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Abstract

This work is a continuation of the author’s very recent study on the newly introduced wavelet type
Bernstein operators [19]. The main goal of the present study is to obtain some asymptotic properties and
quantitative results of the newly introduced wavelet type Bernstein operators by using the compactly
supported Daubechies wavelets of the given function f . The basis used in this study are approximation
theory and wavelet theory together with the rational sampling values of the function obtained by father
wavelets. Later, we will examine some quantitative and Voronovskaya-type results in some function
spaces.
Keywords: Bernstein operators, wavelets, compactly supported Daubechies wavelets, asymptotic ap-
proximation.
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1 Introduction

For a bounded real valued function f defined on the interval [0, 1] ( f ∈ B[0, 1]), the Bernstein operators Bn( f ), n≥ 1 are defined
by

Bn( f ; x) =
n
∑

k=0

f
�

k
n

�

pn,k(x) , n≥ 1, (1)

where pn,k(x) =

�

n
k

�

x k(1− x)n−k is the Bernstein basis (0≤ x ≤ 1).

In approximation theory, these operators and some of their modifications are very well-known. Since the classical Bernstein
operators (1) cannot be used for Lp[0, 1](1≤ p <∞) approximation, to obtain some positive results for these functions, their
Kantorovich and Durrmeyer type versions were considered (see, e.g., [1, 6, 9, 27]).

Very recently, as an extension and generalization of the classical Bernstein operators, Karsli introduced in [19] the following
wavelet type Bernstein operators W Bn : B[0, 1]→ C[0,1], f →W Bn f , defined as

(W Bn f )(t) := n
n
∑

k=0

pn,k(t)

1
∫

0

f (x)w(nx − k)d x , (2)

=
n
∑

k=0

pn,k(t)

λ
∫

0

f
�

x + k
n

�

w(x)d x ,

with t ∈ [0, 1], specifying that supp(w) ⊆ [0,λ], 0< λ≤ 1.

The author proved in [19] that the sequence (W Bn f ) converges pointwise and uniformly to f on [0,1], and estimated the
rate of these convergence results using the modulus of continuity, second order modulus of smoothness and Peetre’s K-functionals.
The author also obtained some results in Lpspaces for these operators.
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Based on the idea developed in [[4]-[5], [8]-[10] and [18]], the goal of this study is to obtain some asymptotic properties and
quantitative results of the newly introduced wavelet type Bernstein operators W Bn by using the compactly supported Daubechies
wavelets.

Unlike Fourier analysis (sinusoidal functions), wavelets can be tuned and adapted to the signals (target functions) and are
inherently local. Since there is no single wavelet, they can be designed to suit individual applications. They are ideal for adaptive
systems that adjust themselves to match the function.

Wavelet expansion, or reconstruction of signals via wavelets, allows for more accurate local identification and separation
of signal features. A wavelet expansion coefficient represents a component that is itself local and easier to interpret. Wavelets
can allow overlapping components of a signal to be separated in both time and frequency. Some detailed informations and
advantages of the wavelets can be found in [7].

In addition, we will see that the results obtained for operators defined using some special cases of wavelets represent a
natural extension to the classical Bernstein operators and their Kantorovich-type modifications ([15], [16]). It is also worth
noting that the operators discussed here are closely related to hybrid type operators and quasi interpolation operators (see [4],
[17], [23] and [26]).

Please also see the very recent studies of the author’s on wavelet type Bezier operators, due to the advantage of the wavelet
functions, which give some extensions of the previous results in the literature ([20] and [21]).

2 Preliminaries and auxiliary results

As usual, let C[0, 1] be the Banach space of continuous functions u : [0, 1]→ R with the usual norm, and let Lp[0, 1](1≤ p ≤∞)
denote the space of Lebesgue measurable functions f satisfying some conditions related with the p−th power.

Let us consider two orthogonal functions: the scaling function (or father wavelet) φ(t) and the wavelet function (or mother
wavelet) ψ(t). By scaling and translation of these two orthogonal functions we obtain a complete basis set. These functions have
the following important properties;

∞
∫

−∞

φ(t)d t = 1,

∞
∫

−∞

ψ(t)d t = 0,

φ,ψ ∈ L2(R), and orthogonal. (see [11], [12])

In general, the wavelets refer to the set of family of orthonormal functions of the form

ψa,b(t) =
1
p

a
ψ

�

t − b
a

�

, a > 0, b ∈ R, (3)

where ψ is the basic (mother) wavelet.

