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Abstract

In this paper we study a general class of Mellin-type integral operators that preserve the functions x? and
x4, with a > 0. Weighted convergence with respect to certain weights is studied. Moreover quantitative
estimate, using a suitable modulus of continuity, and an asymptotic formula are obtained. Finally the

theory is applied to various specific examples.

1 Introduction

Approximation theory by means of sequences of Mellin-type convolution integral operators is a widely studied topic in recent
years. We quote here for example [16], [17], [31]. A general approach in this direction was given in the papers [34] and [35], in
which a complete theory of approximation is outlined. Note that an abstract approach for functions belonging to abstract function
spaces, like e.g., modular spaces, was introduced in [14] in which the Mellin convolution operators are particular cases of a very
general class of integral operators (including operators both in linear and nonlinear form). The main aim of the present article is
the construction of particular classes of Mellin-type convolution operators that preserve the functions x* and x*¢, for a > 0. This
represents a suitable and direct approach to the approximation properties of sequences of such operators using weighted versions
of Korovkin-type theorems.

The classical Korovkin theorem ([28] see also [29]) is one of the most impressive results in approximation theory. It comes
from a generalization of the well-known proof of the Weierstrass approximation theorem that was given by Bernstein using his
polynomials. It states that a sequence of positive linear operators T,,, acting on the set of continuous functions over the compact
set [0, 1], converges to the identity operator if and only if it converges on the functions 1, x, x2.

After the paper of Korovkin several mathematicians started to extend it in several directions and settings: multidimensional
case, abstract space and unbounded sets, for example, see [24], [25], [15]. Altomare’s survey [6] furnishes a complete picture of
the matter (see also [7]).

Thus if a sequence of positive linear operators T, fixes certain functions, this property can be used to obtain the convergence
for every function of the space and sometime provides a better order of approximation. In 2003 King (see [27]) presented a
modification of Bernstein operators which preserves 1 and x2, obtaining in this way, a better order of approximation in the
interval [0, 1/3]. Later on many other mathematicians started to construct modifications of well known approximation processes
that fix certain functions. We cite here among others [5], [21], [22], [23], [26] and the survey [3]. More recent developments
consist in the study of operators preserving exponential functions as testified by the considerable number of paper on this topic in
the last years. The first case of positive linear integral operators fixing e?* and e**
studies can be found in [1], [3], [4], [11], [32] and [33].

Mellin convolution operators represent an important tool in Mellin transform theory widely exposed in [30], [20] and in the
recent monograph [13]. These studies generated high research interest throughout the years, we can quote for example [16],
[17], [34], [35] (see also [12]).

Starting from [19] (see also [32]), the goal of our paper is not simply to provide convergence theorems for Mellin convolution
operators but, following a wide literature on classical integral convolution operators, to construct an entire class of positive linear
operators of Mellin type with the property of fixing the functions x? and x2, a > 0. The most important point is that the method
we use, which is based on the properties of fixed points, allows us to use more easily Korovkin’s theorem to achieve convergence
in various situations.

with a > 0, is studied in [8] and some other
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More precisely, for every n € N and fixed a > 0, we define

(oo}

(Tf) () = Aa,nfuﬂf (0K, (0,

where {K,} is a non-negative kernel over R* belonging to an appropriate function space and

Agn :ZJuGICn (u)d—u, A, (x):= ;1/(1
u (Aan)
o :

The paper is organized in the following way: In Section 2, we give preliminaries. In Section 3, we introduce the class of
modified Mellin-type integral operators. In Section 4, we study weighted convergence results in weighted spaces of continuous
functions. Moreover in Section 5, we obtain quantitative estimates of the rate of convergence using suitable moduli of continuity.
Related definitions and properties of other kind of moduli of continuity can be found in the recent papers [9], [10]. In Section
6, a Voronovskaya asymptotic formula (see [16], and [17]) is obtained. In Section 7, we apply the theory to various kinds of
Mellin-type operators. Finally, in Section 8, we provide some graphical examples.

2 Preliminaries

We denote the set of all positive real numbers by R* and the set of all positive integers by N.

