

n
∑

l=1

2l(1− 1
q ) l

ν−1
τ1 � 2−nr1 .

Consequently, by Theorem 3.3 and Theorem 3.4 we get

‖ϕ0‖q,τ1
= ‖ f (r)0 ‖q,τ1

�









� ∑

〈s,γ〉=n

2〈s,r〉2|δs( f0)|2
�1/2








q,τ1

� 2nr1










� ∑

〈s,γ〉=n

|δs( f0)|2
�1/2








q,τ1

� 2nr1‖ f0‖q,τ1
≤ C0.

This means that the function F0 = C−1
0 f0 ∈W r

q,τ1
and ‖ϕ0C−1

0 ‖q,τ1
≤ 1 for 1< q,τ1 <∞.
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Let us evaluate eM (F0)p,τ2
. Let ΩM be a set of M integer vectors k

( j)
= (k( j)1 , . . . , k( j)m ), j = 1, . . . , M . Consider the set ΩM ∩ρ(s)

for indices s such that 〈s,γ〉= n. Then, by virtue of (55), the set P of vectors s such that 〈s,γ〉= n and

|ΩM ∩ρ(s)|<
|ρ(s)|

2
(59)

will contain at least half of all s such that 〈s,γ〉= n, and therefore

|P| � nν−1. (60)

Suppose TM (x) is a polynomial with harmonics from ΩM . Then by Theorem 3.1 we have

‖F0 − TM‖p,τ2
≥ C

�

∑

s∈Zm
+

m
∏

j=1

2s j (
1
2−

1
p )τ2‖δs(F0 − TM )‖

τ2
2

�

1
τ2

≥ C

�

∑

〈s,γ〉=n

m
∏

j=1

2s j (
1
2−

1
p )τ2‖δs(F0 − TM )‖

τ2
2

�

1
τ2

≥ C

�

∑

s∈P

m
∏

j=1

2s j (
1
2−

1
p )τ2‖δs(F0 − TM )‖

τ2
2

�
1
τ2

(61)

for 1< p < 2 and 1< τ2 <∞. Applying Hölder’s inequality for 1
τ2
+ 1

τ
′
2
= 1 and Galeev’s lemma we obtain

|P|=
∑

s∈P

1≤
�∑

s∈P

m
∏

j=1

2s j (1−
1
p )τ2

�
1
τ2
�∑

s∈P

m
∏

j=1

2−s j (1−
1
p )τ

′
2

�

1

τ
′
2

≤
�∑

s∈P

m
∏

j=1

2s j (1−
1
p )τ2

�
1
τ2
� ∑

〈s,γ〉≥n

m
∏

j=1

2−s j (1−
1
p )τ

′
2

�

1

τ
′
2 ≤ C2−n(1− 1

p )n
ν−1

τ
′
2

�∑

s∈P

m
∏

j=1

2s j (1−
1
p )τ2

�
1
τ2 .

Since by (60) it follows that
�∑

s∈P

m
∏

j=1

2s j (1−
1
p )τ2

�
1
τ2 ≥ C2n(1− 1

p )n
− ν−1

τ
′
2 |P| ≥ C2n(1− 1

p )n
ν−1
τ2 .

Therefore, using Parseval’s equality in the space L2(Tm) from (61) we obtain

‖F0 − TM‖p,τ2
� 2−n(r1+1− 1

q )n−
ν−1
τ1

�

∑

s∈P

m
∏

j=1

2s j (1−
1
p )τ2

�
1
τ2

≥ C2−n(r1+1− 1
q )n−

ν−1
τ1 2n(1− 1

p )n
ν−1
τ2 = C2−n(r1+

1
p −

1
q )n(ν−1)( 1

τ2
− 1
τ1
)

for r1 >
1
q −

1
p +

1
τ1
− 1
τ2

, 1< q < p < 2 and 1< τ1,τ2 <∞.

