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Abstract

Supervised machine learning involves approximating an unknown functional relationship from a limited
dataset of features and corresponding labels. Within the framework of regularized approximation in
reproducing kernel Hilbert spaces (RKHSs), this task reduces to the minimization of a regularized
empirical risk functional, where the choice of the kernel encodes prior assumptions on the solution space.
In conventional applications, features are standardized and treated as abstract coordinates, disregarding
their physical meaning and structural relationships. This abstraction may hinder both interpretability
and stability in scientific problems, where dimensional consistency, conservation laws, or symmetries
play a crucial role. This study proposes a physics-informed approach to feature-based machine learning
that constructs non-linear feature maps informed by physical laws and dimensional analysis. These
maps induce physics-informed kernels that embed domain knowledge directly into the geometry of
the RKHS, thereby enhancing the interpretability and, when physical laws are unknown, allow for
the identification of relevant mechanisms through feature ranking. The method aims to improve both
predictive performance in regression tasks and classification skill scores by integrating domain knowledge
into the learning process, while also enabling the potential discovery of new physical equations within
the context of explainable machine learning.

1 Introduction

The problem of learning a functional relationship from finite data can be naturally framed within the theory of regularized
approximation in reproducing kernel Hilbert spaces (RKHS) [1]. In that context, the input space X is a subset of R™ (or more
generally, a measurable space) and given a set of input-output data {(x;, y;)}!_; C X xR, one seeks a function g € Hy minimizing
a regularized empirical risk functional of the form

. 2
;2711111( {izl:f(g(xi),yi) + M|g||HK } s

where { is a suitable loss function [2], A > 0 is the regularization parameter [3], and H is a RKHS associated with a positive
definite kernel K : X x X - R [1,4].

A cornerstone of this framework is the representer theorem [5,6], which ensures that the minimizer g* admits a representation
of the form

g*(x) = ZaiK(xi’x)J
i=1

thus reducing the infinite-dimensional minimization to a finite-dimensional problem. The structure and properties of the kernel
K are therefore central, as they encode prior assumptions on the class of admissible solutions and implicitly define the geometry
of the hypothesis space.

In traditional applications, the input space X’ is defined in terms of standardized or normalized features, which are treated as
abstract coordinates devoid of semantic or physical interpretation. While such representations are computationally convenient,
they neglect important structural information often available in scientific problems-such as dimensional consistency, conservation
laws, or symmetries—thereby limiting both the interpretability and the stability of the resulting models. Therefore, in this paper,
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we propose a reinterpretation of the feature construction process inspired by symbolic regression, not with the aim of discovering
explicit analytic expressions for the target function g, but rather as a mechanism to construct nonlinear, physics-informed feature
maps ¢ : Q — RP that respect the physical nature of the problem. Indeed, these maps induce a new kernel

Kphys(x: X/) = (¢(X), ¢(X/)),

which defines a RKHS of functions informed by physical knowledge embedded in the feature transformation ¢. The resulting
framework enables the design of physics-informed kernels that preserve the mathematical structure of kernel-based learning while
introducing an additional layer of interpretability grounded in domain knowledge.

Further, this perspective highlights the connection between kernel approximation and inverse problems, since the choice of
the feature map ¢ (and hence the kernel K) can be seen as a form of prior modeling. In this sense, the proposed approach can be
interpreted as a physics-informed regularization strategy, where the regularity is not imposed solely through penalization, but also
through the embedding of physical structure in the kernel itself.

This paper aims to formalize this approach to machine learning, and to illustrate its practical utility through several numerical
experiments. The methodology is general and applicable to both regression and classification, and we focused on two main
scenarios: the first one is when the physical insight is known and can be systematically exploited to enhance both approximation
quality and interpretability; the second one is when the physics is unknown. More specifically, in this latter case, we show
that the application of feature ranking algorithms to the physics-informed regularization methods allows the selection of the
physics-informed features that mostly impact the prediction process, which helps to identify the possible physical mechanism at
the base of data interpretation. A posteriori, one should also verify whether, in the case of regression, this approach decreases the
error metrics concerned with prediction and, in the case of classification, it is able to improve the confusion matrix associated to
the task, thus increasing the corresponding skill scores.

The plan of the paper is as follows. Section 2 offers an overview of related works. Section 3 sets up the mathematical
formalism of the physics-informed approach in the context of the connection between kernel approximation and inverse problems.
Section 4 describes three applications performed in synthetic settings and related to a standard regression problem, a regression
problem where the physics-informed feature corresponding to the corrected physical equation is removed, and a standard
classification problem. Section 5 focuses on an experiment leveraging real data concerned with a space weather problem whose
physical properties are largely unknown. Our conclusions are offered in Section 6.

2 Related works

The incorporation of physical insights into data-driven modeling has received increasing attention in recent years, motivated
by the dual goals of enhancing model interpretability and improving generalization. A prominent class of methods addressing
this objective is that of symbolic regression algorithms, which aim to reconstruct compact analytical expressions governing the
observed data. Examples include SINDy (Sparse Identification of Nonlinear Dynamical Systems) [7], Al FEYNMAN [8], and
PYSR [9], which combine sparse optimization, neural architectures, or evolutionary heuristics to discover interpretable models
reflecting the underlying physics.

These approaches often incorporate physical constraints explicitly, through either dimensional analysis, or conservation laws,
or prior structural knowledge. For instance, Al FEYNMAN reduces the search space using invariance properties and dimensional
homogeneity, while SINDY can encode known dynamics via a dictionary of admissible terms. Such methodologies are particularly
effective when the learning task requires the identification of the governing equations in dynamical systems or of latent physical
structures directly from empirical data. From a functional-analytic perspective, these methods implicitly operate within a space of
candidate functions shaped by physical priors and aim to minimize some notion of error or misfit, often regularized through
sparsity constraints. Nevertheless, they typically treat function discovery as the central goal, making them computationally
intensive and less amenable to settings where prediction rather than model identification is the primary objective. It is also
important to note their limitations: for example, Al FEYNMAN suffers from a marked sensitivity to noise, which makes it poorly
suited for dealing with real experimental data [10].