The symbols L!(u) and L°(u) represent the space of all Lebesgue integrable functions on R* with respect to the measure u
with u(S) := fs du/u, where S is a Lebesgue measurable set, and the space of all essentially bounded functions on R*, respectively.
The corresponding norms are denoted as usual by ||-||; and ||| -

The space of all continuous functions on R* is denoted by C (R*) and by Cz(R*) we denote the space of all the uniformly
continuous and bounded functions.

We say that a function f € C (R*) is "log-uniformly continuous" on R™* if for any ¢ > 0 there exists § > 0 such that

|f(w)—f(v)|<e whenever [logu—logv|<& (u,v€RY).

We denote by Cp (R*) the space containing the log-uniformly continuous and bounded functions f : R* — R. Note that in general
a log-uniformly continuous function is not necessarily uniformly continuous and conversely a uniformly continuous function is
not necessarily log-uniformly continuous. The two notions are equivalent on compact intervals in R*.
Lastly, we say that a function f : R* — R is locally of class C" for r € N at a point x € R" if there exists a neighborhood \,, of
the point x such that f is (r — 1) —fold continuously differentiable in A, and £ (x) exists.
The pointwise Mellin differential operator ©, or the pointwise Mellin derivative ©f of a function f : R* — R is defined by
Of(x):=xf'(x), xeR"
provided f’ exists a.e. on R*. The Mellin differential operator of order r € N is defined iteratively by
el:=0, e :=0(e™).
For convenience we set ©° := I, I denoting the identity. For instance, the first three Mellin derivatives are given by:
Of (x)=xf'(x),
©%f (x) = x*f"(x) +xf'(x),
©°F(x) = x>f"(x) +3xf"(x) + xf(x).

In general, we have (see [20])
0" f(x) = Y, 8(r,k)x*F P (x),
k=0

where S(r, k),0 < k < r, denote the (classical) Stirling numbers of second kind.
We have the following Taylor formula with Mellin derivatives (see [17]).

Proposition 1. For any f € Cz(R*) belonging to C" locally at a point x € R* we have

ch or
fltx)=f(x)+(©Of)(x)logt + “;#logz t+-+ ():#log' t+h(t)log ¢,
where h : R* — R is a bounded function such that h(t) — 0 for t — 1.
Remark 1. The boundedness of the function h in the remainder of the Taylor formula with Mellin derivatives comes from the

boundedness of the function f. However, the same holds for functions f € C(R*) which have a growth of type
If ()l < a+bllogx|",

for positive constants a, b and x € R*. See for example [18].
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3 The Class of Mellin-type Integral Operators

For a fixed a > 0, we define the space £,, (u) as follows:

Ly, (0):={g :RY > R: g () (com, () +dom_ () € Ly ()},

where m, (u) :=u®, m_, (u) :=u " for u € R*, and c,, d, are arbitrary positive real numbers.
Assume that the kernel function K, (u) (u € R*, n € N) satisfies the following conditions:

i) K, is a non-negative function over R, that is, X, (u) > 0 for every u € R* and n € N and K,, € L'(u) with
oo
du
”’CnHl:‘jv Kn(u)_z]-;
0 u

ii) There exists n, € N such that for every n € N satisfying n > n,, K, € £,, ().

According to these conditions, we introduce the following operators:

(T.f)(x) = -Aa,nJ nLa(u)f(7tn(X)u)lCn(u)%u
0

~ d
= AG’HJ uf (A, (x)u) K, () Tu, )
0
where _
Aa,n = f uaICn (Ll) d—u, )’n (x) = Ll/a
° ! (Aan)

for every function f belonging to the domain D := N, domT,, where domT, denotes the set of all Lebesgue measurable
functions f : R* — R such that (7, |f]) (x) is finite almost everywhere on R*. Note that, if f € L*°(u), then f € D.
Under the condition K, € £,,, (1) for n > n,, we easily see that A, , and A_, , exist and they are finite.

