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Abstract

This paper defines the g—U—Bernoulli, ¢ — U—Euler polynomials and numbers and obtains some of their
feature relations. We also explore the ¢ — U—Bernoulli polynomials M; (y,q) , Rogers-Szegd polynomials
H, (v,q) and the g—Bernoulli numbers B, (q) are related via some connection formulas. Further, we
define various properties for the g—extensions U—Bernoulli and U—Euler polynomials like generating
functions, g—partial derivatives and summation relations.

1 Introduction

Quantum calculus, often known as g—calculus is an important study issue in classical mathematical analysis. It aims to generalize
differentiation and integration procedures. The use of g—calculus in several disciplines such as mathematics, mechanics, and
physics is rapidly growing.

Scientists investigating g—special functions have invented and analyzed several functions, including their qualities. (see examples
[1, 6,9, 15, 20, 32]

Throughout this paper, we will use the following notation: N for the set of all natural numbers, N, for the set of all non-negative

integers, Z for the set of all integers, R for the set of all real numbers, and C for the set of all complex numbers. We briefly review
several important definitions and notations from [2, 7, 8, 10] as an introduction to the g—calculus (q € C with 0 < |q| < 1).

In [10], the g—shifted factorial is defined by

s—1
(a59)0=1, (a;q)= l_[(l —q’a), se€N,
j=0
@0 =] [(1-d'a), lg<Llaec.
j=0
The g—numbers and g—factorial are defined by
1 —na
[a, ==L,  g#laec,
1—¢q
and @)
a;9)s
= ——— 1,seN d [0],!'=1
[s], a-q q#1,s€N, and [0]!=1,
in [14].
The g—binomial coefficient is defined by
(s) (g, sl
wq (GDsu(q;q),  [s—ulg!ful!
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Some properties of the g—binomial coefficient are as follows:

(), =) (),
(), G,

n [14], the Gauss’s binomial formula is defined by

S \ S lu u— S—u u
(r+B); ::Z(u) qzutDypsuge s e N,
q

u=0

and

Specially,

(Y—l);=zs:( ) (—1) "t glwuD

u=0

If By = qyB, where g is a number commuting with both y and f3, then

(r+p), = Z (Z)qr”ﬁ“‘

u=0
in [14].
In the standard approach to the g—calculus, two exponential functions are used
"= g ST @
0 g7 il
E,(z)=(1+3(1—q); —Z B z€C.
Moreover, we have [12]
Dyey(z) =e,(2), 2
. Eq(2) = E,(q2), ()
where the g—derivative D, is defined by
o= LI gy cc
The above g—standard notation can be found in (see, [12]).
n [14], the Jackson integral is as follows
b b -
Ja f(Y)quZJO f(r)qu—Jf(Y)dqr, 0<a<b
0
where . -
L fdy=aQ1 —q)zo:qif (aq")
Specifically, we see that
\ 1
J-stqr= L1l (C)

0

The Rogers-Szego polynomials H,(y,q) and the Al-Salam Carlitz I polinomials Us(“)(y, q) [34, p. 1183], [16] are defined by the
generating functions

eq(2)eq(v2) = ZH (Y,Q)[ i ©)
and r2) -
8 }/Z @
@ ZU (Y,q) 6)
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respectively.

Taking a = —1 in equation (6), we obtain the following relation

USV(r,q) = hy(y,q),
where h,(y, q) denotes the discrete g—Hermite I polynomials (see [17, Eq. 4.46]).

The inversion formulas for the polynomials H,(y,q) [3, Eq. 1] and US(“)(}/, q) [34, p. 1180] are defined by
= wifU u—j
=20 (%) oDyt @
=0 q

and _
u u—j s
r=2(}) (Z () “s) U (r,0). ®
im0 Mg \s=o S Jq

Taking y = 0 in [18, Eq. 2.8] gives the g—Fubini polynomials with two parameters by means of the following generating function

1—w(e,(z)—1) _;:Fs,q(%w)[s]q!. o

When w =1 and y = 0 in the above equation, we obtain the s-th g—Fubini number F, ,.

For n € Ny, in [19, Eq. (10)], the U-Bernoulli polynomials M,(y) are defined by the following generating function:

( z )e‘y"’:ng(y)g, |z| < 2m. (10)

ez—1
Note that, if y = 0 in (10), the U—Bernoulli numbers M, are obtained.