Unlike symbolic regression, the methodology proposed in the present paper does not aim to yield interpretable symbolic
expressions but rather to guide the regularization process through physically meaningful embeddings. This leads to several
advantages. First, the approach is computationally more tractable, as it avoids combinatorial search over symbolic expressions.
Second, it is compatible with both regression and classification tasks, thus extending its applicability beyond traditional symbolic
regression frameworks. Third, it can be readily integrated into standard kernel-based learning pipelines, such as ridge regression
[11], support vector machines [1], or neural networks [12].

We point out that this perspective aligns closely with the theory of regularized kernel approximation [13], where the choice of a
kernel implicitly defines a hypothesis space and acts as a form of prior modeling. In this light, the construction of physics-informed
feature maps can be seen as a mechanism for embedding domain-specific knowledge into the learning process, thereby functioning
as a form of structured regularization [14].
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Such an approach is particularly valuable in scientific contexts where the physical meaning of features is central to both
interpretability and model robustness, and where partial or approximate knowledge of the governing laws is available. Moreover,
when the underlying physics is not fully known, feature ranking techniques [15] applied to the constructed feature maps can help
identify relevant physical mechanisms a posteriori, further supporting model interpretability and potential hypothesis generation.

In summary, while symbolic regression methods are well-suited to the discovery of explicit physical models, the present
framework offers a pragmatic alternative for integrating physical reasoning into machine learning tasks through the lens of kernel
methods and function space approximation.

3 Physics-informed approach to design feature maps and kernels

We introduce our physics-informed approach for kernel-based machine learning by first presenting the connection between
approximating a function in a RKHS and solving linear inverse problem where the forward operator A is defined by the physics-
informed feature map.

3.1 Connection between physics-informed forward operator and Reproducing Kernel Hilbert Spaces

In approximation theory, the function g linking the input features to the output labels is usually assumed to belong to an RKHS,
where a reproducing kernel is fixed. This problem is typically addressed by solving a variational problem in which the loss
function £ is arbitrary, and the regularization term generalizes the classical Tikhonov penalty term, depending on the norm | - |4,
in the RKHS Hj. Therefore the following variational problem is considered:

& =arg min > 100, £0c)) + A4 (lglhy) )
i=1

where A > 0 is the regularization parameter and v : [0,+00) — R, is a continuous, coercive and strictly monotonically increasing
real-valued function. We pointed out that, under the standard assumptions on loss functions, namely that £ : R x R — R, is such
that £(y, -) is proper, convex and lower semicontinuous for every y, the existence of at least one minimizer of (1) is guaranteed.
Moreover, if either £(y, ) or v is strictly convex, then the minimizer is unique.

A well-established result proves that an RKHS can be viewed as the image space of a compact linear operator A (e.g., see
Theorem 4.21 in [16] and analogous versions in [17,18]). The following proposition is an adaptation of this result in the context
of feature maps.

Proposition 3.1. Let us consider a compact linear operator A : H, — H where H, is a Hilbert space and H is a Hilbert space of
functions over . In this case, for all x € Q there exists an element ¢ (x) € H, such that

(Af)) = (£, ¢ ()2, » 2
for each element f € H,. Then the range of the operator A, denoted as 3(A), equipped with the norm
lglls, = min{[lwll5, : w e H; 5.t g(x) = W, $(x))3,, x €02}

is an RKHS with kernel

K:OxQ->R
(e, 1) = K(x, 1) := (P (x), d(r)) 5, - ®
We remark that the feature space F is isometrically isomorphic with #y. Indeed,
3(A) =span{K(x,-), x €Q}, C))
and the feature space
F:=span{¢p(x), x €Q} )
is such that F = ker(A)*. Therefore, the first isomorphism theorem applied to the map
A:H—3A)=Hy CH (6)
states that
F =ker(A)*t ~ H, /ker(A) ~ F(A) = Hy . @)

The isomorphism in (7) is induced by the linear operator A. More precisely, by defining A := Alkeray ker(A)t — Hy, is well
defined on the quotient space #,/ker(A), since Af = 0 for all f € ker(A). The map A is bijective. Moreover, for any f € ker(4)*,
we have

WA o = ILf 13y
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by definition of the norm in #H, which shows that A is an isometric isomorphism between F and Hy. Further, we pointed out
that the generalized inverse A" : 5(4) + 5(A)* — ker(A)* provides the inverse mapping associated with the above isomorphism.
Indeed, since A is bijective, its inverse coincides with the restriction of the Moore—Penrose inverse to H,, namely A™! = A‘THK.

Proposition 3.1 and equation (7) allowed us to provide an equivalence result between the approximate solution (1) and the
regularized solution

fu= argg}?l;f(yi,(f\f)(xi)ﬂMIJ(IIfIIHI) ®
of the discretized inverse problem Af = y, where A is the operator characterized by the map ¢ defined in (2), and y; for
i=1,...,n, are noisy samples of the ideal data y. Indeed, the following result holds true:
Proposition 3.2. Given {(x;, y;)}\_, a set of samples and by assuming that K(x,x") = (¢(x), ¢(x")),, for all x,x’ € Q we have
that
Hh=Ag, ©
where A" : 5(A) + 3(A)* — ker(A)* is the generalized inverse of A.

Proof. By hypothesis we have the identification 3(A) = H. Let f := A'§,. By definition of A", f € ker(A)" and therefore,
1€ 11, = IIf ll3;,- For all f € H; we have

DAY + A (I lloe,) (10)
i=1

[\

min Zf(yi,g(xi)) + AP (llgllz, )
i=1

gE3(A)

= D 86 + 4 (l122ll,)
i=1

= 2R AF )+ 24 (1f )

ie. f is the solution of problem (8). This concludes the proof. O

The connection between f,l and g, can be leveraged and interpreted within the context of the proposed physics-informed
approach as in Figure 1. This figure explains that, given a set of samples, we can construct a physics-informed feature map by
using some knowledge of the feature input (such as the physical meaning or dimensional properties). This can be viewed as
defining a linear operator A, which encodes the physical model equation, being defined via the physics-informed feature map
¢ (see equation (2)). Solving the inverse problem associated with this operator is equivalent to solving a machine learning or
approximation problem, where the solution is in a specific Reproducing Kernel Hilbert Space (RKHS) H,, with the kernel K
defined by the physics-informed feature map ¢, i.e., K(x,x") = (¢ (x), ¢(x"))4, for all x,x’ € X.