Proposition 2. Under the established conditions on the kernel {,}, we have
(Tam) () =m, (x),  (Tamaa) (X) = my, (x). 2

Proof. We have

(Tamg) (x)

Ao f m_y @m, (0, () K, ()

= A J u “xu (Aa,n)_1 Kn(u)d—u
o u

= X,

and

= - d
(Tma)(x) = Ay, J we e (Ag,) K ()
0

X (Ag,)" f w, () 2
0 u
= x*.

Thus, the claim in (2) follows. O

Remark 2. In view of Lebesgue dominated convergence theorem, the classical Mellin-type integral operators of the form
Oo du
(TP = fEwk,—
0
are connected to (7,f) (x) via lir£1+ (T.f)(x)= (7;°f) (x) provided that

lim (A,,) " =1

a—0+

for continuous and bounded functions f € D. In particular, it is easy to see that lim,_¢+ A, , = 1 and lim,_,o+ 4, (x) = x.
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4 Weighted Convergence

We start by introducing the following subspace of £,, (u), which will be used in the following, that is,
Ly (u):={g € Ly, (1) : g () ey +callog (V) (com, () +dom_, () € L' ()},

where ¢, d, c; and ¢, are arbitrary positive constants.
To go further, we need the following constants:

oo

* d d
B_yn :=J ulog (u) K, (u) =, C_an :=J ulog® (u) K, (u) =,
0 u u

0

which are called logarithmic moments of order 1 and 2, respectively. Also, A_,, is the logarithmic moment of order 0. If
K, € L} (u) for sufficiently large n € N, then B_,, and C_,, exist and they are finite. Now, we define the test functions as

eo(u) :=1, e; (1) :=log(u) and e, (u) :=log* (1) on R*.
Proposition 3. Let K, € E’r‘na (w) for sufficiently large n € N. Then, there hold:

(77160) (x) = -Aa,n'A—a,n’

1
(Te2) () = AgpAon10g () = — Ay Ao 108 (Aon) + AonBas

and

2
(Tae) () = gy, log” (x) + (ZAQ,HB_H,H — =~ Aun Ay log(Aa,n)) log (x)
1 2
+ ;Aa,nAfa,n IOgZ (-Aa,n) - E-Aa,ana,n lOg ('Aa,n) + Aa,ncfa,n'
Proof. We have

= d
(Theo) (x) = AJ WK (W) = = Agp A g
0

(Te) () = Ay, f w e log (1, (WK, ()
0

= 1
= A, f u® (log (W) +1log(x)— 2 log (Aa,n)) K, (W) d?u
0
1
= Aa,ngfa,n + Aa,nAfa,n IOg (X) - E'Aa,nAfa,n IOg ('Aa,n)

and

(Te) () = Af e log? (1, () K, ()
0

[ee] 2 d
= AML u—“(log(u)ﬂog(x)—élog(Aa,n)) /cn(u)?”

2
= AgpAgalog’ () + (ZAa,ana,n — =~ Ay Ay, log (Aa,n)) log (x)

+ %Aa,n-A—a,n 10g2 (-Aa,n) - %Aa,nB—a,n log (Aa,n) + Aa,nc—a,n .

Corollary 1. Under the assumptions of Proposition 3, if moreover

lim A, = lim A, =1
b

n—+00
and
lim B_,,= lim C_,,=0
notoo PN pSioo BN ’
then

lim_ (The;) () =¢;(x), (j=0,1,2).

n—
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Using Proposition 3 and Corollary 1, we now give a uniform convergence result for the operators (7, f) when f belongs to
suitable weighted spaces of continuous functions. The theorem which will be used is a Korovkin-type theorem proved in [24]
(see also [25]).

Given a continuous, strictly increasing function ¢ : R" — R, we define the function p(x) := 1 + 2(x), and assume that
lim, ;00 p(x) =+00.

We will consider two particular cases: ¢,(x) = log(x), and @,(x) = x% a > 0 and we set p;(x) := 1+ log?(x) and
pa(x):=1+x%%,a>0.