Similarly, the authors of [19, Eq. (19)] defined the U-Euler polynomials A,(y) by the following generating function:

2 vz - s
( )e—7 — ZAS(Y)j—!, |z| < 2. an

ez +1 s

For y =0 in ((11) the U—Euler numbers M, are obtained.

We motivated by the introducing of U—Bernoulli, U—Euler polynomials and numbers [19]. Also, motivated from the
applications of g—special polynomials in different fields of mathematics and sciences. In section 2, we define ¢ — U—Bernoulli,
q—U—Euler polynomials and numbers and obtains some their feature relations. Then we explore the g—U—Bernoulli polynomials
M, (y,q) , Rogers-Szeg6 polynomials H; (y,q) and the g—Bernoulli numbers B, (q) are related via some connection formulas in
section 3. Moreover, in section 4, we derive various features for the g—extensions U—Bernoulli/Euler polynomials like generating
functions, g—partial derivatives and summation relations.

2 q—U—Bernoulli, g — U—Euler polynomials and numbers

The g—Bernoulli polynomials and numbers, first defined by Carlitz [21], have attracted the attention of many mathematicians,
and a variety of their properties have been investigated. Kupershmidt, introduced g—Bernoulli polynomials and established their
reflection symmetry [22]. After that, Kim first introduced the concept of g—Euler numbers and new g—extensions of polynomials
using Kupershmidt’s method, and investigated the symmetry properties of these g—Euler polynomials using g—differentiation and
g—integration, and introduced various applications and symmetries [23].

In recent studies, degenerate Bernoulli numbers and polynomials have been investigated from a generalized perspective
of g—Bernoulli polynomials [25, 31, 33], and numerous papers have been published examining these polynomials by deriving
moment values from probability theory and relating them to various identities and values of the zeta function [26, 27, 29].

Moreover, the relationship between these degenerate polynomials and harmonic numbers has been established [28, 30]. The
significance of g—Bernoulli numbers in the g—Laplace or degenerate Laplace transforms for different values of the parameter A
used in these studies has been demonstrated [24].

In this paper, we describe the ¢ — U—Bernoulli, ¢ — U—Euler polynomials and numbers. We obtain various properties these
polynomials and numbers.

The g—Bernoulli polynomials B, (v, q) are defined by means of the following generating function

zeg (12) & 25
%(ZT _§Bs (Y7Q)[S—L!~ (12)
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Clearly, in case y = 0, B,(0,q) = B,(q) are g—Bernoulli numbers [4, 5, 13, 11].
Moreover, in the studies conducted, we can observe various generalizations of these polynomials [35, 36, 37, 38].

Definition 2.1. Let n be non-negative integer. The ¢ — U—Bernoulli polynomials M (v, q) are defined by means of the following
generating function

— z° _Zeq (z)eq (_YZ)
My, drgm=—"—""77 7" (13)
; [s]y! e (2)—1
When written y = 0 in (13), the ¢ — U—Bernoulli numbers M (q) are defined by the generating function
= z —ze,(2)
M, =21 14
; DT a1 a4

Here, we see that
lim M, (y,q) = M (r)

and

lim M, (q) = M,

g—1
where the M, (y) is s-th U—Bernoulli polynomial and M; is s-th U—Bernoulli number.
Theorem 2.1. Let B, (q) be s-th g—Bernoulli numbers.

S

m@=->(1) ..

u=0 q

Proof. If we use generating function of M, (q) numbers, we obtain

ZM () 2 =— (z) 1s)
Ul ] | e @1
(oo} ZS
Z WL 2T
z(_uz_o(u) B (‘“) BN
O
Example 2.1. The first few ¢ — U—Bernoulli numbers M, (q) are as follows:
My(g)=—1,
1
M;(q)=— 5’
_s[2],
M,(q)=— =z 1,
3] 3], [2
(4], [4],03], [4]
M@ ==L+ - g
5 5],[4 5],!
Theorem 2.2. Let M, (q) be s-th ¢ — U—Bernoulli numbers. Then
mo= (1) oM @r, ae

u=0 q
or

M, (r.q) = (1" + Z( ) 1 M, @)
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Proof. Expanding the right hand side of equation (13) via equations (15) and (1), we have

ZM (m)—s_w

e (2)—1
Z(—) [S],

=D M,(

s=0 q s=0
o S o o zs
éO(E ()q( 1 M, (q)y ")—[s]q!.

