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Abstract

Order-sharp estimates are eatablished for the best M-term approximations of functions from WTTI with
respect to the multiple trigonometric system in the metric of L, ., for a number of relations between the
parameters p,q, T, and 7,. Constructive methods of nonlinear approximation are used in the proofs of
upper estimates in most of the main results.

1 Introduction

Let R™ be an m-dimensional Euclidean space of points X = (xq, ..., x,,) with real coordinates; T™ = [0, 27)™ and I"™ = [0, 1)™ be
m-dimensional cubes.
By L,(T™) we denote the Lebesgue space equipped with the norm (see [1, p. 500])

1 1 3
||f||p=|:f f |f(2nx1,...,2nxm)|de1...dxm] ,1<p<oo.
0 0

L, .(T™) denotes the Lorentz space of all real-valued Lebesgue measurable functions f, which have a 27-period in each
variable and for which the quantity

1
1 T
Ifll,.- = ZJ(f*(t))Tt;_ldt ,1<p<o0,1<T<00,
p
0

is finite, where f*(t) is the nonincreasing rearrangement of the function |f (27tXx)|, x € I"™ (see [2, p. 213-216]). Note that for
T = p, the Lorentz space L, .(T™) coincides with the Lebesgue space L,(T™).
We denote by ip’f(’]l"") the set of all functions f € L, .(T™) such that

1
f f@rx)dx; =0, j=1,...,m.
0

Here N, Z, R are sets of natural, integer, real numbers, respectively, and Z, = N U {0}.
We begin by introducing some notation that will be used throughout this work. First, we associate a function f € L,(T™) with

its Fourier series Y. a;(f)e!™?™) where az(f) is the Fourier coefficients of a function f € L, (T™) by the system {e!™®2™}-_,...
nezm

Here the inner product of ¥ and x is the number (y,X) = 3} y;x;;
=t

5(f,X) = Y az(f)el™,
nep(s)
where B
p@®={k=(ky,....k,) €z™: [271] < k)| <2, =1,...,m},

[a] is the integer part of the number a, s = (s;,...,5,,),5; =0,1,2,....
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For a given vector 7 = (ry,...,7,,) > 0=(0,...,0), we set 7 = % and Q,; = Uﬁ)qp(E) and
S (FHX)= Y ap(f)e'®,
EGQH’?

where SQ"?( f,x) is a partial sum of the Fourier series of a function f (see [1, p. 134]).
Consider the one-dimensional Bernoulli kernel (see, for example, [1, p. 130])

F.(x)=1+ 2Z:k’r cos(kx —rm/2), r>0.
k=1

For a vector 7 = (ry,...,7,,), ;> 0, j=1,...,m, we put
) =] |7, (xp.
=1

Consider the Sobolev class (see [1, p. 105])
W ={f:f=pxF; llol,. <1},
where 1 <p<o00,1<7 < 00,

_ 1 — -
(¢ x Fr)(x) = @ qum »(x —u)Fx(w)du.

In the case T = p, we write W; instead of W;p (see [1, p. 105], [3], [4D).
Let X = X(T™) be a Banach space. The quantity (see [1, Sec. 8.1])

M

(k0 x

f _Z bjex(k LX)
j=1

is called the best M—term trigonometric approximation of a function f € X, where the infimum is taken over the coefficients b;
and k1. For a class of functions F ¢ X(T™), we set

en(f)x = inf
k() b; X

ey (F)y = iullg e (f)x-

The theory of M-term approximations originates from the work of S.B. Stechkin [5], who studied best approximations in
orthonormal systems and obtained criteria for absolute convergence of the Fourier series. Classical results of Vallée-Poussin and
N.S. Bernstein [1, p. 21] established the exact order of polynomial approximation of functions such as f(x) = |x|, x € [—1,1].

The advantage of nonlinear M-term approximations over linear methods was first demonstrated by R.S. Ismagilov [6], who
proved that

ey (]sin2mx|) oo < CEM_g”, Ve >0,

while VE. Mayorov [7] later obtained the sharp estimate
ey ([sin27mx|) o < M3,

For functions of one variable, sharp estimates of M-term approximations in Sobolev classes were obtained by E.S. Belinsky
[8]:
Theorem 1.1 (Belinsky E.S. [8]). Let 1 <p <2 < q < oo. Then

1
n~zlogn, r=1,p=1.

In the multidimensional case, for 1 <q<p <2, r; > 2(% — %) order-sharp estimates of M-term approximations in Sobolev
classes Wq? with respect to the norm of the space L,(T™) were established by VN. Temlyakov [3, 4] and further for 1 <q <p <2

and r; < 2(% — %) was developed by E.S. Belinsky [9]. A systematic study of such problems for Sobolev, Nikol’skii-Besov and

Lizorkin-Triebel classes can be found in [10, 11, 12]. Further results for M-term approximations in Lorentz spaces and related
function classes were obtained in [13]-[16].

VIN. Temlyakov [17], using constructive methods, established estimates for M-term approximations of functions from the

class W; in the space L,(T™) for 1 <q <2 < p < oo and (% — %)p’ <r< %, p= 1%' He also posed the problem of finding
a constructive estimation method in the case % - 117 <r < (% - %)p’. This problem was solved in [13]-[16]. In particular,
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order-sharp estimates for the quantities eM(qu o )p,=, Were established in various parameter ranges in [13, 14, 16]. The case of

generalized classes W“ b( ) "

Let us consider these results in more detail. In [13], order-sharp estimates were obtained for the best M- term approximations
of functions from the class quﬁ in the space L, . (T™) for 1 <q<2<p<00,1<7; <71, <00, and - —= < r < %. In the
case T, =q and 7, = p, Theorem 4 [13] implies the results of E.S. Belinsky [9] and VN. Temlyakov [18]. For q 2, upper bounds
for the quantity eM(WF )p ., were obtained in [14].