Let us consider the spaces, for j =1,2 and x € R™,

cg_(R+) ={f €eC(R"): lim MER, lim —=—=
J x—0+ pj

Note that if f € CSV(]R*) then |f (x)| < M;p;(x), for a suitable constant M; > 0 and x € R*. We define a norm on the space
J
C’S_ (R*) on setting
J
£

J

Ifll,, =

oo
We are ready to prove the main theorem of this section.

Theorem 1. Let j=1,2and let f € CS_(R*). Then, under the assumptions of Proposition 3 and Corollary 1, we have
]
lim |7.f = £, = 0.
Proof. First, consider the case j = 1. The test functions e; obviously belong to Cgl (R*) and moreover

T.€0—€o
P1

and the last term tends to 0 as n — +00. Next,

Aa,n A—a,n -1
P1

H < |Aa,n 'Afa,n_]"’
o

oo '

T.e1— €

|log (x)|

< |Agn A_gn— 1| sup
‘ P11 oo o ver+ 1 +1log?(x)
1
+ EAa,n A—a,n |10g Aa,n| + Aa,n |B—a,n| 5
and so
lim Tei—e| 0.
n—+oo P1 [}
Analogously, one can see that
lim Tnea =6 || _ 0.
n—-+00 P1 o
For j = 2, taking into account of (2) and Proposition 2, we obtain again the convergence on the test functions x**, for k = 0,1, 2.
Applying Theorem 2 in [24] we obtain the assertion. O

5 Quantitative Estimate of the Convergence

Here we state a quantitative approximation result for functions f € ng (R*), j = 1,2, in terms of the following modulus of
continuity:
o(f,8) :=sup{|f () — f(v)| : [logu—logv| < 6}, &>0.

Note that w satisfies all the classical properties of a modulus of continuity. In particular the following one
w(f,A8) < (A +Dw(f, ),
for every 6, A > 0. Moreover for any log-uniformly continuous function f € C(R*) one has
(15133 w(f,0)=0.

For IC, € L7, (u) we introduce the absolute logarithmic moment of order 1 by

< du
1Bl_qn i=f u*|log (u) |C, (u) —.
o u

We have the following quantitative estimate
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Theorem 2. Let K, € L7 (u) for sufficiently large values of n e N. If f € ng(]R*) then for every 6 > 0 we have

1 1
IO =@, € 60 A (Ant 5B+ 2= A llog Al )
||f||pj|A7a,nAa,n_ ll

+

Proof. For every x € R* and & > 0 we have
(TNE =l = [T = A Aanf () + A gpAanf (6) = £ ()]
< A Lw Wl ogu— 2 10g Ay, DK () S+ £ (Ol A — 1
= L+1I,.

Using the properties of the modulus «w we obtain

1

o logu—21log A, , d
L < Aa,nco(f,é)j m{uw)mnm—“
o 9] u
1 (% 1 d
< Aanw(f>5)(A—an+_f uia(uogu'+|_10gAan|)Kn(u)_u)
’ ’ o o a ’ u
<

1 1
Ay oo(f, 5)(A,a 1Bl Al 1ogAan|).
: n TPl T g5 e :

Taking the norm, we obtain the assertion

1Tf) )= £,

IA

1 1
w(f;é)Aan(A—an-'-_lBl—anJ’-_A—an'logAanl)
a(Fran TG Plan T g5 :
”f”pj'A—a,nAa,n_]-"

+

O

Corollary 2. Under the assumptions of Theorem 2 and Corollary 1, if moreover there is 8 > 0 such that (n? |B|_4), and
(n®|log A1), are bounded sequences, then there exists an absolute constant M > 0 such that

1T F) = FCly, < Maof, 2+l A Ao — 1,

for sufficiently large values of n € N.
Proof. It is sufficient to take 5§ = n? in Theorem 2. O

We can obtain a different estimate for the rate of convergence using a weighted modulus of continuity. In what follows we
limit ourselves to consider the weight p,. Similar estimates can be obtained also for p,.
It will be useful the absolute logarithmic moment of order 5 of K, € £* (u) defined by