Thus, the proof is complete. O

Example 2.2. The first few M (y, q) polynomials are as follows:

MO(Y’q)z_
My (r,q) =Y—%,
_ [2],x  5[2],

My () ==+ ——+—]—1L

31,77 5[2
Ms(T,q)=Y3—[ ]gy —[3]q( Ez]q—l)r,

(4] (41,131, (5[2] [3] [3].[2]
My @) ==7*+ 57"+ [;]q q( 12q_1)yz_[4]q(_1+7q_ 12 q)y

+(_H@_[cﬂq[s] [4],! )
2 12 720

Theorem 2.3. Ifs € Ny and N, = NU {0}

s

ma+p0=> (1) CO MG

u=0 q

for qg—commuting variables y and f3.
Proof. We have
z°  —zeg(z)e,(—(y + B)z)

M =
Z (r +B, q)[], =T
—ze,(z)
= eq(Z)q— 1 eq (_Yz)eq (_ﬁz)
=e, (—ﬂz)ZOMS (r.) [:—]q,
and
e, (—Bz)= 3 By = a7n
! 5=0 [s1,"
On the other hand,
o0 zs oo S s ZS
_pAy L , c _ — Mu s —B)Y ¢ . 18
> mq!sz ) gy = Z(Z(u)q (1,0 (-6 )Mq! as)
Thus, we achieve the desired result from the equality of (17) and (18). O

Theorem 2.4. The q—derivative of M (y,q) polynomials is

Dq,yMs (Y: q) =- [S]q Msfl (Y! q) .
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Proof. We obtain
Dq,YMs (Y: q) :DQ,Y (Z (lsl)q (_1)s—u Mu (Q) ,Ys—u)
u=0
s—1
> (0) co M@,
u=0 Uy
s—1 s— 1
— 13,2, (") GO M, @O ul,
u=0 U Jq
==[s]¢M1 (1. q).
O
Theorem 2.5. The M (y,q) polynomials have the following integral property.
1
_ _Ms+1 (1’ q) _Ms+1 (CI)
L M (v,q9)d, (v) = G+, .
Proof. If we apply (4) to (16), we obtain
1 1 s
J M, (r,9)dy (1) = J >(0) Eo M @rd, o)
0 0 u=0 u q
s 1
() com@ J yod, (1)
u=0 Uq 0
N IR E—
_u:0 ulq utd [s—u+1],
— -1 i (s + 1) (_1)s+17uM ( )
[s+1], &\ u Jg uid
From (16), we have
ML)= (1) M@
uzzo: Uq
and
M, (0,q) = M, (q).
Thus
W),y () = i(s“) (1)1 M, (@)~ M1, (0,9)
o s\>4 q Y _[5+1]q e u . uq s+1 >4
— - (Ms+1 (1: q) - MH] (CI))
[s+1],
O

Theorem 2.6. The M (y,q) polynomials have the following property.

: —Uu— S S—UuU S—u
Moy (v, @)+ M (v, ) = Z ¢ (u) D My (@7
q

u=0
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Proof. From (16), we have

s+1 Sl st
M (1,9) = ( y ) UM (@
u=0 q
s+1
S —u S s+1—u s+1—u
() +a(,2,) Jermm@p
u=0 q q
s+1
() com @
u=0 Uq
s+1
—u $ s+1-u s+1-u
+.¢ (_1) DM (@ r !
u=0 q
s+1 s
=—YZ( ) DM, (@Qr ™
u=0 u q
s+1
+Z S—U S (_1)s+1—uM ( ) s+1—u
2, Z1), (@
(s s—U s—u
=—YZ( )q(—l) M, (@r

s
S
+ s—u—l( ) -1 s—uM S—u
;q " q( ) My (@)

=)+ >0 (1) M @
q

u=0

Now, we define ¢ — U—Euler polynomials A, (v, q) and study some of their feature relations.