In [15], the class Wa b()r was introduced, where a > 0, 0 < 6 < oo and b(t) is a slowly varying function on [0, c0)]. In

the special case b(t) = (1 + log2 )bt >1, b€ R with T =q and 6 = oo, the class W“ b( w Wq‘l’b’F was introduced by VN.
Temlyakov in [17, 18] to study M-term approximations of functions from the Sobolev and the Nikol’skii-Besov classes. In the
case b = 0, the definitions of the classes W“ b7 and W’ imply the embedding W’ — er 07 (see [13, 14]). In particular, for
T = g, this embedding was established in [18]

was investigated in [15], where upper bounds and partial sharpness were obtained.

In [15], upper bounds were obtained for the best M-term approximations of functions from the class Wq‘f’Tbl(;(),’f in the metric of
the space L, . (T™) for 1 <q <2 < p < 00, under certain conditions on the parameters a, 7, and 7,. For some ranges of these
parameters, the obtained upper bounds were shown to be order-sharp. Similar results for the class of functions with bounded
mixed derivatives Wf in the space L,(T™) were proved in [18].

In [16], order- sharp estimates were obtained for the quantity eM(Wq Tl)w2
r= E’ with either 1 <g<2and 1< 7; <00 orq=2and2 < 7; < 00. The exact order of this quantity was also established in
the diagonal case p = q and 7, = 7, = 1, as well as upper estimates for 1 < p < g < 0o. Further applications of the constructive
method can be found in [18, 19] and [20].

Despite these advances, the problem of obtaining order-sharp estimates for the quantities eM(quT1 o.a
and 1 < 7, < 7, < 2 remains incomplete.

The aim of this paper is to obtain order-sharp estimates for eM(qu)Tl)p,T2

inthecasesl<q<2<p<oo,r1>%and

withl<g<p<2

inthecasel <g<p<2andl<7,<7,<2
under appropriate conditions on the smoothness parameters r;, 7, and 7.

The results of this paper extend and complement earlier works in several directions. Order-sharp estimates are obtained in
parameter ranges where only partial results were previously known (see [13, 14, 16]). In particular, the case 1 <q <p <2is
covered, which is essentially different in order from the classical case studied by VN. Temlyakov and E.S. Belinsky. Furthermore,
the dependence on the Lorentz parameters 7, and 7, is refined. Finally, new upper bounds are provided based on constructive
methods of nonlinear approximation.

All results are formulated in Section 2 and proved in Section 4. Section 3 contains auxiliary statements required for the
proofs of the main results. Finally, a comparison with previously known results is provided.

Throughout the paper, we state our results in terms of order relations and say that u,(e) and u,(e) are functions of the same
order, written u, < U, if there are constants C;, C, with 0 < C; < C, such that C; u,(e) < u4(e) < C,u,(e). The constants C; and
C, do not depend on e. The order inequalities u;, < u, and u, > W, can be defined likewise. If A is a finite set, then |A| stands
for the number of its elements. Here and below log M is the logarithm with base 2 of the number M > 1.

2 Main result

Theorem 2.1. Let0<r;=...=r,<r, 1 <...<r,, 1<qg<p<2and1<7,<1,<2 If%—}j<r1 < é—%+%—f—12, then
ew (W, Dy, < M770).
Theorem 2.2. LetO0<r;=...=7r,<r, 1 <...<r,, 1<q<p<2andl<1,<1,<2 Ifrlzé—%—t%—%, then
11
eu(Wy, Dy, =M T,
Theorem 2.3. Let 0<r1;=...=7, <7y <...Ty 1<q<p<21<7, ST, <2 Ifry > 2 — 5+ &+ — L, then
en (W, Yypry = M5~ D (log M) 57057, M > 1
Theorem 2.4. Let0<r,=...=7,<71,1<...51,1<qg<p<2and1<71,<2<7; <00. If%—% <r< %—%+%—%,
then
eM(Wr Doy < M‘(rlﬂ%‘%)(1ogM)‘”‘”(r”%‘%)*('"‘”(%‘%),

3 Auxiliary statements

Theorem 3.1 ([21]). Let 1 <q<A < 00,1< 7,0 <oo. Ifa function f € L, .(T™), then

IFll,,. = C(Z ﬁ2s1(1/1—1/q)fHSE(f)”;,e)l/r.

sez] 1=1
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Theorem 3.2 ([21]). Let 1<p <q< 00, 1< 1T,,T, < 00. If a function f € L, . (T™) satisfies the condition

P71

Z ]_[251T2(1/P 1/9)| |54 (f)”;Zr < 00,
1

sezll j=1

then f € L, . (T™) and the inequality

9,72

1/7y
£z, < € (Z [ [zmemions; (f)||;2n)

sez™ j=1
holds.
Consider the set
I(N,m)={kezZ": |k;| <N;, j=1,...,m}, N, € Z,
and the set of trigonometric polynomials
Nm)={T®: T@= > ae'®}.
kell(N,m)

For a function f € L(T™), we put

Ifla=" D lag(F)l.

keII(N,m)
In this section, we recall the definition of the fractional derivative of a function and formulate statements that are often used
in the proofs of the main results.
For a function f € L(T™) and a vector @ = (a, ..., a,,) with nonnegative coordinates, the fractional differentiation operator
is determined by the formula (see [22, Chapter 3, Section 15])

nezm j=1

where Z" = {n e z": ]_[J 1 #0} and (in;)% = |n; |l Zasignn; =1
It is known that the following relation [22, Chapter 3, Section 15] is true

1@, = |3 25 isr) )

sezl

for a function f € ip(Tm ), 1 < p < oco. Here relation (1) means that the finiteness of any part implies the finiteness of its other
part and two-sided inequalities are satisfied.
Using relation (1) and the interpolation theorem in the Lorentz space, it is easy to prove the following statement.

Theorem 3.3 ([22]). Suppose 1 <p,t < oo and f € L, .(T™). Then the relation
1@< | (2 2 1:00r)
sezl
holds.
Theorem 3.4 ([21]). Let 1 < p,t < 0o. Then for any function f € L, .(T™) the following relation holds
11 = | 18:0007) 7|
sezl!