* _ du
€], 1=f llog (W)° u™ K, (1) —.
0 u

Let us consider the following weighted logarithmic modulus of continuity & which is suitable for the space Cgl (R*). This modulus
of continuity was introduced in [2] as follows:

|f (ex)— f ()

b(f,0) =
a(f,9) uogtlil;?xew(lﬂogz () (1 +1log* (1))’

where § > 0. For f € Cgl (R*), @ satisfies the following properties ([2]; see also [36]):
1. lims_, &(f,8)=0.
2. If ()= £ (0] < 16 (1 +10g%(x)) (1 +62)" (1 + L0 ) 3£ 5), ¢, x e R*.
Theorem 3. Let K, € E;a (u) with |£|_,, finite. For f € Cgl (R*), there holds

1/5

ITf =fllp, < 2" Agu (Agn +1) B (16]a) )

+ ||f||P1 |~Aa,n~’4—a,n_1|

_1
provided that ‘log (Aa,,‘i) < (|€ I_C,,n)l/S < 1 for sufficiently large n.
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Proof. Let f € Cgl (R*). We easily get

(T =f < A, f |f(An(x)u>—f(x)|u*“zcn(u)du—“
+1F Ol AgpAan—1].-

Using property (2) of &, we get

5
G0~ ()< 1601 +10g' )1 + 5P o(7,0) 1+ 1AL ZlodL )

In view of last observation, we have

(T )= fX) < 164, (1+1og?(x)) (1 +52) &(f,6)

U (”"g“n(")“)‘l"g(")'s)uﬂfcn(u)d—“+ J ufazcn(u)d—”]
o o> u o u

+1f (| AgpA g —1].

Rewriting the last inequality, we get

(T ) —FE) < 16(1+1og%(x)) (1+62) &(f,6)

-1 5
o ’log(Aa‘fn)+log(u)’
><-’4a,n J 55
0

u K, (u) d_u +A_ 0
u

+ |f (X)| |~Aa,n-A—a,n - 1| .
Applying the well-known inequality |w, —w,|? < 2P71 (Jw, [P + |w,|?) for all w,,w, €R, p > 1, we get
2 .
(TSI =fC)l < 2°(1+10g’(x)) (1 +6%) &(f,6)

1815 o
log (A‘E) ! 5
+f |log ()]

6% 6%

XAgn | Acgn| 1+

u K, (u) _du
u
0

1 GOl [ Ay A =1

-1
Choosing 6 = (IE |_a,n)1/5 with ‘log (Aa?n) < & < 1 for sufficiently large n, dividing both sides by 1 + log®(x) and taking
supremum over all x, we obtain the desired result, that is,

ITf =Flly, < 2" Agy (Agn+ 1), (1€]an)”)
+ ”f”Pl |Aa,n-’47a,n - 1| .

6 An Asymptotic Formula

For functions f € CS»(]R+ ), j = 1,2 which are locally of class C? at a point x we can obtain asymptotic formulae of Voronovskaya
J
type. Let us consider the case j = 1.
We have the following result.

Theorem 4. Let f € Cgl (R*) be locally of class C2 at a point x € R". Let K, € L;a (w) for sufficiently large n € N satisfying
assumptions of Corollary 1. Assume that there exists a > 0 such that the following conditions for the kernel K, are satisfied:
(€))] )

lim n*(A A, —1) =4y, lim n*(B_,,—A_,,—logA,,)=1{,
n—+00 a

n—+00

1 2
lim n*(C_,,+ EA_M log® Ay, — ~Ban log Ay,) =L,

n—-+00
with [; €R for j =0, 1,2.
(2) For everyn >0
d
lim n”‘j ulog? (Ll)lCn (u) Eoo.
" Jltogulzn (Ag )@ u

a
a,n
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Then we have

Jim L) ()~ £ (0] = Lof () + 6,0 )0) + 2(@1)().