The simplest wavelet is known as the Haar wavelet given by:

ψ(x) =







1 , 0≤ x < 1
2

−1 , 1
2 ≤ x < 1

0 , e.w.

with the corresponding scaling function (father wavelet)

φ(t) =

�

1 , 0≤ x < 1
0 , e.w.

.

Haar wavelets constitutes an orthonormal system for the space of square-integrable functions on the real line.

We now consider a special orthonormal bases, called wavelets. There is a scaling function (father wavelet) φ(t) with
{φ(t − n)} are orthogonal and the mother wavelet ψ(t) based on the father wavelet φ(t) gives rise to the orthonormal basis

ψ j,k(t) := 2 j/2ψ(2 j t − k). (4)

of L2(R).
Moreover, a multiresolution analysis (MRA) is a sequence (V j) j∈Z of closed subspaces of L2(R), whose elements are scaling

functions (father wavelets).
It is well-known that, each f ∈ L2(R) has the following representation

f (x) =
∑

j∈Z

∑

k∈Z

b j,kψ j,k(x),
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called wavelet expansion and b j,k are wavelet coefficients given by

b j,k = 〈 f (x),ψ j,k(x)〉= 2 j/2

∫

R

f (x)ψ(2 j x − k)d x .

(see [3], [13], [22], [24] and [28]).

Let us assume that father wavelets w ∈ L∞(R) satisfies:

a1) w is a compactly supported, namely there is a real constant 0< λ≤ 1 such that supp w ⊂ [0,λ],
a2)

∫

R

w(x)d x = 1,

a3) the first N moments of the father wavelet w satisfy

mw
j (w) :=

∫

R

x j w(x)d x = 0, j = 1, ..., N .

Obviously, the absolute moments of the father wavelet w

M w
j (w) :=

∫

R

|x | j |w(x)| d x < +∞

for every j ∈ N0 := {0} ∪N.

Wavelets that meet the above conditions are called compactly supported Daubechies wavelets. Daubechies wavelets have
strong relations with the properties of continuity and differentiability.

They are supported with [0,2N − 1], in addition there exists a constant r > 0 such that for N ≥ 2, w ∈ C rN (R) and have a
given number of vanishing moments.

When N = 1, then the first Daubechies wavelet ψ will be the classical Haar basis. As N increases, the regularity of the wavelet
increases (see [11], [12]).

This means that if we want to use Daubechies wavelets to reconstruct a function, it is more convenient to choose or construct
wavelets based on the continuity or differentiability properties of the given function.

Owing to the above definitions, first of all we will recall the wavelet type Bernstein operators W Bn introduced by the author
[19].

Definition 6 [19]. Let f ∈ B[0,1], and let w ∈ L∞(R) be a father wavelet satisfying a1)-a3). Then the wavelet type Bernstein
operators are defined by:

(W Bn f )(t) := n
n
∑

k=0

pn,k(t)

1
∫

0

f (x)w(nx − k)d x ,

with t ∈ [0,1], specifying that supp(w) ⊆ [0,λ], 0< λ≤ 1.

Remark 1 [19]. If we choose the father wavelet w as the Haar scaling function, namely w(x) = χ[0,1](x), then clearly our wavelet
type operators reduce to the Kantorovich form of the Bernstein operators. Indeed:

(W Bn f )(t) = n
n
∑

k=0

pn,k(t)

1
∫

0

f (x)w(nx − k)d x

=
n
∑

k=0

pn,k(t)

1
∫

0

f
�

u+ k
n

�

w(u)du

= n
n
∑

k=0

pn,k(t)

k+1
n
∫

k
n

f (z) dz = (Kn f )(t).

This shows that the wavelet type Bernstein operators (2) are a natural extension of the Kantorovich type of the Bernstein operators.
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3 Fundamental properties

The following approximate results for the wavelet type Bernstein operators need to be remembered for dealing with application
and reconstruction of functions. In particular, the following convergence theorem applies when continuous signals (functions)
are considered.