Definition 2.2. Let n be non-negative integer. The ¢ — U—Euler polynomials A, (y, q) are defined by means of the following
generating function

2e,(2/2)(e,(2/2)—1) < 2
( eq(z)—l )eq(_YZ/Z)—;As (Y’q) [S]q!' (19)
For y = 0 in (19) the ¢ — U—Euler numbers A; (q) are defined by the generating function
2 2 2)—1 > s
e0(#/2) (ey(2/2) )=ZAS (@) (20)

e,(2)—1 pore [s1,"

Moreover, we see that

limA, (v,q) = A, (1)
and
limA; (q) =A;,
g—1
where the A; (y) is s-th U—Euler polynomial and A, is s-th U—Euler number.
Theorem 2.7. Let B, (q) be s-th qg—Bernoulli numbers and A, (q) be s-th ¢ — U—Euler numbers,

S

2@=3(3) (1) c@s.@, )

u=0

where
u

C, (q)=2ﬁ(lil)q'

i=0

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘A\,\ Kus - Ramirez - Castilla - Fadel 104

Proof. Let’s prove this using (20)

& 25 _26q(z/2)(eq(z/2)—1)
;As (Q)[S—]q! = e (z)—1

—2r0i ) sns) o
202 maG) i
—§Bs<q)[f—]q!§(§) BN 2(%) TEYN
=2 B @72 ( o 1, ()) 2) 5
=§O:Bs (@) bl 2. C; (q)(%)s [:]Sq!
=2 ( (3) (Z)c @B, (q)) : f], .
Thus the proof is completed. O
Example 2.3. First few the A, (q) numbers are as follows:
A (g) =1,
A, (q) =%2]q,
h@ ==+ 4[;](1 :
A;(q) _Bly ([;jq ~5) + [5]‘18:]? L %,
A =- [:212)! + = (ZAEZ]q -2) B [4]q1(6[2?|: 2 16;5](1 * %'

Theorem 2.8. For every s,k €N,

S

A (r,q) = Z (Z) (—%)HAH (@r™. (22)

u=0 q

Proof. By virtue of (20), we get

o0 s 2e,(2/2) (e (2/2)—1)
2400 [sz]qlz( EYEE )eq(_”m
oo ZS oo 1 s s ZS
=2 AW ;(_5) N
o0 S s 1 S—u —u ZS
-2(%0),(5) Awr )[slq!'
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Some of the A, (y, q) polynomials are as follows:

AO (Y:Q) =1,
2
Az(m)——r —lr—ﬁ+ ! 1

27776 Tam, @
3, (_[B]q[Z]q (81, + 1)Y

1
As(Y,q)—— r’+

8[2]q 12 8
B[22, -5) [5k+q’+1 1
24 8[4], 8’
1 [4], [41,[3), | [4),[3],+ 4], ,
Ay(r ) =17 —m)’3+(— YR 16[2], )
(143081, (123, —5) | [5), 14} +q*+1
48 16 4
g 4,208 -5) [4,(3%-2) 1 1
720 48 16[2], 16[5],

Theorem 2.9. The g—derivative of A, (y,q) polynomials is

Dq,rAs (Y} q) = _% [S]qu,1 (Y: q) .

S ().(3) A (q)ys—u)
S0 -

") a@s—ae

u

Proof. We obtain

—
©n
[k
S
=
Il
o
N

== 5[5l A (r0)-

Theorem 2.10. For qg—commuting variables y and 3, s € N, and N, = NU {0}
A(r+p,9)= Z (s) (—l)wAu (r,p™
—\u/q\ 2
Proof. We have
_Zeq (2/2) (eq (z/2)— 1)

BT e@mo1 @R/
2 2 2)—1
_2, (z/e)((ze; /2 o, Crai2)e, (<p3/2)
q

=e, (—ﬂz/Z)ZAS (1,9 ﬁ

and from (1) we write
o) s

s=0

On the other hand,

S

Z( ) /55[ 1, IZA (Y’q)[ 1! ZZ( ) (_‘) uAu(Y,CI)ﬁS_“[SZ]q!. (23)

s=0 u=0

Thus, the proof is obtained from the equality of (22) and (23). O
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Theorem 2.11. The A, (y, q) polynomials have the following integral property.