Proof. By the fact that the function f grows like a power of the logarithm and is locally of class C? at the point x, we can use a
local Taylor formula of the second order, obtaining by Proposition 1

$Ouem = pu) = e+ @nCos( )+ L g =)

h(mfm oo ((Afn)é )

with h a bounded function such that lim,_,; h(t) = 0. Then

(THX)=f(x) = A, J u L f (A ()u) = £ (), () d;u +(AgpAgn = Df ()
0
= L+,

For what concerns I, we have to evaluate lim,_, ., n*(A, ,./A_, , — 1) and by assumptions we obtain that lim,_, o, n*I, = £,f (x).
Now we consider the term I;. We have

[ee]

I u 1og(%)/cn (w) %"

a

Aa,nf uLf (A (0)u) — £ (0)]K, (u)%u =(0f)(x) Ay, f

©°f)(x) C o u du
+ TA“’”L u“log ((A l)IC,I(u)T

a

a,n

0 (Agn)e (Agn)a u

Then
°° 1 d
Il1 = (ef)(x)Aa,n f uia[logu - E logAa,n]’Cn (u) Tu
0
1
= (ef)(x)-Aa,n (B—a,n - E'A—a,n lOg Aa,n)
and
2 R 1
p o= @9, f w-e[logu—* log A,,, K, ()
2 " Jo a ’ u
6?2 1 2
= ﬂ"“a n(C—an+ _A—anlongan__B—anlogAa n)'
2 ’ a2 ’ toa Y ’
So we have by assumptions that
L a L ©°f)(x)
HEPwn I = 4,(6f)(x), nlﬂrnoon r= Tﬂz.

Finally, we have to estimate the term R. Since lim,_,; h(t) = 0, given an arbitrary ¢ > 0, there is & > 0 such that |h(t)| < ¢
whenever |logt| < §. We take now an index 1 such that for n > 1 one has I% log(A, )l < % and u such that |logu| < %. In this

case we have
log( u )
(Agn)e
for n > n and for |logu| < %. Then

R = Aa’"{J +f }u’ah( “ 1)logz( “ 1)IC,I(u)d—u::Rl—i-R2
|logu|<&/2 |logu|>68/2 (Aa,n)a (A )7 u

a
a,n

1
=|logu——1logA,,| <&
a ,

and we have

—a,n

2
Clz’ logz Aa,n - EB—a,n log Aa,n)'

IR, <Aa,ne(c_a,n +

By assumption (1) we have that
limsupn®|R,| < €l,.

n—+o0o
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For what concerns R,, by the boundedness of h we have

d
IRyl < A1l oo f u*“logz(%)/cn(u)—“
[ogul=5/2 (A )e u

a,n

and by assumption (2) we obtain
lim n*R,| =0
n—+00

This means that limsup,,_,, ., n*|R| < €l, and by arbitrariness of ¢ lim,_,,, n*R =0. O

7 Some Examples
In this section we apply the previous theory to various specific examples (see e.g. [17]).
Mellin-Gauss-Weierstrass operators. Let us consider the kernel:

2
n 2
— 7 log“u

Ka(u) =

e

and easily we have that [|IC,||; = 1 (see [20]). Now we begin with the evaluation of the coefficients A, ,. We obtain by

nlogu
) )
2
T B R
’ 0 van u VT J_o

substitution =z
By differentiation under the integral sign and solving a simple first order linear differential equation, we have

a2

Aa,n = Afa,n = CTTZ
and so lim,,_,, o, A, , = 1. Moreover, taking a = 2
2u2
ly= lim n*(A,,A_,,—1)= lim n%(e* —1)=2a>
n—+o00 ’ ? n—+o00

For what concerns the moment B_, ,

* n 2 du 1 < w2 oY
B_,, u*logu e_*l"g Y =— u_“(e_Tl"g ”) du
o J & 1/—4 u nJm L

using an integration by parts, we have

— u 7—log2udu _2_ae%§
n\/— u n2
and so
1 a2
¢, = lim nz(B_a!n—A_a,n—logAa,n) = lim —3ae =—3a.
n—+0o a