Thus, for the function F0 ∈W r
q,τ1

it is proved that

‖F0 − T‖
p,τ2
� 2−n(r1+

1
p −

1
q )n(ν−1)( 1

τ2
− 1
τ1
) (62)

for 1< q < p < 2 and 1< τ1,τ2 <∞.
Therefore, taking into account that M � 2nnν−1 we have

eM (W
r

q,τ1
)p,τ2

� 2−n(r1+
1
p −

1
q )n(ν−1)( 1

τ2
− 1
τ1
) � M−(r1+

1
p −

1
q )(log M)(ν−1)(r1+

1
p −

1
q )(log M)(ν−1)( 1

τ2
− 1
τ1
), (63)

for r1 >
1
q −

1
p +

1
τ1
− 1
τ2

, 1< q < p < 2, 1< τ1,τ2 <∞. The inequality shows the accuracy of the estimate in Theorem 2.3.

Proof of Theorem 2.4. Let us prove the upper estimate in Theorem 2.4.
Consider the case 1< τ2 < τ1 <∞. If 1< τ2 ≤ 2 and 1< p <∞, then by (34) we get










∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f )









p,τ2

≤ C







∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ2
p,τ2







1/τ2

.

Since 1< τ2 < τ1 <∞, applying Hölder’s inequality to the sum on the right side of the above inequality we obtain










∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f )









p,τ2

≤ C

�

∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ1
p,τ2

�1/τ1�
∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

1

�

1
τ2θ
′

≤ Cl(m−1)( 1
τ2
− 1
τ1
)

�

∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

‖δs( f )‖τ1
p,τ2

�1/τ1

. (64)
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For a function f ∈W r
q,τ1

, by (30) and (64) we get













∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f )













p,τ2

≤ Cl(m−1)( 1
τ2
− 1
τ1
)2−l(r1+

1
p −

1
q ) (65)

in the cases 1< τ2 ≤ 2, τ2 < τ1 <∞ and 1< q < p <∞.
Consider the sum

Fl(x) =
∑

l≤〈s̄,γ̄〉<l+1,
s̄/∈Gl

δs( f , x).

Let 1
q −

1
p < r1 <

1
q −

1
p +

1
τ2
− 1
τ1

and κ be a positive number such that 0 < r1 +
1
p −

1
q < (

1
τ2
− 1
τ1
)κ < 1

τ2
− 1
τ1

. Suppose

ml = [2(N−l)κ], where [y] is an integer part of y . Then, by the property of the norm and inequality (65) taking into account that
r1 >

1
q −

1
p we have










∑

µ<l≤N

Fl










p,τ2

≤ C
∑

µ<l≤N

‖Fl‖p,τ2
≤
∑

µ<l≤N

2−l(r1+
1
p −

1
q ) l(m−1)( 1

τ2
− 1
τ1
) ≤ C2−µ(r1+

1
p −

1
q )µ

(m−1)( 1
τ2
− 1
τ1
) (66)

for 1< τ2 ≤ 2, τ2 < τ1 <∞ and 1< q < p ≤ 2.
Consider the polynomial

An( f , x) = SQµ,γ
(x) +

∑

µ<l≤N

∑

l≤〈s̄,γ̄〉<l+1,
s̄∈Gl

δs( f , x).

This polynomial has at most n elements
n≤ |Qµ,γ|+

∑

µ<l≤N

2l ml ≤ C2N .

If 1< q < p ≤ 2, 2< τ1 <∞ and 1< τ2 < τ1 <∞, then by Theorem 5 [27] we have









∑

l>N

fl










p,τ2

≤ C
∑

l>N

‖ fl‖p,τ2
≤ C

∑

l>N

2l( 1
q −

1
p ) l(m−1)( 1

τ2
− 1
τ1
)‖ fl‖q,τ1

.