(il —{p()}y — A Hyx = 3(4) H,
K(x,x) = (@), o)
N g, = Af Y
Wi — 7, kI

Figure 1: Outline of the process that implements the physics-informed solution of the feature-based machine learning problem: the measured
features are transformed by a physics-informed map into an operator A in a Hilbert space setting; the solution fAA of the corresponding inverse
problem provides the physical equation, which is transformed by A into the predicted output g, .

3.2 Physics-informed feature map in supervised machine learning

The aim of supervised learning is to find a function g : @ C R™ — R from a set of examples {(x;, y;)};=1,__, randomly drawn
from an unknown probability distribution p(x,y) with (y;,...,¥,) € R" and (x4,...x,) € 2", such that g has to explain the
relationship between input and output, i.e.

yi~glx) (11)
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foralli=1,...,n and g(x) has to be a good estimate of the output when a new input x € Q is given. A classical setting is given
by regression, where it is usually assumed that
yi=gx)+e;, (12)

where €; is Gaussian noise, and the sought solution g is a linear function of the form g(x) = x”w, with w € R™ being the vector of
coefficients to estimate and x € Q. This problem is typically studied using variational approaches [19], that is by minimizing the
empirical expected value of the loss function over w € R™. Since the minimizing solution can be numerically unstable [20], it is
common to apply Tikhonov regularization [21], introducing a penalty term to stabilize the solution. The regularized counterpart
of the problem is then formulated as the minimization problem

n
A : T 2
W= arg;g;«gzle(yi,xi w)+ AllwlZ, (s

Using the classical squared loss function leads to ridge regression (also known as penalized least squares) [11], whose explicit
solution is given by
Ww=X"X+A1)"X"Y, a4

where X represents the n x m design matrix with x; as rows, Y is the n x 1 vector whose components are the features’ labels, and
I denotes the identity matrix .

However, the relationship between input features and regression output may be more complex than the one modeled by a
linear scenario. In such cases, feature maps and kernels provide a way to generalize linear models to non-linear frameworks. In
fact, a feature map ¢ : Q — F maps the input space 2 of the original features to a new feature space F where a scalar product
is defined. This transformation allows the data to be represented in a space where separation performed by means of a linear
model is easier. For example, if 7 = RP, the goal is to find a function g(x;) = ¢(x;)" 8, where 8 € RP is the ideal coefficient
vector. From a practical perspective, the problem is addressed by solving a similar variational problem, where the ideal coefficient
f is estimated as

B=(@"d+A)"27Y, (15)

where & is the feature map matrix n x p whose rows are given by a set of feature maps {¢(x;)}. This approach is closely related
to kernel methods, since a kernel can be defined through a feature map, i.e. by defining K(x;, x;) = (¢ (x;), ¢ (x)) -

In the kernel framework, a kernel function (such as a Gaussian or polynomial function) is typically chosen without accounting
for the physical meaning or dimensional aspects of the features x;. Our goal was to address this limitation by building new
feature maps ¢ that combine the original features according to physics-driven laws, resulting in dimensionally homogeneous,
physics-informed features (PIFs).

A fundamental requirement of the proposed construction is that all physics-informed features share the same physical
dimension as the target variable. This constraint is imposed at the level of the feature map design and ensures that each candidate
descriptor is physically consistent with the quantity to be approximated. In this way, dimensional analysis acts as a guiding
principle for feature construction, significantly restricting the space of admissible transformations and embedding prior physical
knowledge directly into the representation. As a consequence, the learning problem is carried out within a space of dimensionally
homogeneous features, which enhances both interpretability and physical coherence of the resulting model.

3.3 Physics-Informed Kernel Classification via Soft-Margin SVM

In this section, we formalize the dual formulation of kernel-based classification models when the reproducing kernel is induced
by a physics-informed feature map. The structure of the kernel reflects physical constraints or invariants encoded in the feature
representation, thereby influencing the geometry of the hypothesis space and the distribution of support vectors.

Let ¢ : Q — H, be a feature map embedding physical knowledge (e.g., via dimensional consistency or invariants), and let
K(x,x") = (¢(x), ¢(x"))4, denote the associated reproducing kernel. Given a set of labeled samples {(x;, y;)}\_, € & x {—1,+1},
we consider the primal problem of a soft-margin Support Vector Machine (SVM) in the RKHS Hy:

1, -
min - +C i
i Sliglh, 25

subject to yi(glx))+b)=1-¢&;, i=1,...,n,

(16)

where C > 0 is a regularization parameter. The corresponding dual problem admits a representation that explicitly depends
on the kernel K as follows.

Proposition 3.3 (Dual SVM with Physics-Informed Kernel). Let ¢ : Q — H; be a physics-informed feature map, and let K(x,x") =
(¢ (x), d(x)),- Then the dual of the soft-margin SVM problem (16) is
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n 1 n
max Zai_i Zaianin(¢(Xi),¢(Xj)>Hl
i=1

a€Rn —
T an
subjectto 0<a; <C, Zaiyi =0.
i—1
The resulting classifier g which solves (16) is given by
glx)= Z a;y;K(x;,x)+b= Z o,y (¢ (xy), ¢(X))H1 +b, (18)
i=1 i=1

with a the solution of (17).