As presented and proved in [19] we have the followings.

Theorem 1 [19]. Let f ∈ B[0,1] and let w ∈ L∞(R) be a father wavelet satisfies a1)-a3). Then the moments of wavelet type
Bernstein operators, constructed by using the compactly supported Daubechies wavelets (2) and the Bernstein operators (1) are the
same, namely

(W Bn x s)(t) = (Bn x s)(t), s = 0, 1, ..., K

holds true.

Remark 2 [19]. By the properties a2) and a3), one gets

(W Bn (x − t)β )(t) =
1
nβ

n
∑

k=0

pn,k(t) (k− nt)β

= (Bn (x − t)β )(t).

Throughout this work, the first two central moments of the wavelet type Bernstein operators (2) satisfy

µ1(t) :=
1
n

n
∑

k=0

pn,k(t) (k− nt) = 0, (5)

µ2(t) :=
1
n2

n
∑

k=0

pn,k(t) (k− nt)2 =
t(1− t)

n
≤

1
4n

for every t ∈ [0,1].

It is also well-known that for each s ∈ N0 there is a constant As only depending upon s such that

0≤ µ2s(t)≤
As

ns
<∞

hold ( page 15 eq (6) Lorentz [25], see also [2]).

Moreover, for every t ∈ [0, 1] and for some β > 0, the discrete absolute moments of order β satisfy

eµβ (t) := (Bn |x − t|β )(t)≤ 2Γ
�

β

2
+ 1

�

1
nβ/2

<∞, (6)

where Γ (•) stands for the Gamma function (see [2]).

In [19] we have also proved the following:

Theorem 2 [19]. Let f ∈ B[0, 1] and let ψ ∈ L∞(R) be a father wavelet satisfying a1)-a3). Then

lim
n→∞

(W Bn f )(t0) = f (t0)

holds true at each point t0 of continuity of f .

As a consequence of the Theorem 2, we have also the following uniform convergence result.

Corollary 1. The same arguments of Theorem 2 apply to the case when f ∈ C[0,1]. In this case the convergence is uniform with
respect to t ∈ [0, 1], and hence one has

lim
n→∞

‖(W Bn f )− f ‖C[0,1] = 0.

4 Asymptotic expansion and Voronovskaya-type theorems

This section provides the main approximation results of the paper. We are now ready to establish one of the first main results of
this study, which gives a strong relation between Bernstein operators (1) and our new operators (2) constructed by wavelets.

We will give some asymptotic formulas, quantitative estimates and some Voronovskaya type theorems for the wavelet type
Bernstein operators. We have the following result.
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Theorem 5. Let f : [0, 1]→ R be a bounded function. Moreover, we assume that f ′ (t) exists at a fixed point t. Then the following
asymptotic formula holds:

(W Bn f ) (t) = f (t) + o
�

n−1/2
�

, (n→∞) .

Proof. Since f ′ (t) exists at a point t, then by the local Taylor’s formula we have

f (x) = f (t) + f ′ (t) (x − t) + h (x − t) (x − t) ,

where h is a bounded function such that lim
y→0

h (y) = 0.

In view of (2) and by the local Taylor’s formula, we can write

(W Bn f ) (t) = n
n
∑

k=0

pn,k(t)

1
∫

0

f (x)w(nx − k)d x

= n
n
∑

k=0

pn,k(t)

1
∫

0

�

f (t) + f ′ (t) (x − t) + h (x − t) (x − t)
�

w(nx − k)d x

(W Bn f ) (t) = n
n
∑

k=0

pn,k(t)

1
∫

0

�

f (t) + f ′ (t) (x − t)
�

w(nx − k)d x

+ n
n
∑

k=0

pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x

=: I1 + R.

Let us analyze the terms I1 and R, respectively. Let us consider the term I1.

I1 = n
n
∑

k=0

pn,k(t)

1
∫

0

�

f (t) + f ′ (t) (x − t)
�

w(nx − k)d x

= f (t) + f ′ (t)n
n
∑

k=0

pn,k(t)

1
∫

0

(x − t)w(nx − k)d x .