For a function f € L,(T™), we set

fr@= Y. &£, lez,,

I<(sy)<l+1

Where?z(}/ls-"’)/m)’ Y1 ="'=}/v<‘>/v+1 SSYm’ Y]z :_i’ rj>0:j=1;"':m
Consider the class defined in [5, 6]

b, —laj(v—
WP = {f € Ly(T™): |lfyzll, < 27910 1 ez, },

Ifirlla=" D5 D, las(F)l.

1<G,7)<l+17ep ()

where

In proving the main results, we often use the following statement.
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Lemma 3.5. Let 2 <p < 00,1 <7 <00, a>0andb €R. Then there is a constructive method G,,(f,X) based on greedy
algorithms. This leads to the estimate

If =Gu(Fl, - < C(m)M_a_%(logM)(V—l)(a+b)’

where f € W{;”b’7 and M > 1.

Remark 1. The formulation of Lemma 3.5 and a brief outline of its proof are given in [13], the complete proof can be found in
[23]. For T = p, Lemma 3.5 was previously proved by VN. Temlyakov [17].

Let T(N,7) = {k = (ky,...,k,,) € N: ]_[ i k}” < N} (see [1, p. 131]). Consider a trigonometric polynomial over the set
IV, 7) N
no@= S e
kler(v,7)

Assume that T(N,7) = {Ty ;}, where |k| = (|ky, .., [k, D), I Ty 7/l = 2 gl
fkler(v.7)

Theorem 3.6. Let 1 <p <2, 1<7<00andTy;€T(N,7).
1. If1<p<2 1< 71<o009, then
1 1)1l
Ty 71la < CN? (log(N + 1) D= Ty 2|, -

2. Ifp=2,2< 1< 00, then
1 — _1y 11
Ty ;1la < CN 2 (log(N + 1)) D=2 272 | Ty |, ..

Proof. Assume that there is e such that |ez| = 1 and egag = |ag|. Consider the polynomial

T, (%)= Y. epe®,

keQuz

where n=1logN +y(m), y(m) = . v;- Then, by the orthogonality of the system {ei@”a} and Holder’s inequality in the Lorentz
j=1
space, we have

Z Ekak(fl)H (27'[)"1 J N,?(Y)Tn,s(f) < C”TN,)'/”p,r”Tn,g“p/,T’: (2)

ser(N,y)

1w sll =

where % + % =1.
Since 1 < p <2, then 2 < p/ < 00. Therefore, by virtue of Theorem 3.1 [21] we obtain

{]‘[z“ 61,1

where X(logN,7) = {5 = (s,...,8,) €Z7:5; > 0,(5,7) <n+y(m) +1}.
Then, using Parseval’s equality, Lemma I' [4] and choosing 5= (61,...,6,)suchthat 1<6; <y, j=1,...,m, we have

ITyelly o < C

sex(logN,7) |{;

m

51
{lj }seX(logN,ﬂ

//<C

:

T
r—1

7

< G2 (g y(m) +1) 7 3

<c {]ﬂ[zs”

j=1

}EeX(logN,?) 1,
r—1 v—l

<C2in* <CN?¥(logN) ™ .

Now from inequalities (2) and (3) it follows that

H

1Ty }/HA <ClITy y”p er (lOgN)

forl<p<2and1l<7<o0.
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If p=2and 2 < 7 < 00, then by virtue of Theorem 1.3 [21] we get

Tyl <cH (s +0) isnon ||
m L],l m 5
= {(;(sj+1))f zl:l[zé}semogm
i+ G-be ™ 7S
D YN OYCES) Sl N EESE
=0 I<E7)<l+1 j=1 j=1
ey G et
sef 33 Clawy)? V12 )
=0 I<@Ey)<l+1 j=1 j=1
n+y(m)+1 m ST 1
Z 1+ Z []2~ }
<@Ey)<l+1 j=1

Let6;=v;,j=1,...,vand 1 < §; <y;, j=v+1,...,m. Then, taking this fact into account and applying Lemma I' [4] we

obtain
n+y(m)+1 ( , ;o1
1Tl < f Z (+1)" > 2FaT)
1<(s5,7)<l+1

n+y(m)+1 . L/ W11 1

<cf Z W+ 1T 25 N <c2br T )
Then, (2) and (4) imply that

1,11
1Ty slla < CN3(logN) 7 "2~ 1Ty 512

forp=2and2< 17 < o00. O

Let us give a proof of the inequality of different metrics in the Lorentz space from [24]. The proof is given here with the
consent of the author G. Akishev.
Suppose

TR = D bee®

keQ®
Theorem 3.7. Let 1<p<q<2,1<7,<7;and2< 171, < o0. Then

1_1 1)L -1
T,z lly, < €270 D70 T,

Proof. In Theorem 3.1 putting A = 6 = 2 and using Parseval’s equality, we have
1
1l = (D] 27607 ( 3 ja(pR)”) ©)
sez} kep(s)

for f €L, (T™),1<g<2and 1<t < oo, where [3| =Z]_1s] =(,1),1=(1,...,1).
Let 2 < T < o0. Then applying Hélder’s inequality for f = 7/2, 1/ + 1/’ =1, we get

(Z Z |ag| ) { Z 2\s\(———)r( Z g )7/2} { Z N }% o
(5,7)<nkep(3) (5,7)<n kep() oo

If 1 < p < 2, then according to inequality (5) we have

T/2 %
{ Z 2|s|(—f—)r( > g |2) } < CliTy5llp, - @

(&7)<n kep(®)
By Parseval’s equality, inequalities (6), (7) and Lemma T [4], we have
IToillz < CUIToi . { Z 2 FG—5 2’ }”*’ < ClITygll, 2" G2 n(m=E=2) ®)
5,7)<n

forl<p<2and2< 7 < o00.
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If 1 < 7 <2, then according to Jensen’s inequality, we obtain
1 .1
(22 D0 haal) <26 D] 35 2905 ( 3 1al)*} ©)
(5.7)<nkep(s) (.7)<n kep(s)
in the case 1 < p < 2. Inequalities (5) and (9) imply that
1
(Z D la?)’ < c2 G| T, (10)
(E7)<nkep(s)

inthecasel <p<2and1<7<2.
According to Parseval’s equality from (10) we get

11
T, 1, < C2°~ 2T, I, - (1n

inthecasel<p<2and1<7<2.
Let 2 < g < 00. Then, by virtue of Theorem 3.2, we have

1T slly- < €{ D7 2F607( > |a|)”2}% (12)
(8,7)<n kep(®)

forl<t < oo.
Applying Holder’s inequality we obtain

qum ,,Y(x)g(x)dx‘ (Z Z lazl ) (Z Z [br(g)l )% (13)