The above result follows from standard kernel SVM theory (see e.g. [1,5]). The structure of the dual solution reveals how
physically-informed features influence classification. A point x; corresponding to a non-zero coefficient a; is termed support vector,
and lies on or within the margin. When ¢ (x) encodes physically meaningful quantities (e.g., energy, momentum, conserved
scalars), the corresponding support vectors are physically critical data points that drive the classification boundary. Even beyond
SVM-type algorithms, a physics-informed feature map ¢ (x), together with the associated kernel K(x,x") = (¢ (x), ¢(x))4,,
can be seamlessly integrated into a wide range of kernel-based learning algorithms for both regression and classification tasks.
Examples include kernel ridge regression (as discussed in section 3.2), kernel Principal Component Analysis (PCA), and even
neural networks, where ¢ (x) can serve as a physically coherent embedding provided as input to the model.

This general approach introduces an inductive bias, a fundamental concept in machine learning that refers to the set of
assumptions a learning algorithm relies on to generalize beyond the training data [22-25]. In this context, the inductive bias is
explicitly grounded in known physical principles, such as dimensional consistency or conservation laws, which are embedded in the
structure of the feature map ¢. By incorporating such physically motivated constraints, the resulting models gain interpretability
and are better aligned with the underlying physics of the problem domain.

4 Experiments in synthetic settings

In this section we show the advantage of constructing physics-informed feature maps in order to define new physics-informed
features to infer regularization and classical machine learning methods taking into account the physical dimension. We considered
three different theoretical frameworks, i.e. three different model equations and, for each one,

1. We generated an annotated archive of features, where the corresponding labels are computed by solving the model equation
and by applying uniform random noise of different intensities. Features for each experiment were obtained by drawing
random values within physically plausible intervals, and any derived quantities were subsequently computed from these
primary features.

2. We split the annotated archive into a training set and a test set.
3. We applied standardization to generate the corresponding training and test sets of standardized features (SFs).

4. We trained a machine learning algorithm and then applied it to the test set, accordingly computing evaluation metrics
such as the mean absolute error (MAE) and the mean squared error (MSE).

Then, we used the same archive of features to generate a training and a test set of PIFs by means of dimensionally homogeneous
combinations of the original features, where the dimension of reference is the one of the corresponding labels (see Algorithm
1); the PIFs were then standardized to generate the corresponding set of standardized physics-informed features (SPIFs); the
machine learning algorithm optimized by means of the training set of SPIFs was validated by using the corresponding test set;
and, finally, evaluation metrics have been computed for comparison with the results obtained using SFs in the training phase. In
all experiments considered below, exception made for the application to real data one, the annotated archives are made of 8000
points in both the SFs and PIFs spaces and, in all cases, 70% (6400) of them were used for training and 30% (1600) for testing.
We employed Ridge Regression and support vector machine for regression (SVR) to address the regression task, and support
vector machine for classification (SVC) to address the classification task.

In order to provide PIFs with a ranking that describes their impact on regression, we applied a recursive feature addition
procedure, conceptually related to greedy approaches for feature ranking [26] (see Algorithm 2), where

1. SPIFs are ranked according to the values of the computed regression coefficients.
2. Recursively and starting from the SPIF with highest rank, the prediction is performed up to saturation of MAE and MSE.

3. The regression coefficients of the selected SPIFs are then de-standardized in order to determine the (physically meaningful)
regression coefficients associated to the corresponding PIFs.
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This last step allows the most significant physical equation used to generate the PIFs to be identified. In the following we report
two remarks regarding concerning the feature-ranking procedure and the determination of the coefficients associated with the
SPIFs.

Remark 1. We point out that the standardization/de-standardization process of the PIFs reduces possible numerical issues in the
computation of the weights while allowing the determination of the physical coefficients associated to the model equations.
Remark 2. We highlight that the stopping criterion adopted in Algorithm 2 is intentionally based on predictive performance
rather than on the variation between consecutive predictors. Specifically, the inclusion of a new physics-informed feature is
evaluated through the corresponding improvement in the approximation of the target variable, as measured by a global error
metric. This choice is consistent with the philosophy of greedy feature selection methods, where the relevance of a feature is
assessed according to the gain in predictive performance achieved by the learning algorithm. In particular, our approach is
inspired by classifier-dependent greedy feature selection strategies [26], where the stopping rule is determined by the saturation
of a performance score rather than by the magnitude of the changes in the model coefficients or predictions. From this perspective,
the objective of Algorithm 2 is not to quantify the sensitivity of the predictor to the addition of a feature, but rather to identify the
point beyond which additional physics-informed features do not provide a significant improvement in generalization performance.

Algorithm 1 PIF generation

Input: x € R™ feature vector for each sample; [ y] physical dimension of the label.

Step 1: Generate the list of features’ dimensions

Step 2: Define p rules to combine features, i.e. define a feature map ¢ : R™ — R? such that [¢(x);]=[y]forl=1,...,p
Output: PIF; = ¢(x), forl =1,...,p

The three experiments presented in the following subsections each highlight a different aspect of the PIF-based approach.
In the first one, concerning fluid dynamics, the Bernoulli equation is expressed as a linear combination of three distinct PIFs,
each corresponding to one of its physical terms; the goal is therefore to assess whether the algorithm can both select the correct
subset of PIFs and recover their respective coefficients. Moreover, this first experiment was also used to compare our feature
ranking algorithm (Algorithm 2) with an already established symbolic regression method, namely PySR [27]. In the second one,
concerning magnetic energy dissipation in pulsars, we investigate how the algorithm’s behaviour changes depending on whether
the exact governing equation is included among the input PIFs or not. In the third experiment, we assess the validity of the PIF
methodology in a classification setting, and we further investigate the impact of class imbalance by systematically varying the
proportions of the two classes in the dataset.

The code used to reproduce the results associated with this manuscript is published on GitHub (https://github.com/
margherita-lampani/Physics-Informed-Feature-Maps-for-Kernel-Based-Learning).