_ 2 (As+1 (1: Q) _As+1 (q))
[s+1],

1
J A (r,0)dg (v) =
0

Proof. If we apply (4) to (21), we obtain

1 s

Z (Dq (‘%) A1 d, (1)

— )q (_%)HAu @ Jol rde (r)
)Xt —
2, (-3 @

S (S0 o).

A (Lg)= Z (Z)q (—%)HAH (@)

f A (r,Qdg(v) =
0

“ o ?
o

From (22), we have

u=0
and
A;(0,9) =A(q).
Thus
1 s+1 s+1-u
-1 s+1 1
JO 4 =gy (Z( V)5 @i (q))
—_ 2 (As+l (1r q) _As+l (q))
[s+1], ’

The proof is complete. O

3 Some connection formulas for the polynomials M,(y,q)
Next, we explore the ¢ — U—Bernoulli polynomials M, (y, q), the Rogers-Szegé polynomials H,(y, q), and the g-Bernoulli numbers
B, (q), examining how they are related through various connection formulas.

Theorem 3.1. The g—U—Bernoulli polynomials M, (y,q) are related with the Rogers-Szego polynomials H, (v, q) and the g—Bernoulli
numbers B, (q) by the means of the following identities

S

Ms (Y: q) = _HZ(; (Z)qu—u (q)Hu (_Y, CI) . (24)
. 1 s+1
Hro=-2 () e, 25)

Proof. (24) Using Definition (13), (5) and the g—Bernoulli numbers (12) with y = 0, we have
= 2 —zeg(z)ey(—rz)
MS (,)/’ q) =~ .
; [s],! e(z)—1
[ee) Zs [ee) Zs
=—>"'B.(q) — > H,(—y,q) —
2B @7 2 H Cr D

o0 S S z
=— ZO: (Z; (u)qu_u (@QH, (-7, q)) [s—]q!.

u=
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Proof. (25) We have

Lt iM (:0) oy =72
D R M [ = R o
—; 24T +11]q (s Z 1)un r.Q [sz—]q, =§Hs (-r.9) [sz—]q,
Finally, equating the coefficients of the powers of z on both sides, we get (25). O

Theorem 3.2. The q — U—Bernoulli polynomials M; (y,q) are related with the qg—Fubini polynomials F; ;(y; w) by the means of the

following identity
uGra=3(") M@ [(1 FlRy o) =0 X)) Rt w)} . 26)
Proof. We have
P —ze,(2) - e,(— yz) 1— w( q(z)—l)
ZM(Y’q) e (2)—1 1— w(eq(z)—l)
B —ze,(2) . e,(—r2) 3 eg(—r2)e4(2) - w N wey(—rz)
B e(z)—1 |1-w (eq(z) - 1) 1—w (eq(z) — 1) l1—w (eq(z) — 1)

using the equations (15) and (9), we obtain
oo Zs [ee] ZS
;MS(Y’q)[s_]q! —ZMS(Q)E
(1+w)2 (Y,w)—— ZFW( y,w)[] ~Z[§,]
!
7 < z
M(q)ﬁZ{(Hw) o 0) - wZ( )qu( y,co)} =

T s=0

HSO (D M, (q)

X[ (A +w)F,(—r;w)— wZ()

k=0 q

M8 'ZM8 —

S

S

[s]'

Il
r—|°

Fio(=73 w)] z

Equating the coefficients of =—, we derive asserted result. O

[s]V°
Theorem 3.3. Each of the following identities holds true

Ms(r,q)=;ZO(Z(Z)q(z‘)q(—1)2“—"q(“5")M5u(q))Hi(y,q).
Ms(y;q)=i(2()()( 1u Sk(q)Z( ) )U}”(y;q)

J=0 \(k=j

Proof. The proof of this theorem uses (16), (7), (8) and the summation formula

u=0 i=0 i=0 \u=i
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Now, we combine of the Rogers-Szegt polynomials H,(y,q) and the Al-Salam Carlitz polynomials Us(“)(}f, q) with g—Bernoulli
polynomials B, (v, q) to considerto the g—Rogers-Szeg6-Bernoulli polynomials ;B,(y,q) and g—Al-Salam Carlitz—Bernoulli poly-
nomials ;B{*)(y, q) and establishes their series representation.