(7)<nkep(s) (7)<nkep(s)

Since 2 < g < 00, then 1 < q’ < 2. Therefore, as in the proof of inequalities (8), (10) we can see that

1.1y mo1yl_1
(3 3 i) sc2@ Db 57 S byt <crtobaeddbigy,, a4
(&7)<nkep(s) (7)<nkep(s) e
inthe case 2 < 7/ < 0o (i.e. 1 <7 < 2) and
(-3 Al
( Z PIREES] ) <27 (( Z > bale®|  <c2Pyg), (1s)

(5,7)<nkep(s) (5, 7)<nkep(s)

in the case 1 < 7' <2 (i.e. 2 < 7 < 00) for any g € L .(T™). Now inequalities (13)—(15) imply that

_ _ _ 1 1 _yl_o1
T, 51l,. < sup J Tn,y(x)g(x)dx(scz"(z Dnm=DE=24 T, |, (16)
T

llglly <1
inthecase2<g<ooand 1< 7 < 00.
letl<p<2<g<ooandl<7t,<2<7;<00. Then, it follows from inequalities (8) and (16) that

[T,

willge, < C2ME DDA/ T ) < €21 DDA ) T |
> T2 — ) - 5

nylip,71

a7

inthecase 1<p<2<g<ooand1<7,<2<7; <00.
Consider the case 1 < p < g < 2. Choose a number g; > 2 such that 1/q = (1—-6)/p + 6/q;, 0 < 6 < 1. Then, by the
well-known inequality (see [25, p. 228, Theorem 2.g.18])

1-6 [’}
1 llye, < CIFIELNFNG.

for1 < 7,,7,, T3 < 00, and already proven case for 1 < p < 2 < q; < 0o we have (see (17))

0
<C” ”1 9( n(p_ﬁ)n(m_l)(l/fs_l//rl)”Tn,}_/”p,‘rl) . (18)

- p,T1

0 6
1T llgey < CIT 2T 00

Now, considering that (1/p —1/q,)6 = 1/p —1/q and choosing the number 75 € (1,2) so that 1/7, =(1—6)/7, + 6 /75, from

inequality (18) we obtain

< €2 =D/ w1/

” y”q Ty n,f”p,”rl

inthecase1<p<qg<2and1<7,<7;,2<71, <O00. O

Theorem 3.8. Let 1 <p<qg<2and1<71,<7,<20rl<p<2<qg<ooandl<7,<2<71,<000r2<p<gq< 00 and
2 <1, <7, <00, then

<27,

” Tn,)’/ ”q,‘z,'z n,}_'”p,’rl .
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Proof. For T, € T(Q") by Theorem 2.2 [21], we have
1 1/72
IToillge, < C{ D 2P V0m2 5 (T, 2 19)
(&,7)<n

forl<p<g<ooandl1l<rT1,,7,<00.
If1 <71, <7, <00, considering that |§| = Z;n:l s; < {5, 7) according to Jensen’s inequality we have

11 /72
IToillge, < C2°C=0{ D 18T, DI (20)

p,71
$.7)<n

If 2< p < 00,2< 1, <00, then according to Lemma 1.3 [21] from formula (20) we get

1.1
ITwillge, < €27 T, 5l e, (1)
in the case 7; < 7.
If1<p<2and1< 7, <2, then (see (11))
1.1
ITwslla < C2" 2T, 5l (22)
If 2<g< o0 and2< 7T, < 00, then from inequality (16) we have
1_1
”Tn,)'/”q,TZ < Czn(z q)”Tn,)?”Z' (23)
Inequalities (22), (23) imply that
G—7)
”Tn,f/”q,rz < Czn P ”Tn,?”p,rl) (24)
inthecase 1< p<2<g<00,1<7,<2<71,<00.
Recall the well-known inequality (see [25])
1-60 ) 7110
1 llye, < CIFIELNFNG, 25)

for1<7,,7,<00,0<6<1.
letl<p<g<2andl< 71, <7, <2. We choose the numbers q; > 2 and 75 > 2 such that 1/g =(1—0)/p + 8/q, and
1/7,=(1—0)/7,+ 8/75. According to inequalities (24) and (25) we get

1

1_ 0 1_1
ITosllgr, < CHTupll} 2N Tos 112 L < CIT, 51070 (Zn(p ar )”Tn,?”p,n) =c2" T, . 26)
Since 1/q=(1—0)/p+6/q;, then 8(1/p—1/q;) =1/p —1/q. Therefore, from (26) we obtain
11
ITagllge, < C2"P70NT, sl e, @7)

inthecasel<p<g<2andl<r7t,<7,<2.
Thus, from inequalities (21), (24) and (27) it follows that

1_1
”Tn,f/”q,‘rz < Czn(p q)”Tn,)'/”

p,71?

inthecases 1 <p<q<2and1 <7, <7,<20r1l<p<2<qg<00,1<7,<2<17,<0o0or2<p<gq<o09,
2<1,<1,< 00, O

4 Proofs of Main results

Proof of Theorem 2.1. Let % — % <rn< % — % + ﬁ — Tiz For a natural number M, there exists a u € N such that M =< 2*u”"L. For
the given number u € N, we set
S, X) = D 8:(f,%),
s.r)<u,
sezl]
where ¥ = (y1,...,Yn)s v;=1j/r, j=1,...,m.
Choose a natural number N such that 2V =< 24y
[ < (s,¥) <1+1, with the largest ||5:(f)||
by G;.
In Theorem 3.3, setting f = &;(f), we obtain that