4.1 First example: fluid dynamics

Bernoulli equation [28] represents the fundamental law that models the dynamics of the ideal fluid under stationary flow

conditions. It is expressed as
2

p+ % + pgh = const, 2D

where p is the fluid density, v is its speed, p denotes the static pressure of the fluid (either water or air in this experiment), and %
is the dynamic pressure arising from the fluid’s motion; finally, p gh corresponds to the hydrostatic pressure exerted by a column
of fluid, where g is the gravitational acceleration and h is the height of the fluid column. Together with the aforementioned
features, we incorporated additional features essential for the study of a fluid dynamic system, i.e., the volumetric flow rate Q,
the cross-sectional area of the column A, and the dynamic viscosity u, all sampled independently from uniform distributions
over plausible physical ranges: velocity v € [0.01,100] m/s, volumetric flow rate Q € [0.001,10] m®/s, cross-sectional area
A € [0.01,5] m?, height h € [0.01,100] m. Since water and air are considered as fluid types with equal probability, p, u
and p assume different values accordingly: for water (p = 1000 kg/m®, u = 107 Pa-s and p € [10?,107] Pa) while for air
(p =1.225 kg/m®, = 1.8 x 10~° Pa-s and p € [102,10°] Pa). We combined these seven features to generate seven PIFs
characterized by the dimension of a pressure, since this is the physical dimension of the quantity being predicted, where the
first three PIFs are the ones incorporated in the Bernoulli equation (21). From a mathematical viewpoint, in this example
x =(p,p,v,Q,A, u,h) and we defined the physics-informed feature map ¢ : R” — R’ such as

2 pQ uv puQ pAg
¢()=p,pv",pgh,~ 5 5 s =) (22)
Table 1 contains the definitions of all original features and PIFs together with the corresponding units.
For this first experiment, we also include a comparison with a state-of-the-art symbolic regression method, PySR [27]. PySR
is a multi-population evolutionary algorithm with asynchronous evolution, widely used for discovering interpretable equations

from data, and it allows enforcing the physical units of the target quantity.
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Algorithm 2 Feature ranking

Input: /3 estimated coefficient vector defined in (15); ¢(x;) SPIE, i.e. standardized PIE, for each sample x; fori =1,...,n; y;
standardized label associated to each sample for i = 1,...,n; T > 0 tolerance for the stop criterion.

Define the set of the ordered indexes J with respect to the absolute value of the components of [3, ie. IﬂAJ(l)l = |/§J(2)| = |[5Aj(p)|.
Fork=1,...,p

* Make the prediction using the first k relevant PIFs, i.e. for i =1,...,n compute
k
NG 7 A
J’i( )= Zd)(xi)J(j)ﬁJ(j)' 19)
=1

* Compute the mean absolute error between the predicted and actual labels, i.e.

1< .
MAE® = = 3|y - 5| (20)
i=1
if k > 1 and [MAE® — MAE*~Y| < 7 then stop
Output: J(1),...,J(k) indexes of the selected PIFs.
Feature Unit PIF Unit
F,=p =% PIF=p Pa

F,=p k& PIF,=pv> Pa

m
Fy=v z PIF; =pgh Pa

F,=Q = PIF,=2 Pa

Fo=A m?> PIFy=% Pa

Fo=u £ PIF,=£ Ppa

F,=h m  PIF,=2¢  Ppa

Table 1: Prediction of Bernoulli equation. Features and PIFs generated by a feature map triggered by the pressure dimension. PIF;, PIF,, and
PIF; are the PIFs that generate equation (21).

The results of the application of the regression algorithms to both SFs and SPIFs are given in Table 2 and Figure 2. Table 2
reports the Mean Absolute Errors (MAEs) and Mean Squared Errors (MSEs) obtained with Ridge Regression, SVR, and PySR.
Figure 2 represents Ridge Regression box-plots where, for better visualization, we included only the inter-quartile range (IQR
box-plots from now on). As the results provided by SVR are very similar, we did not include them in the figure.

We then applied the feature ranking algorithm to SPIFs and showed in Figure 3 that MAE and MSE saturation occurs starting
from SPIF,. The de-standardization of the coefficients associated to SPIF,, SPIF,, and SPIF; leads to the physics-informed
regression coefficients in Table 3. These coefficients for the two methods are clearly an accurate approximation of the physical
coefficients in the Bernoulli equation (21). We remark that the purpose of constructing multiple physics-informed features is not
to assume that all of them contribute significantly to the prediction task. Rather, the proposed framework generates a set of
dimensionally consistent and physically plausible candidate descriptors, from which the ranking procedure identifies the most
informative ones. Therefore, the fact that several PIFs exhibit a negligible impact on the prediction is an expected outcome and it
demonstrates the ability of the ranking strategy to isolate the physically relevant mechanisms among a broader set of admissible
candidates. This aspect is particularly important in applications where the governing physical law is only partially known, since
the relevant combinations cannot be identified a priori and must be inferred from data.

In Table 4 we report the equations obtained by each method across different noise levels. As shown, our algorithm consistently
recovers the correct physical expression, with coefficients very close to the true ones. In contrast, PySR never selects the correct
Bernoulli form as the best model according to its internal scoring system, which balances predictive accuracy and model complexity.
Although the correct expression appears among the candidate formulas at the lowest noise level, it is not chosen as the final
model. As the noise level increases, the physically correct expression is no longer identified among the candidate equations.
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Noise level

|
| 10%
|

| 30% | 50%
Method MAE MSE | MAE MSE | MAE MSE
Ridge Regression ~ OF | 0179 0-052 ‘ 0275 0.168 | 0.353 0.330
SPIFs | 0.067 0.017 | 0.189 0.135 | 0.281 0.301
_ SFs | 0.167 0.055 | 0.252 0.176 | 0.329 0.338
SVR (linear kernel)  opre | 0.068 0017 ‘ 0.193 0.135 ‘ 0.282  0.302
PySR | 0.086 0.024 | 0.198 0.144 | 0.326 0.377

Table 2: MAE and MSE computed from the results provided by ridge regression and SVR with linear kernel when SFs and SPIFs are used to
predict the Bernoulli equation (21). The table also reports the results obtained with the symbolic regression method PySR, which is included as a
benchmark comparison.