Note that

x − t =
nx − nt

n
=

nx − k− nt + k
n

=
nx − k

n
−

nt − k
n

, (7)

and hence

|x − t| ≤
�

�

�

�

nx − k
n

�

�

�

�

+

�

�

�

�

nt − k
n

�

�

�

�

(8)

holds true. So, one has from (7)

I1 = f (t) + f ′ (t)n
n
∑

k=0

pn,k(t)

1
∫

0

(x − t)w(nx − k)d x

= f (t) + f ′ (t)n
n
∑

k=0

pn,k(t)

1
∫

0

�

nx − k
n

−
nt − k

n

�

w(nx − k)d x

= f (t) + f ′ (t)
n
∑

k=0

pn,k(t)

1
∫

0

(nx − k)w(nx − k)d x

− f ′ (t)
n
∑

k=0

(nt − k)pn,k(t)

1
∫

0

w(nx − k)d x .
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Owing to the definition and the properties of the compactly supported Daubechies wavelets, one has

I1 = f (t) + f ′ (t)
mw

1 (w)

n
+ f ′ (t)µ1(t)

= f (t).

Now we evaluate the remainder term R.

Let ε > 0 be fixed. Since h (y) is a bounded function such that lim
y→0

h (y) = 0, there exists δ > 0 such that |h(y)| ≤ ε for every |y| ≤ δ.

Hence one obtains

R= n
n
∑

k=0

pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x

= n
∑

| kn−t|≥δ
pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x

+ n
∑

| kn−t|<δ
pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x

:= R1 + R2.

In view of (8), we obtain

|R2|=

�

�

�

�

�

�

n
∑

| kn−t|<δ
pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x

�

�

�

�

�

�

≤ ε
∑

| kn−t|<δ
pn,k(t)

1
∫

0

[|nx − k|+ |nt − k|] |w(nx − k)| d x

= ε
∑

| kn−t|<δ
pn,k(t)

1
∫

0

|nx − k| |w(nx − k)| d x

+ ε
∑

| kn−t|<δ
pn,k(t) |nt − k|

1
∫

0

|w(nx − k)| d x

≤ ε
�

M w
1 (w)

n
+ eµ1(t)M

w
0 (w)

�

= o
�

n−1/2
�

for n→∞. Moreover, choosing a constant B > 0 such that |h(y)| ≤ B we have

|R1| ≤ B

�

M w
1 (w)

n
+ eµ1(t)M

w
0 (w)

�

= o
�

n−1/2
�

as n→∞. Thus
lim

n→∞
|R|= 0,

and hence the claim follows.

Theorem 6. Let f ∈ B[0,1] and let t ∈ [0,1] be fixed. If for a certain r ∈ N, f ∈ C r locally at the point t, then the following
asymptotic formula holds:

(W Bn f ) (t) = f (t) +
r
∑

i=1

f (i) (t)
i!

µi (t) + o
�

n−r/2
�

, (n→∞) ,

where µi is the i − th order algebraic moment.

Proof. Since f (r) (t) exists at a point t, then there exists a bounded function h such that lim
y→0

h (y) = 0. By the local Taylor’s formula

we have

f (x) =
r
∑

i=0

f (i) (t)
i!

(x − t)i + h (x − t) (x − t)r . (9)
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In view of (2) and (9), we can write

(W Bn f ) (t) = n
n
∑

k=0

pn,k(t)

1
∫

0

f (x)w(nx − k)d x

= n
n
∑

k=0

pn,k(t)

1
∫

0

�

r
∑

i=0

f (i) (t)
i!

(x − t)i + h (x − t) (x − t)r
�

w(nx − k)d x

= n
n
∑

k=0

pn,k(t)

1
∫

0

�

r
∑

i=0

f (i) (t)
i!

(x − t)i
�

w(nx − k)d x

+ n
n
∑

k=0

pn,k(t)

1
∫

0

h (x − t) (x − t)r w(nx − k)d x

=: I1 + R.

Let us analyze the terms I1 and R, respectively. Let us consider the term I1.