Finally we consider the moment C_, . In a similar way as before we have

* n 2 du 1 * 22 Y
Con = f ulog’u e’*l"g” u’“logu(e’Tk’g “) du
’ van u Tlv
0

a = —a —ﬁlogzud u —710 zudu
= — u“logue 4 g
nym J; & u nJ— u
2a 2 2 & (2a
= —FB,H," + ;A,a’n = ;6 n2 (? + 1)
and so we have
. 5 1 5 2
EZ = nl}inoo n Cfa,n + ;Afa,n lOg Aa,n - nga,n 10g Aa,n
a2 2
= lim erz(gi +2) =2
n—+00 n2

Hence
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Now, we prove that the Gauss-Weierstrass kernel satisfies also assumption (2) of Theorem 4 for a = 2. Let 1 > 0 be fixed

and
d
J: = nzj u_"logz( d l)lCn(u)—u
|logu|=n (-Aa,n)E u
2
du
= nZJ u‘“(logu—i) S S
[logu|=n n? van u
Then

<
IA

2 2 2
n? J ulog*u N ot loghu du +n? J ue L L ogtu du
4
|logul>n van u logu>n 10 VAT u

2allogu| n w2, o du
+ nzf u’“%—e’Tbg Y =y + s
llogul> nto Jan u

As to J; we can write

(o] (o]
J = n ( et 2ueF Pt + e‘“tzue’ﬁtz“dt)=ﬂ+]2
van\ J, n ! !

For J] we have

4 (oo}
2
J<—e™ z%e " dz,
ﬁ nn/2
and so by the absolute continuity of the Lebesgue integral, we obtain lim,,_,, ., Jl1 = 0. In the same way we have
oo
J2< il e vie ™ dy
ﬁ nn/2
and again, since the integrand in the right-hand side is Lebesgue integrable, we have lim,,_, . J1 =0. As to J, we can
write
(12
lim J, < lim —An=0.
n—-+00 n—+oo n2
Finally for J; we have
n 2, du
J; = ZaJ. u | logu| ’*l°g v—
llogul>n van u

oo oo
an n? n?
—(e“”’f te‘“zdt—i-f e“fte_thdt)ZJé-FJsz
VT 7 n

and in a similar way to the estimate of J; we obtain lim,,_,, o, J3 =lim,_,, J3 =0.

Therefore, all the assumptions of Theorem 4 are satisfied with a = 2 and so we obtain the following asymptotic formula
Mim n?((T,) (x) = f (x)) = 2a°f (x) = 3a(6f )(x) + (€7 )(x).

For related results, see [12].

Mellin-Abel-Poisson operators. Let us consider the kernel

Ky =
su™ u>1

and easily we have that ||/C, ||, =1 (see [20]). As to the coefficients A, we have

2

n
Agp = Agn ==
for sufficiently large n > a, and so, taking a = 2, we have
2a n?—a*
_ 5 2 1= T .2
ly= nlgrnoo n*(AgAgn—1) nl}gloo n? a2y 2a*.

we can obtain

—a,n

1 [e]
d d 2an?
B_gn= L logu—u + z u"u logu—u =— an
’ 2 ), u 2 ) u

For what concerns the moments B_,, and C

(n—a)2(n+a)?
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and 1 .
d du _ 2n*(n*+3a’
Coan = EJ unuaIOgZU—u-i-EJ wu log?u— = %
2Jo u 2 ), u (n+a)(n—a)
so that 1
El_ lim n ( *dn_Afan_lOgAan):_Sa
n—+o00 g Mg s
and

1
{,= lim n (C,M + A an log? Agn— —B,a 2log A, n) =
a

n—+00

Then we obtain
ly=2a%> 0, =—3a {£,=2.