Three different levels of uniform noise were applied to the synthetic labels.

Noise level

10% | 30% | 50%

| Estimated coefficient | Ground-truth coefficient

Method Ridge Regression

SPIF,  0.998 | 0.993 | 0.990 1
SPIF,  0.500 | 0.501 | 0.502 0.5
SPIF;  1.005 | 1.024 | 1.031 1

Method SVR (linear kernel)

SPIF,  0.996 | 0.987 | 0.988 1
SPIF,  0.498 | 0.490 | 0.491 0.5
SPIF;  1.033 | 1.037 | 0.960 1

Table 3: Prediction of the Bernoulli equation. Best ranked PIFs and corresponding regression coefficients for three levels of uniform noise
affecting the labels.

Noise level

10% | 30% | 50%

Method Ridge Regression - SPIFs

Equation  (0.998-p)+ (0.500- pv2) +(1.005 - pgh) | (0.993 - p) +(0.501 - pv2) + (1.024 - pgh) | (0.990 - p) + (0.502 - pv2) + (1.031 - pgh)

Method SVR (linear kernel) - SPIFs

Equation  (0.996 - p)+(0.498 - pv?) +(1.033 - pgh) | (0.987 - p) + (0.490 - pv?) +(1.037 - pgh) | (0.988 - p) +(0.491 - pv?) +(0.960 - pgh)

Method PySR

Equation p+(p-44.799) v | 5 | p-1.318

Table 4: Equations selected by the feature ranking algorithm (Algorithm 2) for Ridge Regression and SVR with a linear kernel across the different
noise levels. For PySR, the reported equations are those achieving the highest score according to the method’s internal ranking.
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Figure 2: Boxplots of the IQR distributions for absolute errors (top panel) and squared errors (bottom panel) provided by ridge regression for
predicting the Bernoulli equation, by varying the noise levels. The pink and light blue boxlots represent the results obtained using SFs and SPIFs,
respectively.
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Figure 3: Prediction of the Bernoulli equation. Saturation of MAE and MSE while applying the sequential feature ranking Algorithm 2.

4.2 Second example: magnetic dissipation in energetic pulsars

Pulsars are highly magnetized rotating neutron stars that emit beams of electromagnetic radiation [29]. Through these emissions,
they lose magnetic energy according to the dissipation law [30]

dE _ 2nB’r®w*sin’a

= _ 23
dt 3ugcs (23)

where B is the magnetic field of the star, r is its radius, w is its angular velocity, a is its inclination angle, u, is the magnetic
permeability in vacuum and c is the speed of light in vacuum. In addition to these quantities, we introduced four more

. . . 2 . .
2% the rotational period of the star; m, its mass; I = Z"g , the moment of inertia;

w
and E = %, the rotational kinetic energy. All features are sampled independently from uniform distributions over plausible
astrophysical ranges: radius r € [10%,10°] m, surface magnetic field B € [108,10'2] T, angular velocity w € [1,10°%] rad/s,
inclination angle a € [0, r/2] rad, and mass m € [2.8 x 10%,4 x 10*°] kg (corresponding to 1.4-2 M, where M, denotes the
solar mass); the remaining features P, I, and E are derived deterministically from these. As usual, PIFs were defined according to
the physical unit of the label, i.e., power, and, again, PIF; represents the exact equation for the magnetic energy dissipation as in
(23) but excluding the dimensionless coefficients. Both features and PIFs are summarized in Table 5.

PIF, in Table 5 is tagged by a * for the following reason. In order to study the robustness of the PIE-based approach with
respect to the dimensionally-coherent combination of features, we have run the experiment twice, where, in the first case, all
SPIFs were used to train the algorithm; in the second run, however, we have excluded SPIF; from the training phase (note that
for both runs all SFs have been always included). The box-plots in Figure 4 shows that, for both runs of the experiment, training
machine learning with SPIFs led to significantly more accurate predictions than when SFs are utilized. However, the errors

representative features of the system: P =

significantly increase when SPIF,, which corresponds to equation (23) describing the actual physical process, is excluded from
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Feature Unit PIF Unit
F,=r m PIF: = _JM w
Hoc

B2c4sin?

F,=B T PIF,=—2Cgn(@,2
_ 1 _ _B%*

F3 =w 5 PIF3 = —Tw \
F,=a rad PIF, = —E/P w
Fs=P S PIF; = —I/P3 w
Fe=m kg PIF, = —mr?w® w
F,=1  kg-m®> PIF,=—17 w

_ kg-m?
Fg=E )

Table 5: Prediction of the pulsar equation (23). Features and PIFs with respective units. The « for PIF;, which corresponds to the correct physical
equation, denotes the fact that the second run of the experiment has been carried out without that PIE

the training, while still remaining lower than those of the classical SF approach. The error depends on how closely the PIFs
resemble the correct equation. Again, we chose to report only the plots for Ridge Regression, as the results from SVR exhibited a
very similar behavior.

4.3 Third example: binary system

We then studied whether our PIF-based approach to machine learning could also be reliably applied to a classification problem.
Specifically, in this third experiment our aim was to determine whether or not a pair of stars or celestial bodies were gravitationally
bound, having at disposal measures of the energies of the binary system, the bound energy being defined as [31]

1 my-m m;-m
L2 _.2_g1 2 24)

E== .
2 (m; +m,) r

where m; and m, represent the masses of the bodies, v is their relative velocity, r is their distance, and G is the gravitational
constant. The dataset consists of 8000 synthetic binary systems, with masses m;,m, € [0.5, 10] M, orbital separations
r €[0.1, 1000] AU, and relative velocities sampled conditionally on the class: bound systems (E < 0, label 1) have v € [0, V),
while unbound systems (E > 0, label 0) have v € [Vuy, 2 Vo), Where vy, = +/2G(m; + m,)/r is the escape velocity. In order to
study the effect of class imbalance, we generated three configurations with controlled proportions of bound to unbound systems:
a balanced dataset (50/50), a moderately imbalanced dataset (70/30), and a strongly imbalanced dataset (90/10). Features and
PIFs considered for this experiment are listed in Table 6.