I1 = n
n
∑

k=0

pn,k(t)

1
∫

0

�

r
∑

i=0

f (i) (t)
i!

(x − t)i
�

w(nx − k)d x

= f (t) + n
n
∑

k=0

pn,k(t)

1
∫

0

�

r
∑

i=1

f (i) (t)
i!

(x − t)i
�

w(nx − k)d x

= f (t) + n
n
∑

k=0

pn,k(t)

�

r
∑

i=1

f (i) (t)
i!

�
1
∫

0

(x − t)i w(nx − k)d x .

As in the proof of Theorem 5, note that

(x − t)i =
�nx − nt

n

�i

=
�

nx − k
n

−
nt − k

n

�i

,

and applying Binomial expansion, one has

(x − t)i =
i
∑

v=0

�

i
v

�

�

nx − k
n

�v �

−
nt − k

n

�i−v

.

So we can write

I1

= f (t) + n
n
∑

k=0

pn,k(t)

�

r
∑

i=1

f (i) (t)
i!

�
1
∫

0

�

i
∑

v=0

�

i
v

�

�

nx − k
n

�v �

−
nt − k

n

�i−v
�

w(nx − k)d x

= f (t) + n
r
∑

i=1

f (i) (t)
i!ni

n
∑

k=0

pn,k(t)
i
∑

v=0

�

i
v

�

(k− nt)i−v

1
∫

0

(nx − k)v w(nx − k)d x

= f (t) + n
r
∑

i=1

f (i) (t)
i!ni

i
∑

v=0

�

i
v

� n
∑

k=0

pn,k(t) (k− nt)i−v

1
∫

0

(nx − k)v w(nx − k)d x .

In view of a2), Remark 2 and using the condition a3) when N = n, we have

I1 = f (t) +
r
∑

i=1

f (i) (t)
i!

µi (t) .

Now we evaluate the term remainder term R.
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Let ε > 0 be fixed. Since h (y) is a bounded function such that lim
y→0

h (y) = 0, there exists δ > 0 such that |h(y)| ≤ ε for every |y| ≤ δ.

We have

|R| ≤ n
n
∑

k=0

pn,k(t)

1
∫

0

|h (x − t)| |x − t|r |w(nx − k)| d x

= n





∑

| kn−t|≥δ
+

∑

| kn−t|<δ



 pn,k(t)

1
∫

0

|h (x − t)| |x − t|r |w(nx − k)| d x

:= R1 + R2,

and hence

R2 ≤ εn
∑

| kn−t|<δ
pn,k(t)

1
∫

0

|x − t|r |w(nx − k)| d x

= εn
∑

| kn−t|<δ
pn,k(t)

1
∫

0

r
∑

v=0

�

r
v

��

�

�

�

nx − k
n

�

�

�

�

v �
�

�

�

−
nt − k

n

�

�

�

�

r−v

|w(nx − k)| d x

= εn
r
∑

v=0

�

r
v

�

∑

| kn−t|<δ
pn,k(t)

�

�

�

�

−
nt − k

n

�

�

�

�

r−v
1
∫

0

�

�

�

�

nx − k
n

�

�

�

�

v

|w(nx − k)| d x

=
ε

nr

r
∑

v=0

�

r
v

�

∑

| kn−t|<δ
pn,k(t) |k− nt|r−v M w

v (w)

≤ ε
r
∑

v=0

�

r
v

�

M w
v (w)eµr−v(t)

nv
.

Moreover, choosing a constant B > 0 such that |h(y)| ≤ B we have

R1 ≤ B
r
∑

v=0

�

r
v

�

M w
v (w)eµr−v(t)

nv
.

Thus
lim

n→∞
|R|= 0,

and hence the claim follows.

As a consequence of Theorems 5 and 6 we can establish the following first and second order Voronovskaya type theorems,
respectively.

Theorem 7. Let f ∈ B[0,1] and let t ∈ [0,1] be fixed. If f ∈ C1 locally at the point t, then we have

lim
n→∞

n1/2 [(W Bn f ) (t)− f (t)] = 0.

Proof. Applying the asymptotic formula of Theorem 6 with r = 1, and using (9) and assumption (5), we can write:

(W Bn f ) (t) = f (t) + f ′ (t)µ1 (t) + o
�

n−1/2
�

, (n→∞) .