By employing expansion (1) in equation (12) and then replacing powers of y°,y1,v2,...,y* of v with the correlating polynomials
Hy(y,q),H,(v,q),-..,H(y,q) of Rogers-Szegd polynomials H,(y,q), and summing up the terms in the resulting equation and
denoting the resulting on the right aspect as ;B,(y, q), the following generating equation of g—Rogers-Szeg6-Bernoulli polynomials
is given:

- e,(r2)
B(r, @)= = —2 e (), y e R @7)
SZ;H Yq[]q @1 T
Theorem 3.4. For the ;B,(y,q), the following series representation holds true:
(s
HBS(Y’ CI) = Z (u) Bs—u(YJ CI) (28)
u=0 q

Proof. Using generating function (12) and expansion (1) in equation (27), we have

(oo}
> uB (Y,Q) ZZB(%q)[ RITAA
s=0 s=0 u=0
which on simplification becomes
(o]
B(y q) Bi(y q)
H > >
2 = RSB
Equating the coefficients of like powers of z on both sides of the previous formula, we obtain assertion (28). O
Similarly, employing expansion (1) in equation (12) and then replacing powers of y°,y!,y2,...,7* of y with the correlating

polynomials Uéa)(}/, qQ, UYI)(y,q), e, US(“)(}/, q) of g—Al-Salam Carlitz polinomials Us(“)(}/,q), and summing up the terms in the
resulting equation and denoting the resultant on the r.h.s. as UBS(“)(y,q), the following generating equation of g—Al-Salam
Carlitz—Bernoulli polynomials is obtained:

z eq (YZ) _ > (a) K
T e~ 2t 0 MR 29

Theorem 3.5. For the polynomials UBS(“)(}/,q), the following series representation is valid:

vBE(y,q) = Z (s) B, (U (v, ).

u=0 q

Proof. Using generating function (6) and expansion for —Bernoulli numbers in equation (29), we have

B9y, q) 2 = B(QUO(y, @) e~
;US [s]y! ;;}: []'[u]'
which on simplification becomes
S B = 3T B U )
5=0 Ll =SS [s —uly! [u]g!
Equating the coefficients of same powers of z on each side of the previous formula, we obtain assertion (28). O
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4 The Generalized ¢ — U—Bernoulli/Euler Polynomials and their properties
In this section, we derive some properties for the g—extensions U—Bernoulli and U—Euler polynomials like generating functions,
g—partial derivatives and summation relations.
Definition 4.1. Letq € C, a € N, 0 < |g| < 1. The generalized g—U—Bernoulli numbers Emgz) and the generalized g—U—Bernoulli
polynomials Dﬁgi‘l)(x, y)in x,y of order a are defined by means of the generating functions:

—ze,(2) ) I

97 ) = m n_~2

(eq(z)—l ; S [s],!

and

—ze,(2) )
meﬁzzw)— - ( a@-1 ) ey(~Y2)E,(~p2). G0

It is obvious that zmgrg(o, O)ngrq).
Definition 4.2. Letq € C, a €N, 0 < |g| < 1. The generalized ¢—U—Bernoulli numbers ng‘? and the generalized g—U—Bernoulli
polynomials ngz)(x, y)in x,y of order a are defined by means of the generating functions:

(Zeq(z/z)(eq(z/z)_ 1))r _ iﬁmi

eq(z)—l 5,q [s]q!:
N z* 2e,(z/2)(e,(z/2)—1)\"
;Q{g,tl)(y’ﬂ)[s—]ql :( 9 eq(zt)l_l ) eq(—yz/Z)Eq(_IjZ/z)’ (31)

It is obvious that ngq)(o, O)ZQlE’rq).
Theorem 4.1. The Dﬁgrq) (v, B) polynomials satisfy the following property

") N[5 (r-1)
M (y, B) = u§=0 (u)qusfu,quu,q (1.B).
Proof. If we use (30), we obtain

> o —ze (z) \"
> (r,p) —— G ] ——L= | e (—y2)E,(—B2)
q°

5=0 eq(z)—l

_ —zeg(z) [ —zey(2) r-1
e (Z)—l (e (z)—l) eq(—Y2)Ey(—pz)
M (1, f)

(s - z
:20 (ZO (u)qusfu,qimi,q o, ﬁ)) ot

Theorem 4.2. The smgfq) (v, B) polynomials have the following relation

MO ()= Y () coma+er.

u=0 q

Proof. From (30), we have

Dm0 (y, ) — =(&(_Z)1) ey(=12)E,(—p2)

poury [S] P eg(2)
=S o) 2 IR
Z q,;( 1)y [s]q g( 1)'q ﬁ[s]q!

o P oo “(”1)su (1%
—;mﬁ,i[s]qlg(u;(u)q ")

Sr+py, E2E

| < [s],!