2605 Fllpe = N8z = CUISLf DI, = ClIS()I] s 1 < p, T < 0. (28)

¥~1. For a natural number [ € (u,N], we include m, blocks 5:(f,x),

p,z, i0to the approximating polynomial of f € qu,n’ We denote the set of such indices s
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Using Theorem 3.1 for A =p, 6 = 7,, T = 7, and relation (28) we have

m m
ry(Lo1 A (A= 1) 7 /7
| |23JT1(I, q)||5§(f)||;}72) < ( E | |25,T1(p 9 <S’r>T1”5§((p)”;,l‘l72)

1<) <I+1 j=1 I<(,7)<1+1 j=1
L 1.1 1/t
<ca™( T [ Rleder,) <2 > sde)||
1<G7)<l+1 j=1 1<G.7)<l+1 T
where ¢ € L, ; (T™) and [y, £1,1<qg<p<00,1< 7,7, <00.
By Theorem 3.4 we find from the above relation that
- sit1(2-1) T ! —lr

[ [z ns00) " <2, (29)

I<EF)<I+1 j=1

for a function f €W’ _,1<g<p<ooand1<T;,T,< 00.

4,71’
Sincel=y,=...=y, <y, <...<y,and %—% <0, then
m
l‘[zsm(%—é) > 9ENG=7T1 > gU+D(G—g)71
j=1

Therefore, from inequality (29) we obtain

1/71 m 1/71
11 . 1 1 —
2041 q>( > |I5s(f)|If,}Tz) <<( (Z [ 2@ ﬂués(f)u;}fz) <27
<

1<(5,7)<l+1 5,7)<l+1 j=1
Hence,
1/7q
( >, ||55(f)||;;2) <27, (30)
1<, 7)<l+1

for a function f EWqFTl, l<g<p<ooandl< 7T, <00,
Weset oy = {5€Z7:1 < (5,7) <l+1}. By |oy| is denoted the number of elements of 0.

Let {a;} be the nonincreasing rearrangement of numbers {||55ll, -, }scr,- Then
1/71 oyl 1/7q
( > néz(f)n;,zz) ()
1<(5,7)<l+1 j=1

By the definition of the set G;, the number of elements of the set o; \ G, is equal to |o;| —m;. Therefore, from the previous
equality it follows that

o]

(2 wsm,) =2 e (31

IS, 7)<l+1, j=m+1
S¢G|

Now applying Lemma 2.1 in [18] from equality (31) we obtain

1/79
loi| 1/m
2. 6N, =( 2 )
<, 7)<l+1, j=mp+1
§¢G)
1 1 lo] 1 1/7
—(7=—%) (Ll _1
<m, T (Za}l) =(m+1)% )( > ||5s(f)||;}h) , (32)
j=1 1<{5,7)<l+1
ifl<t,<1,<00.
(30) and (32) imply that
1/7 1_1
(D7 1sHNz,) " < clm+ 1y oo (33)
1<(5,7)<l1+1,
5¢G,

for1<7; <71,<00.
If1<7,<2and 1< p < oo, then by Theorem 1.2 [21] the following inequality is true

1/79
| > &m0 msc( > ||5;(f)||;;2) . 34)

1<(5,7)<1+1, 1<(5,7)<1+1,
5¢G 5¢G
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Now from inequalities (32) and (34) it follows that

| > 0| <comrytamaaonioh,
1<(5,7)<l+1, P72
5¢G
for1<7,<71,<2,1<q<p<o0.
Suppose that
F@= Y. &(f%.

1<(5,7)<I+1,
5¢G;

(35)

Let k be a positive number so that r, + === (711 L )K L — L Assume m; = [2WD%], where [y] is the integer part of

T1

y. Then, by the property of the norm and 1nequallty (35) We have

1 1114,
| 3 E] < 3 MRl <2 Y o

u<I<N u<I<N u<I<N

)

< Co NG =g NI+ 5= ~(F =)

Thus,
< co Nt

b,72

| 22

u<I<N

1

1 1 1 1 1
fora—l—)<r1<c—l—l—)+Tl—;,1<71S72S2and1<q<péoo.

Consider the polynomial
AF ) =5, (£ + Y, > 5.
u<ISNI<(5,7) <141,
SEG)
The polynomial has no more then n elements
n<|Qul+ Y. 2m <2t > 2 <V <
u<I<N p<l<N
By the property of the norm and Theorem 3.8 in the cases when 1 <g<p <2and 1< 1; <71, <2we have
225, < S0, <€ 3524 Pl
>N I>N
By Theorems 3.3 and 3.4 we have

> sl - = NN

1< 7)<l+1 I<(s)y)<l+1 <@Ey)<
=2ln

(> |5;(f)|2) \q

I<E7)<I+1 1<(5,7)<l+1

= oln

9,71

forl<g<ooand1l< 1, <00.
(37) and (38) imply that

£, <gr
>N PT2 I>N

forafunctionfquil and ||¢||<linthecasesl<qg<p<2,1<7;<1,<2andr > Cll—
Ifl<g<p<2,1<71,<7;and2< 1; < 00, then by Theorem 3.7 we get

1_1 1 1
< <C Zl(gfﬁ)l(m—l)(ﬁ—ﬁ) .
DI BEONITEL)) il

Therefore, taking into account inequality (38) and the definition of the class Wq?Tl , We obtain

I>5

I>N

> 5| €l 2,2 D <2y,

I<(sy)<l+1 >N

1
5

11 —1)(L -1
<<22—l(r1+———)l(m (557 )”(p”q’ﬁ<<2—N(r1+5—a)N(m Dz~ )

I>N

p,72

forafunctionfqu?’Tl inthecasesl<q<p§2,1<72<71,2<71<ooandr1>%—%.