Feature Unit PIF Unit

F,=m; kg PIF, = 1722 J

mq+my

F,=m, kg PIF,=—G™2 J

m2
F;=v m/s  PIFy = ;1v? J
m
F,=r m  PIF,=—G-! J
2
PIF = 72 v? J
m2
PIFs = —G-2 J

Table 6: Classification of binary systems. Features and PIFs with respective units.

The application of SVC with both linear and gaussian kernels to the test sets of SFs and SPIFs provided the confusion matrices
in Table 7. In each one of these matrices entry (1, 1) contains the true negatives (TNs), entry (2, 2) contains the true positives
(TPs), entry (1,2) contains the false positives (FPs), and entry (2, 1) contains the false negatives (FNs).

From these confusion matrices we computed several skill scores, always reported in Table 7, assessing the classification
effectiveness of the algorithm, i.e., the Sensitivity

TP

Sensitivity = m ,

(25)
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Dataset percentages of bound and unbound events

50/50 | 70/30 | 90/10
Method SVC with linear kernel
Metric SFs SPIFs | SFs SPIFs | SFs SPIFs
TSS 0.763 0988 | 0.744 0.997 | 0.347 0.998
HSS 0.762 0988 | 0.709 0.997 | 0.135 0.990
Sensitivity 0.851 0.991 | 0.868 0.999 | 0.588 0.998
Specificity 0.912 0.996 | 0.875 0.998 | 0.759 0.994
Accuracy 0.881 0994 | 0.871 0.999 | 0.605 0.998
Confusion matei 726 70 793 3 428 61 488 1 120 38 158 0
x 120 684 7 797 146 965 1 1110 594 848 3 1439
Method SVC with gaussian kernel
Metric SFs SPIFs | SFs SPIFs | SFs SPIFs
TSS 0.956 0.974 | 0.960 0.970 | 0.977 0.981
HSS 0.956 0.974 | 0.956 0.968 | 0.942 0.962
Sensitivity 0.972 0.989 | 0.982 0.988 | 0.989 0.994
Specificity 0.984 0.985 | 0.978 0.982 | 0.987 0.987
Accuracy 0.978 0987 | 0.981 0.986 | 0.989 0.993
Confusion matrix 783 13 784 12 478 11 480 9 156 2 156 2
22 782 9 795 19 1092 13 1098 15 1427 9 1433

Table 7: Classification of binary systems. Skill scores using SVC with both linear and gaussian kernels.
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Figure 4: Prediction of the pulsar equation. In each panel, from left to right, the IQR box-plots correspond to the result provided by ridge
regression when the training is performed by using all SFs, all SPIFs and all SPIFs except SPIF, respectively. The absolute errors and squared

errors by varying the noise level are represented in the top and bottom panels, respectively.

the Specificity

™
Specificity = ——— , 26
pecley = N PP .
the Accuracy
TP+ TN
Accuracy = —————— | 27)
TP + TN + FP + FN
the True Skill Statistic (TSS)
TSS = Sensitivity + Specificity— 1, (28)
and the Heidke Skill Score (HSS)
2-(TP-TN—FN-FP
HSS = ( ) (29)

(TP +FN) - (FN +TN) + (TP + FP) - (FP+ TN)

We highlight that when the linear kernel is used, the SVC classifier operates directly in the SPIF space and the kernel coincides with
the inner product induced by the physics-informed feature map, namely K (x, x") = (¢(x), ¢ (x")), as described in Proposition 3.3.
Therefore, the resulting decision boundary is linear in the SPIF representation and can be interpreted as a classifier acting on
physically meaningful quantities. We pointed out that Gaussian kernel is applied to the SPIF representation, i.e. the radial basis
function is applied to z = ¢(x) and 2’ = ¢(x’), Kpgr(2,2’) = exp (—yllz —z’IIz), with y > 0 is the kernel parameter. Therefore,
the nonlinear kernel acts on a feature space that already incorporates physically meaningful combinations and dimensional
constraints. Therefore, the Gaussian kernel introduces an additional nonlinear transformation of the SPIF space, allowing us to
assess separately the effect of the physics-informed representation and that of a more expressive kernel.

5 Application to real data: solar flare forecasting

Solar flares are the most energetic events in the heliosphere [32]. Their significance is two-fold. On the one hand, the physical
mechanisms at their base are still mostly unknown and the identification of the model equations that realistically describe them
is a crucial open issue in solar physics [33]. On the other hand, solar flares are the main trigger of space weather, so that the
realization of a reliable flare forecasting process may have a crucial impact on the safeguard of several both in space and on Earth
assets [34,35].

The use of machine learning for flare forecasting is rather recent, and typically relies on the well-established result that these
explosions are generated by active regions on the solar atmosphere characterized by a complex magnetic configuration. The flare
forecasting game leveraging feature-based supervised machine learning approaches is therefore typically based on the following
process [36-41]:
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Feature Unit PIF Unit
F, =1 A PIF,=p-I-S T-A-m?
F,=F T-A-m PIF,=%-1 T-A-m?
Fy=H . pip, =2 T-A-m?
F,= T-m? PIF, = HL T-A-m?
Fs=S m? PIF, = &2 T-A-m?
Fe=p 14 PIF,=VB-1-1-S T-A-m?
F,=B T

Fy=VB L

Fo=1 m

Table 8: Solar flare forecasting. Features and PIFs with respective units.

1. The magnetograms in the database of the Helioseismic and Magnetic Imager on board the NASA Solar Dynamics Observatory
[42], which represents the most complete and up-to-date archive of active regions images, are annotated by means of the
light-curves measured by the Geostationary Operational Environmental Satellites (GOES), which reveal the flare presence
by means of a continuous monitoring of the X-ray emission from the Sun.