-S(S0) e g
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|
From (30), respectively, we easily obtain
0 _N(s -1
M= (u)zm (x,0)M; (0, 8),
(r—B) S5 (e s—u
' (y,ﬁ)—zo(u)q( 1m0 (o + B,
and .
r_ s . _
WP p) = (u)quf,,; (6,00 ML) (0,8).
Proposition 4.3. We have the following features
: S s—u )., s—u
200 = (1) iy (32)
u=0 u q
and .
M (0,6) =) (S) (1) T g 33)
q “i\u), wq
Proof. Firstly let’s prove the equation (32)
= 2 —ze,(2) \"
M) (x,0) = =(—q) ey(~7)
; 4 [s1! \e -1/ ™
=S 2SNy 2
; sl Zo: [s],!
(o] S s ZS
— (_1)5—11 m](lr) stu .
pors (; (u)q 4 [s],!
Now let’s show that equation (33) is true.
> z —ze,(2) \"
M) (0, ) =(—q) Ey(—p2)
; 4 [s]y! e2)—1) 1
ST E N L1y gt 2
;,: 1 [s],! ;,: [s],!
IR S & £ WP S B
—Z(Z(H) ( 1) q 2 mu’qﬁ )[S] l
s=0 \u=0 q q
|
Proposition 4.4. From (30), we have
\ S s—y  Gowlusl) r s—u
D)= (1) 07 m) ( 0p (34)
' u=0 \W4q '
and .
(r) — S 1Y U apn() s—u
) (y,ﬁ)—zo(u)q( 1m0 (0, 6) 1. 35)

From (34) and (35), we easily obtain the following property.

Proposition 4.5.

S
S _ (s—w)(s—u—1)
2= (5) g
q

u=0

and
S

i =>(1)

u=0 q

(~1 ™ m? (o,

M (1,0)

B).
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Theorem 4.6. The Dﬁgrq) (v, B) polynomials have the following property:

3 (5) 2 pyonc, = 27 G+ ;.

u=0

Proof. From the Cauchy product rule, we have

— r z* ~ —r z' — N Y r z

On the other hand, we have

N ") 7 - % —zey(2) —zey(2) \
2B g 2 (eq(z) 1) (12l (- ﬁz)(—eq(z)_l

> s(s=1) 1) 5
-Sien e
s=0 q s=0 S]q!
o0 s s
_Z( (s) k(kl)suﬂ)_ z
s=0 \u=0 “H/q [ ]q!

20( 1y (y+/s)q[],

From (36) and the last equality, we get the desired result.

Theorem 4.7. The ngrq) (v, B) polynomials satisfy the following property
r —_ : S r—
W00 =3 (u) 2D (1),

Proof. If we use (31), we obtain

2e,(2/2 2)-1)Y
ngrq) (Y,ﬂ)[s] , ( “ (z/e)((z;’(_z/l ) )) eo(—72/2)E(—B2/2)
q

_ 2e,(2/2) (e,(z/2)—1)

eq(z)_]-
2e,(2/2) (e,(z/2)—1)\
X( q e((z)q—l )) eq(—rz/2)E,(=Pz/2)
= Q[Sq S]q Zomgrq 1)( ﬁ) [S]q

[]8 ';'MS

(u s_qulffq K (%ﬁ)) BEk

Il
o

K

Theorem 4.8. The 91?‘1) (v, B) polynomials satisfy the following relation

0ep=3(0) (3) aeeer

u=0

(36)
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Proof. From (4.2), we obtain

< 2e (z/Z) eq(2/2)— )
Z}: Eq)()”/j) ( e@)—1 ) e(—r2/2)E,(—B2/2)