Finally we prove that the kernel satisfies assumption (2) of Theorem 4 for @ = 2. Let n > 0. Since logu>n < u>e">1

we have
J = nZJ u‘“logz( ) ()—
[logu|=n (-Aa n)
oo e
nzf ufalogz( u 1)2,1 d_u+nzf ufalogz(%)zund_u
e (-’411,n)E 2 u 0 (”4(1,71)E 2 u

= J+J,

J, = —J alog ) —ndu
(ITI) u

= E[J TRE log Aandu—f u 12 10gAanlogudu
en en

As to J; we obtain

oo
+ f u=%"" 1 log? udu] =J —J2+J.
e

ul

Then
3 —a—n oo
n u
J = = ! lo Aandu———lo AM[—]
! 2 f g 2 % Za—n
_ il o
2a “" a+n
and so
lim J =0.
n—+00
Moreover, using integration by parts, we have
3 e 3 —n(a+n) ©
n n e 1
J2 = —logA u " logudu = — log A ( + u_“_"_ldu)
1 a ga’"Ln & a e\ T T a o
3 —n(a+n) —n(a+n)
n e e
= —lo Aan( + )
a &/, n+a N (a+n)?
and so
lim J? =0.
n—+o00o

In a similar way one can prove that also J? and J, tend to zero. Therefore, all the assumptions of Theorem 4 are satisfied
with a = 2 and so we obtain the following asymptotic formula:

im n*((7,£) (x) = £ (x)) = 2a°f (x) = 3a(©f )(x) + (€ )(x).
The moment operators. Let us consider the kernel
() = nu" yy91(1)
and easily we have that ||/C, ||, = 1. For what concerns the coefficients A, we have

n

n+a’ n—a

1 1
Aa,n = f nuttldu = A—a,n = f nu " ldy =
0 0
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for sufficiently large n > a. Therefore, we can obtain for a =2

2,2
¢, = lim nZ(AMA_M_1)= lim % g2
n—+o00 ’ ’

n—+oo n2 — q2

For B_, ,, we have

1

(o]
d
_an f u logunu”x]o,l[(u)ju = nj u™ " logudu
0 0

1
— n J u7a+n71du —— n
a—n J, (n—a)?

Therefore we get, considering analogously L'Hospital rule twice,

1
lim nz(— LS— —lo ( 1 ))
n—-+00 (n—a)? n—aa n+a

lim —n(1+n_alog( I )
n—-+00 a n+a

(o5
I

6

Finally, we have for C_, ,

1

oo
d
—an J u " log® unu" x4 (W) 711 = nf U og? udu
0 0

o
Il

2n
a—n

1
2 2n
u " ogudu= —B_,, = ——
o a—n " (n—a)?

and

2n 1 n n 2 n n
£, = lim n2( +—= 102( )—i—— lo( ))21.
27 pSeo (n—a)®* a2n—a & n+a a(n—a)? & n+a
Now we prove that the moment kernel satisfies also assumption (2) of Theorem4 for a = 2. Let ) > 0 be fixed. Since
loguzneu=e’>1

e
J = nzf u™ logz( u - )nun 110’1[(u)d—u = nzf u™ logz( “ - )nu”d—u
|logu|=n (-Aa,n)E u 0 (-’4a,n)a u

—n

e e
1
n® J u= " og? udu + n® J U= —log? A, du
2 ,
0 0

e
2
- n3J w1 Zlogulog A, , du=J; +Jy —Js.
a
0

Easily we obtain that lim,,_,, ., J; =lim,_,, . J, =lim,_,,, J; = 0 and so also assumption (2) is satisfied. Then we have
that

3
Eozaz,flz—?a,izzl

and the asymptotic formula with a = 2 is given by
Jim (7)) = () = @ () = a(0f)0x) + 5 (O2)().

8 Graphical Examples

Using (CAS) Mathematica, we provide some graphical examples for modifications of the moment operators. Let M, and M
denote the classical moment and modified moment operators, respectively, as follows:

Mf)x) = n J @) @),
0
) _ n2 bad . —1/a n d_u
M;F) ) = HML wf (v () )o@,

for sufficiently large n. In Figure 1, we compare M, (orange), M (blue) and original function f (green) for f (x) =™, x €[1,4]
and a = 1/2. In Figure 2, we compare M; (orange), M;, (blue) and original function f (green) for f (x) =e™, x €[1,4] and
a=3/2.
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Figure 1: Comparison of the moment and modified moment operators

Figure 2: Comparison of the modified moment operators
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