For a function f € W‘;l , by the property of the norm and inequalities (36), (39), we obtain

<) 2l 12
u<I<N >N

< ca V),

p,T2

s -2

b2 b2

(36)

37)

(38)

(39)

(40
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inthecaseswhen%—% <r < %—%+%—%, 1<7,<17,<2and1l<q<p<2
Thus,

1.1

€ (qurl)p,rz <cMteTa) 41

for %—% <r < %— 1% + Ti - %, 1<71,<7,<2and1<q<p < 2. This completes the proof of the upper estimate in Theorem
2.1. o o
Let Q,, be the set of M m-dimensional vectors {k ,...,k '} with integer coordinates, that is

—
o, =& ezm: 1=1,...,M}.
There exists 5° = (s2,...,s2) € Z" such that FRIE I 29" = M and lp(5®)| = 2M. Then

j=1
PG
lpG*) Nyl < —

Consider the function

fl(x)_l_lz_s (r1+1——) Z 1(kx)

kep(%)

We claim that f; € Wq?n‘ Indeed, for any function 1 (Xx) = f; @ using Bernstein’s inequality and Dirichlet kernel estimate (see
[21]) we have

)

m
G —0(r1+1-1 i(kx
sllye, = Uy, = [ 270 D) e
j=1

kep() o
»T1
m o m m o 1 m 1
< Cl_lz—sj(rl*'l—*)l_lzsjrl Z i(k,x) < Cl_lz—sj(l—g)l_lzsj-(lfg) =C
j=1 j=1 kepG®) j=1 j=1

9,71

Hence, the function F; = C;'f, € W/

q,71°

1<gq,7, <00.

Let T(x) denote an arbitrary trigonometric polynomial with "numbers" of harmonics in 2, i.e. T(Xx) = ZEEQM b,;ei(k’i). Then
by Theorem 3.1 with A = 6 = 2 and Parseval’s equality we get

m

m 1_1 m 1_1
IFy = Tllyey = €[ [27 PU500(r, — Dl = [ 29 0 2792 (1p GOl - M) (42)
j=1 j=1 j=1

Since |p(s%)| = 2M, then

PG _ 10
|p(§°)|—MzT—5]:[ L

Therefore (42) leads to

m
IF, = Tll, e, > C[ [27 1450 > oM,
j=1
Hence,
1_1
ey (Fy )y = CM 14570
means
— 1_1
en (W) ey = CM 1570 (43)
forl<g<p<o0,1<1y,7T,< 00 andr; > 0. The proof of the theorem is complete. O
Proof of Theorem 2.2. Let us consider the case r; = % - 117 + Til - % for 1 < 7, < 7, < 2. For a natural number M choose n € N

such that M =< 2"n""!. Suppose that n, = n+ (v— 1)log, n. It is well-known that

F= 25 ()

(5,F)<no

sup < 27l +5—) (44)

-
feWq

b2

for1<q<p<00,1<1,7,<00, ¥=(Y1,.-0,¥m) ¥; = %,j:l,...,m.
Consider the sum

1/7
( >, ||5(¢)||;gz“<—>“) =5,(y), 45)
(

I<(5,7)<l+1
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where ¢ = £,
{R(¢, p, 7,)} denotes the nonincreasing rearrangement (see [26, P 175-176]) of the sequence {||65(¢)||
property of rearrangement of numbers we have

1/7y o] 1/
1.1 1.1
S, () = 206 q)( Z ||5s(¢)||;,1¢2) — o+ 15 q)(ZRzl(w:P,Tz))
v=1

1<(5,7)<l+1

}. Then by the

p,72

X 1/7q
1.1 1.1y L
Zz(lJrl)(P q)(ZRzl('l/);P,Tz)) 22(l+1)(p q)k”Rk(l/);P,Tz)-

v=1

Here Q, = {5: 1 < (5,7) <1+ 1}, and || is the number of its elements. So,

R, p, ) < 200G DTS (1)), (46)

In the approximating M-term polynomial T,,(x) of a function f € WqFT1 we include the partial sum

S0, 0923 3 649

1=1 I<(5,7)<I+1

and from the polynomial
> 6{f.E), I=n+1,...,n+(v—1)logn,

1<{5,7)<l+1

we take only the first m; "blocks" 65(f, ) corresponding to the numbers R, (¥, p, 7,). We denote the set of such s by G(1). Then,
by the property of the norm, we have

n+(v—1)logn
If = Tullpe, = |1f = | S, )+ Do DL 8:(f,%)
I=n 1<(5,7)<1+1
SEG) p,To
Z DIEECR] I N “47)
l=n I<(s 1+1 $,7)=n
<(S;_G<l + . (5,7)=no p.Ta
Using (44) from (47) we obtain
[ |
1f = Ty llp.s, < Z DS +c2le, 48)
l=n I<§E,p)<l+1
G P72
Further, according to Theorem 1.2 [21] and (46), we get
1/7o
no 19l /72

Z > &) Z Do IR, | =c| D0 D) RE(fp, )

I=n I<{5,7)<l+1 [=n I<(5,7)<l+1 I=n k=|G;|

5¢G P2 5¢G
lo | Rz 1
C( REZTU(f,p, ) D R (f, p,m) (Zm =P g () DIy (f)||;gz)
l=n k=m I<(,7)<l+1

1/7q
<C(Zm T ”““*an) |

Hence,

no

_ 1/72
Z Z 5g(f) <C(Zm T 2—1T2(V1+—)ST2(w)) . (49)

I=n I<(5,7)<l+1
S¢Gy P2

As is known, the number of harmonics of the approximating polynomial does not exceed Z?in 2!m,. Assume that

m; =[2"n" 1278 (Y)] + 1.
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Then

ng
Slalm <ot DT 2BNGDR s ()| +2- 20
[=n

n<(5,y)<np+1

Applying Theorem 3.1 we get
no
Di2im < c2m A+l ) < CM.