:i”(?[sz]'w( 3 AP ( l)quﬂﬁ
St S0 )G
Py i( 3) R B

=§ (Z (). (-3 " (y+/5);‘“) =

From (4.2), we easily obtain the following property

A (1, 8) = Z(s)qm o (50U (0,B),

u
2(0),(3) e

S o0 (=B)
( )q%q (x, 0020 (0,8).

u

s 1 S—u
—= | AWy 3
u)q( 2) wal 37

1V G-y wis—u-1)
(—5) q AT (38)

AP (y, B) =
and

AP (v, p) = Z
u=0

Proposition 4.9.

and

a00-3(2)

u=0

Proof. We have

2e,(2/2) (e,(z/2)— 1))’
ZQ{ : e (Z) 1 ) eq(_YZ/z)

<] <] s

2@.2(1fw§;
(Z ().(3) ") i

2e,(2/2) (e (2/2)—1)
r) _
Zmﬁq( /5) ( =1 ) E,(—B2/2)

Ay Z 1) s-n o 2
:Zmﬁ,;[s—]q!Z(—E) g7z p oL

s=0

[~ (s 1V ™ mwe—u-n) 2
= __ fgl(r) s—u .
S(B0 ) e )i

s=0 \u=0

n%xw4

and

Thus, the validity of equations (37) and (38) is clearly evident. O

Proposition 4.10. From (4.2), we have

120:- ;)

u=0

1V ™ —we—u-1)
_ - 91 s—u
( 2) ¢ =T A (x,00p (39)

q

and
N

Wen=3(1) (3) Wmenr 40

u=0
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From (39) and (40), we easily obtain the following property.

. S 1V ™ -
%Ef;(r,1)=2(u)q(—5) ¢ AL (x,0)

u=0

wan=-3(5) (-3) wmos.

u=0

Proposition 4.11.

and

Theorem 4.12. The 913(}/, B) polynomials satisfy the following relation:

Z( ) 200,025, = (-3 ) 0+,

u=0

Proof. We have

DA ) [ 2 [ = ZO(Z( JRHOE :Bq)[f.

On the other hand, we obtain

&, X 7 2e,(2/2) (e,(/2)— 1)\
Z §;(Y,/3)[ ) 'zo:m( )Z_:( d ) eq(—r2/2)E,(—pz/2)

gy >4 [s],! e(z)—1
§ 2e,(2/2) (e,(z/2)—1)\ "
e(2)—1
S (L) r S (1) gt
Z( 2) T2\ 2) P
Ao (s ke o 1)5 z°
S(Z(ars ) =)
203
s=0 2 I [ ] '
O
The theorem that is employed for demonstrating the g—partial derivatives for the mgfg(y, p) and ngq)(y, B):
Theorem 4.13. For Emgq)(y, p) and ngrq) (v, B), the subsequent q—partial derivatives are valid:
D, MO (y, B) =—[s1,m", (v, B), s>1, (41)
Dy sM)(y, B) = [s1, 9 (,qP), s>1. (42)
Dy, (v, 8) = —[s]qmi”l 2B, s21, (43)
D, s 2"y, B) = %[s]qmﬁ’ﬁqw,q/s), s>1. (44)

Proof. We calculate the g—partial derivative for every value of the formula (30) in terms of y and 8 using equations (2) and (3),
respectively, this offers us

S —ze (z) \'
Z:quyfmgg(%ﬁ)ﬁ—— (eq(z:%) eq(—y2)E,(—P2).
ZD ﬁmgr;()’,/j)[ i —z(e:(z:%) e (—=y2)E,(—qp2).

We calculate the g—partial derivative for every value of the formula (31) in terms of y and f using equations (2) and (3),
respectively, this offers us

. —z ((2e4(2/2)(ey(2/2)— 1))’
Zqungq)(Y:ﬁ)[ ] | = 7( : eq(2§_1 ) eq(—}/z/Z)Eq(—ﬁz/Z)
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& " © -z 2e,(z/2)(ey(z/2)—1)\" 3 3
I D i ( -1 ¢,(—12/2)E,(~qp3/2).

Then, to produce assertions (43) as well as (44), respectively, we replicate the procedure described in the equation’s proofs (41)
as well as (42).

Theorem 4.13 has been fully proved. O
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