2. A feature extraction algorithm is applied to the magnetograms to extract large sets of active regions descriptors.

3. A machine learning algorithm is trained by using the Helioseismic and Magnetic Imager (HMI) features and the corre-
sponding GOES binary labels.

In this experiment we applied this process by using the nine features indicated in the first column of Table 8, which are
considered among the most predictive descriptors of solar flares. These selected features represent various physical quantities,
including electric current (I), force (F), magnetic helicity (H), magnetic flux (®), area (S), energy density (p), magnetic field
strength (B), magnetic field gradient (VB), and characteristic length (). These features have been extracted from the portion of
the HMI archive in the time interval between 9/15/2012 and 09/07/2017. From these features we have generated the PIFs in
the second column of the same table, where we chose energy as the triggering dimension (we note that GOES provides also
the class of the flare, which is related to the energy it releases during its explosive phase). We address the task as a binary
classification problem, where the goal is to predict the occurrence of at least one intense solar flare (above the M GOES class)
within the next 24 hours. In this case, we assigned label 1 to all observations exhibiting at least one flare, and label O to those in
which no flare was detected. The annotated archive made of active region magnetograms has been chronologically split into two
sets made of 70% and 30% of the whole database, respectively. In this experiment, samples associated with active regions that
produce C-class flares in the next 24 hours are discarded in order to make a clearer distinction between positive and negative
samples. SVCs with linear and gaussian kernels were trained using the first portion of the corresponding SFs and SPIFs, and
tested against the second one, to obtain the confusion matrices from which we computed the skill scores described in Table 9.
From the results, we observed a significant improvement in all skill scores when SPIFs were used in both cases. Furthermore,
we employed a ranking approach similar to the one presented in Algorithm 2, where the estimated weights from the SVC with
a linear kernel were used to rank the PIFs. We then progressively added one PIF at a time to observe the behaviour of the
TSS. We pointed out that the estimated coefficients by SVC define the direction of the separating hyperplane and provide an
indication of the relative relevance of each PIE, although they can not be directly interpreted as absolute measures of importance.
In detail, when the linear kernel is used, simple computations from the equation (17) leads to the following representation
g(x) =20 oy {p(x), p(x))er + b = P(x)"B + b, where p = D", a;y;¢(x;), which can be linked to the formula in (19).
We pointed out, that in this case, for each step, the SVC was re-trained using the corresponding subset of 1, 2, and so on PIFs.
In Figure 5 the results are shown: in this case, the saturation point is defined as the point at which a decrease in the score is
observed and no further improvement occurs beyond the maximum value obtained when PIF, is added.
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Figure 5: Solar flare forecasting experiment. TSS obtained using an SVC with an analogous sequential feature ranking algorithm (see Algorithm
2). In this experiment, the SVC is re-trained each time a PIF is added, and the saturation point is defined as the point at which a decrease in the
score is observed and no further improvement occurs beyond the maximum value that is obtained.

SVC (linear) SVC (gaussian)
Metric SFs SPIFs |  SFs SPIFs |
TSS 0.835 0968 | 0.856 0982 |
HSS 0.229 0447 | 0297 0587 |
Sensitivity 0.909 1. | 0.909 1. |
Specificity 0.926 0968 | 0947 0982 |
Accuracy 0.926 0969 | 0947 0982 |
Confusion matrix [7?5 ?g] 789 26 ‘ 772 43 800 15 ‘

Table 9: Solar flare forecasting. Skill scores computed from confusion matrices using SVC with linear and gaussian kernels.

6 Conclusions

This study introduces a physics-informed feature-based approach to machine learning. In this approach, feature maps are designed
to generate physics-informed features characterized by the same physical dimension. On the one hand, experiments with synthetic
data showed that 1) training machine learning with these PIFs enhances both the regression and the classification performances
of the algorithm; and 2) the constructed regression coefficients provide accurate estimate of the equation describing the data
formation process.

An experiment on flare forecasting realized by means of real data showed that the improvement in the classification power
still persists. However, a simplified setting was considered to better distinguish between positive and negative classes; therefore,
further investigations are needed since the equations used to generate the PIFs were designed without full knowledge of the
physics underlying flare mechanisms, which remain largely unknown. Interestingly, the ranking algorithm applied to the PIFs in
this study highlights the most predictive PIFs, among which is PIF, = ®I. In fact, [43] provides a physical justification for the PIF,
quantity in the framework of current-driven flare and Coronal Mass Ejections (CMEs) models, where it can be interpreted as the
released energy during a flare, taking into account the electromotive force, the associated current, and the internally transported
energy during the process. This may pave the way for a new research line, where the systematic generation of PIFs could be
utilized to identify unknown descriptors of how energy is distributed in active regions as precursors of flaring activity.

Finally, beyond the specific applications considered in this work, the proposed approach may also be interpreted from a
broader mathematical perspective as a strategy for the construction of approximation spaces informed by physical principles. The
physics-informed feature map induces a kernel and, consequently, a reproducing kernel Hilbert space whose geometry reflects
prior physical knowledge encoded through dimensional consistency and physically motivated feature design. From this viewpoint,
the methodology shifts the emphasis from the design of the predictor to the design of the function space in which approximation
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is performed. This perspective highlights a potential connection between machine learning, kernel methods, and approximation
theory, where physics-based feature maps act as a mechanism for defining structured and interpretable hypothesis spaces.

At the same time, a limitation of the proposed framework is that, in problems involving a large number of input variables, the
manual generation of all possible physics-informed features may become impractical due to the rapid growth of the number
of candidate combinations. However, we emphasize that the proposed methodology is not intended to replace automatic
feature-selection or feature-learning approaches, but rather to complement them. By restricting the search space to physically
meaningful and dimensionally consistent representations, physics-informed features provide a principled way to incorporate prior
scientific knowledge into the learning process while reducing the complexity associated with unconstrained feature generation.
Future research will investigate the integration of the proposed framework with automatic feature-selection techniques and
feature-learning architectures, with the aim of extending its applicability to high-dimensional and more complex scenarios.
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