Next, using inequality (38) and the definition of W r
q,τ1

, we obtain









∑

l>N

fl










p,τ2

≤ C
∑

l>N

2−l(r1+
1
p −

1
q ) l(m−1)( 1

τ2
− 1
τ1
) ≤ C2−N(r1+

1
p −

1
q )N (m−1)( 1

τ2
− 1
τ1
). (67)

Now, by the property of the norm and inequalities (66), (67), we obtain







 f − An( f )









p,τ2

≤









∑

µ<l≤N

Fl










p,τ2

+









∑

l>N

fl










p,τ2

≤ C
¦

2−µ(r1+
1
p −

1
q )µ

(m−1)( 1
τ2
− 1
τ1
) + 2−N(r1+

1
p −

1
q )N (m−1)( 1

τ2
− 1
τ1
)
©

(68)

for a function f ∈W r
q,τ1

, where 1< τ2 ≤ 2< τ1 <∞, 1< q < p ≤ 2 and 1
q −

1
p < r1 <

1
q −

1
p +

1
τ2
− 1
τ1

.
Since 2µµν−1 � 2N , we obtain

2−µ(r1+
1
p −

1
q )µ

(m−1)( 1
τ2
− 1
τ1
) = (2µµν−1)−(r1+

1
p −

1
q )µ(ν−1)(r1+

1
p −

1
q )µ

(m−1)( 1
τ2
− 1
τ1
)

≤ C2−N(r1+
1
p −

1
q )µ(ν−1)(r1+

1
p −

1
q )µ

(m−1)( 1
τ2
− 1
τ1
) ≤ C2−N(r1+

1
p −

1
q )µ

(ν−1)(r1+
1
p −

1
q )+(m−1)( 1

τ2
− 1
τ1
)

≤ C2−N(r1+
1
p −

1
q )N (ν−1)(r1+

1
p −

1
q )+(m−1)( 1

τ2
− 1
τ1
).

Therefore, (68) implies that







 f − An( f )









p,τ2

≤ C2−N(r1+
1
p −

1
q )N (ν−1)(r1+

1
p −

1
q )+(m−1)( 1

τ2
− 1
τ1
)

� n−(r1+
1
p −

1
q )(log n)(ν−1)(r1+

1
p −

1
q )+(m−1)( 1

τ2
− 1
τ1
)

for a function f ∈W r
q,τ1

in the cases when 1< τ2 ≤ 2< τ1 <∞, 1< q < p ≤ 2 and 1
q −

1
p < r1 <

1
q −

1
p +

1
τ2
− 1
τ1

.
Thus,

en(W
r

q,τ1
)p,τ2

≤ Cn−(r1+
1
p −

1
q )(log n)(ν−1)(r1+

1
p −

1
q )+(m−1)( 1

τ2
− 1
τ1
)

for 1< q < p ≤ 2, 1< τ2 ≤ 2< τ1 <∞ and 1
q −

1
p < r1 <

1
q −

1
p +

1
τ2
− 1
τ1

. This completes the proof of the theorem.
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5 Conclusion

In [13], order-sharp estimates for the best M–term approximations of functions from the Sobolev class in the norm of the Lorentz
space are established for 1 < q < 2 < p <∞, 1 < τ1 ≤ τ2 <∞, and 1

q −
1
p < r1 <

1
q . And for q = 2 the upper bounds of the

quantity eM (W r̄
2,τ1
)p,τ2

are established in [14]. In this work, order-sharp estimates of the quantity eM (W r̄
q,τ1
)p,τ2

are obtained

for 1 < q < p ≤ 2, 1 < τ1 ≤ τ2 ≤ 2 and 1
q −

1
p < r1 <∞, and the upper bounds of this quantity are established in the case

1< τ2 ≤ 2< τ1 <∞.

Remark 3. For τ1 = q and τ2 = p, Theorem 2.4 implies the results of E.S. Belinsky [9, Theorem 2.1] and V.N. Temlyakov [4,
Theorem 2.1], [17, Theorem 2.7, Theorem 2.8 ], [18, Theorem 1.3, Theorem 1.4].
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