4,71

Now, substituting the values of m; into (49), we obtain

I=n 1<(,7)<l+1
S¢G p,T2

11,1 _ 1 _
Ifr1+p it Tl—O,then

no

I=n 1<(5,7)<l+1

S¢GI pb,72

= cmy G (Z > 28RS ),

=n I<(5,7)<l+1

Next, using Theorem 3.1 [21] from (51) we obtain

no

S5 S| <c@n Yy E R, < c@ny G

I=n [<{3,7)<l+1
S¢GI pb,7T2

Now, equations (48) and (52) lead to

(L 11
“f_TM”P,q,—2 SC((Znnvil) (1'1 72)+27n0(r1+575))

forafunctionfquzl,1<q<p$2,1<Tl<T2SZinthecasewhenr1+%—$+%——

Considering that ny = n+[(v—1)logn], from here we get

1 1
If = Tyll,-, < C@n" =)

forafunctionfEW‘;I,1<q<p§2,1<7:1<72SZinthecasewhenrl-i-%—%—k%———

e (W] )pr, <C2"7) =) < M),

The lower estimate in the theorem follows from inequality (43) in the proof of Theorem 2.1 for r; + 11) - cll + Tiz -

Remark 2. The lower estimate in the cases when p = 2 and 7, # 2 remains open.

1/7y
Ns;l(w)) :

i Z 65(f) <c@'n " (-7 (Zz“’ﬁ*zf
l=n

no 1/7q
Z Z 55(f) SC(Z"n"_l)_(fll_rlz)(zsln(l/)))
l=n

(50)

(C18)

(52)

Lso0 O

1

Proof of Theorem 2.3. Consider the case r; > %— 11) + Til — % Assume that m; = 2V, Then, taking into account that 2V = 2#y "~

from formula (35) we obtain

|3,

u<I<N u<I<N

< CZ—N(- T2)2 H(rl‘*’;—a ﬁ—f )S C(zuuv—l)—(%—%)z—ﬂ(rﬁ'l

_ sz,u(rﬁr%f%)‘u—(v—l)(%—%) < 0o N+ =P N0+

(r1+P q)(log n)r1+%7

<{][(1Pq)(()g ln)lP‘l T2 1
p,72

|22

u<I<N

<C > IEl,.,

u<I<N Pt u<I<N

<C > (m+ 1) TR D < caVETD) T o

-

(53)
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for any functionf € WF inthecases1<g<p<2and1l<7t,;<7,<2.
Since r, > - — E + T_l — %2 > ;1 —-= for 7, < 7,5, (39) implies that
< szN(r1+ -9 <o N(r+5— q)N(v—l)(r1+———+—2—T1) < Cnf(rﬁ%f%)(log n)r1+———+%—% (54)

’ I>N

for any function f € W;Tl inthecaseswhenl1 <g<p<2andl<rt,<7,<2
Now (53) and (54) imply that
X
I>N

IF =A< | 3 A

)

1.1 1 1,1 1
<cn =D (log  n) 1 TP Tt T

p<isn P72 P72
foranyfunctionfGW;l 1nthecaseswhenr1> ———+——— l1<g<p<2and1<7; <7,<2. Hence,
- 1y pegdiolid 1
(W7 ey < CMT*5 7D (log"™ M) 7177
for r; > -—= + ——=,1<q<p<2, 1 < 7, £ 7, < 2. This proves the upper estimate in Theorem 2.3.

The lower est1mate in the cases r; > = — 11) + o

a natural number n such that M < 2"n w1 . Assume that F! = = Us7=nP () is a set such that its number of points is

L

[FT| > 4M.
This is always possible since |FZ| = 2"'n""1 < M (see, for example, [4], [18]).

Consider the function )
1 y— T —
fo(f) — 2—n(r1+1—5)n*? Z et(k,x)'

keF!
. _ 1y 1
Since r; > 0, then r; + 11) - % > 0. Hence, 27""*1=)n™ 1 | 0 as n — oo. For f, we have
—n(r +177) 71 i(k,k
”flr”qu_ ! e( )
&7)=lkep() 271

forl=1,...,n. If I > n, then || fiz[l, -, =0
By Virtue of the estimate for the norm of the Dirichlet kernel [21] and by Theorem 3.2, we have

sl < (3 T T2 D15.0,005) " <(X [ Jzr-ba)”

(s7)<n j=1 (s7)<n j=1

—= and 1 < q <p <2.Let M be a sufficiently large natural number. Choose

(55)

(56)

(57)

for some p, € (1,q), 1 < 7; < 00. Choose numbers 6;,j=1,...,msuchthat6;=y;=1for j=1,...,vand 1 <§; <y; for

j=v+1,...,m. Then (57) implies that
—L\VYn
Dy pllg.e, < (D) 2600707 )

(s.;7)<n

where 6 = (6,,...68,,).
Hence, by Lemma I' [4] we have
< M= Pp0=1/71

I1Dn7llg,z,

whenever 1 < ¢ < oo and 1 < 7; < 0co. Now from inequalities (56) and (58) it follows that
q 1 q
_ 1 _ 1 1
1fipllye, <2705 (Dl e, + D15l e, ) € 277048075 210015

forl=1,...,n
Thus,

n n
< 27n(r1+17%)n—‘;;11 _ < an(rlJrlf%)n—vT;ll 21(17%)1 vr;ll < 2,
fO q,71 fl,r q,71
- =1
Consequently, by Theorem 3.3 and Theorem 3.4 we get

olls, = 1N, < |( 22 257218000R) )| <2
>T1

(8, y)=n 7=

This means that the function Fy = C;' fy € qul and [l9oCyllyr, S 1for1<gq,7, < oo.

(% 1 @) <2l <o

(58)
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Let us evaluate ey, (Fy), -, Let Q) be a set of M integer vectors E(J) = (kgj), s, kg)), j=1,...,M. Consider the set Q,, N p(s)
for indices 5 such that (5,¥) = n. Then, by virtue of (55), the set P of vectors 5 such that (s,y) = n and

IP(S)I

1% NpE)l < —— (59

will contain at least half of all 5 such that (5,7) = n, and therefore
|P|=<n". (60)

Suppose Ty, (x) is a polynomial with harmonics from €,,. Then by Theorem 3.1 we have

1
T2
IEo =Ty, >C(§ [ ]2 921167, - TM)H?)

seZ’” j=1

1

> C( Z 1_1251(*—*)@“5 (Fo— TM)”gZ) > C(Zl—lzsj(—)n”5 (F, — TM)”;Z) 61)

(s7)=n j=1 sep j=1

for1<p<2and1< T, < oo. Applying Holder’s inequality for & T i, =1 and Galeev’s lemma we obtain

L

|P|= Z 1< (Zﬁzsj(l—%m) (anﬂ’“")”)i

sepP sep j=1 sep j=1

< (T[T =)*( ﬁ S0-b) T < carebn L (ST [0 P

sep j=1 &)= sep j=1

‘ L

Since by (60) it follows that

1

(Zﬂz%(l—*m) > 20y % |P|> C2" 0P n

sep j=1

Therefore, using Parseval’s equality in the space L,(T™) from (61) we obtain

1
m T2
IFo—Tyll > 27~ (Z] Izm;m)
P72

sep j=1

> 02 1= =5 on(1=5) 5 comnlrit =) (=D =7

1 1 1 1
fOI'T‘1>a—}—)-l—;—a,1<q<£)<zand1<T1,T2<OO.
Thus, for the function F, € quTl it is proved that

1
||F0—T” >>2 n(r1+p q)n(V—l)(- Tl) (62)

forl<g<p<2and1< 7,7, < 00.
Therefore, taking into account that M =< 2"n*~! we have

1 1 1
eu(Wy, Dy, > 27T O = MO D l0g MY 2 D log M), (63)

9,71

forr; > % - 11) + ﬁ 1<q<p<2,1<1,,7,<00. The inequality shows the accuracy of the estimate in Theorem 2.3. O

‘52
Proof of Theorem 2.4. Let us prove the upper estimate in Theorem 2.4.

Consider the case 1 <7, <7, < 00.If1 < 71,<2and 1< p < 0o, then by (34) we get
1/7y

| > s <c| X s,

1<(5,7)<1+1, P2 1<(5,7)<I+1,
3¢G; 3¢G;

Since 1 < 7, < T; < 00, applying Holder’s inequality to the sum on the right side of the above inequality we obtain

1/7q ‘Jgr
> 5§(f)Hmsc( > ||5(f)||;gz) ( 2 1)2

1<(5,7)<I+1, 1<(5,7)<1+1, 1<(5,7)<I+1,
S¢G; SEG; S¢G;
1/7q
—1 (L1
< 1V m( > ||6(f)||;g2) : (64)
1<(5,7) <141,
S¢G)
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For a function f € Wq?,n’ by (30) and (64) we get

> &)

1<(5,7)<I+1,
5¢G;

< I T (65)

p,T2

inthecases1<7,<2,7,<7,<o00and1<q<p<o0.
Consider the sum
F@= Y. &(f%.

IS(E,7)<I+1,
S¢G|

1 1 1 1 1 1 i 1 1 1 1 1 1
Let i —o < <i—-7+5—5 and « be a positive number such that 0 < r; + 57 < (T2 = )k < =, — 7;- Suppose

m, = [28D%] where [y] is an integer part of y. Then, by the property of the norm and inequality (65) taking into account that
ry > %—%wehave

(D I S T S A e T s e e (66)
u<i=N P72 u<I<N u<I<N
forl<7,<2,7,<1,<o0o0candl<qg<p<2.
Consider the polynomial

AT =5, @D+ > D 5T
u<I<N I<(5,7)<l+1,
SEG]

This polynomial has at most n elements
n<IQul+ Y. 2'm <c2V.

u<I<N

Ifl<q<p<2,2<71,<00andl<7,<T; <00, then by Theorem 5 [27] we have
1_1 1 1
<c < ¢ 2Gp s :
|2, sc Xt <c 3 il

Next, using inequality (38) and the definition of qul, we obtain

5

I>N
Now, by the property of the norm and inequalities (66), (67), we obtain

1

<cC szl(r1+%7%)l(m—1)(%—%) < Co N =N =) 67)
I>N

p,T2

-2 <| X & +[Zs
P2 u<I<N P2 I>N P72
< b L gk —) 8

forafunctionfquTTl,wherel<7:2S2<7:1<oo,1<q<p£2andé—%<r1<§—%+%—%.
Since 2#u”"! < 2V we obtain

1

2+ 5= 3) D=2 = (guy =1yl =) =D+ 5 =) (m D5 =)
< Cz—N(rﬁg-;)u(v-n(rﬁ;—;) =D =) < oo Ni+5—3) =D+ 5= PHm=—1(F;— =)

< 02N+ =) Ny O D+ == (5 =)
Therefore, (68) implies that

r =2

< €2 N5 N O D+ 5= (75— 77
pb,7T2
- n*(rﬁ%*%)(log n)(H)(n+%—$)+<m—1)(%—%

forafunctionferTl inthecaseswhen1<'rzs2<frl<oo,l<q<p£2and%—%<r1<%—%+;—z—i

71"
Thus, 11 11
— 1_1 — 11 — - 1
e (W] Dpry < O30 (logm)~ N p ) =4
forl<qg<p<2,1<71,<2<71; <00 and i—% <rn< %—%+%—ﬁ. This completes the proof of the theorem. O
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5 Conclusion

In [13], order-sharp estimates for the best M—term approximations of functions from the Sobolev class in the norm of the Lorentz
space are established for 1 <g<2<p<o00,1<1; <71,< 00, and %—11) <r < cl;- And for g = 2 the upper bounds of the
quantity eM(WZr’Tl )p,z, are established in [14]. In this work, order-sharp estimates of the quantity eM(Wq”Tl )p,z, are obtained
forl<g<p<2,1<17,<7,<2and %— 11) < r; < 00, and the upper bounds of this quantity are established in the case
1<1,<2<7;<00.

Remark 3. For 7, = q and 7, = p, Theorem 2.4 implies the results of E.S. Belinsky [9, Theorem 2.1] and V.N. Temlyakov [4,
Theorem 2.1], [17, Theorem 2.7, Theorem 2.8 ], [18, Theorem 1.3, Theorem 1.4].
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