Then the proof follows by passing to the limit for n→∞.

Theorem 8. Let f ∈ B[0,1] and let t ∈ [0,1] be fixed. If f ∈ C2 locally at the point t, then we have

lim
n→∞

n [(W Bn f ) (t)− f (t)] =
1
2

f ′′ (t)µ2 (t)

=
t(1− t)

2
f ′′ (t) .

Proof. As in the proof of Theorem 7, applying the asymptotic formula of Theorem 6 with r = 2, and using (9) and assumption (5) ,
we can write:

(W Bn f ) (t) = f (t) +
2
∑

i=1

f (i) (t)
i!

µi (t) + o
�

n−2/2
�

, (n→∞) .

Then the proof follows by passing to the limit for n→∞.

The above Theorems show that the order of pointwise approximation is at least of order O(n−1/2), and O(n−1), as n→ +∞,
respectively.
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5 Quantitative Voronovskaya type estimates

In this section we will give some quantitative estimates for the Voronovskaya type results given in the previous section.

Let f : I → R be function.

Let us denote by L∞(I) the space of all essentially bounded functions endowed with the essential sup-norm ‖•‖∞ .

By C0(I),we denote the space of all uniformly continuous and bounded functions f : I → R. For m≥ 1 by Cm(I) the subspace
of C0(I) whose elements f : I → R are m−times continuously differentiable and f (k) ∈ C0(I).

At first we recall some important relation and estimation on the Taylor remainder term obtained by Gonska et al. [14].
For C[0, 1], let us consider the following Peetre’s K−functional:

K1( f ;δ) := inf
g∈W 1
{‖ f − g‖∞ +δ



g ′




∞},

where δ > 0 and W 1 = {g ∈ C[0,1] : g ′ ∈ C[0,1]}. Then there exists an absolute constant C > 0 such that

C−1ω( f ;
p

δ)≤ K1( f ;δ)≤ Cω( f ;
p

δ),

where
ω( f ;

p

δ) := sup
0<h≤

p
δ

sup
x∈[0,1]

| f (x + h)− f (x) |

is the first order modulus of continuity of f .

Let f ∈ Cm(I) and consider the following version of the Taylor formula;

f (t) =
m
∑

i=0

f (i) (t0)
i!

(t − t0)
i + Rm( f ; t, t0),

where t, t0 ∈ I and Rm( f ; t, t0) = h (t0 − t) (t0 − t)m is the remainder term satisfying

|Rm( f ; t, t0)| ≤
|t − t0|

m

m!
ω
�

f (m); |t − t0|
�

and

|Rm( f ; t, t0)| ≤ 2
|t − t0|

m

m!
K1

�

f (m);
|t − t0|

2(m+ 1)

�

(10)

(see [14]).

Here we study quantitative estimates of the convergence results given in Theorems 5 and 6.

Theorem 9. Under the assumptions of Theorem 5, namely let f be a bounded function f : [0, 1]→ R. Moreover, we also assume that
f ∈ C1 locally at a fixed point t. Then there holds

|n ((W Bn f ) (t)− f (t))| ≤ 2D1K1

�

f ′;
D2

4nD1

�

,

where

D1 = M w
1 (w) +M w

0 (w)eµ1(t)

D2 = M w
2 (w) +M w

0 (w)eµ2(t) + 2M w
1 (w)eµ1(t),

and M w
i (•) (i = 0, 1,2) are the absolute moments.

Proof. Using the Taylor formula of the first order as in Theorem 5

f (x) = f (t) + f ′ (t) (x − t) + h (x − t) (x − t) ,

where h is a bounded function such that lim
y→0

h (y) = 0, we get

(W Bn f ) (t) = n
n
∑

k=0

pn,k(t)

1
∫

0

�

f (t) + f ′ (t) (x − t) + h (x − t) (x − t)
�

w(nx − k)d x ,

and hence

(W Bn f ) (t)− f (t) = f ′ (t)n
n
∑

k=0

pn,k(t)

1
∫

0

(x − t)w(nx − k)d x
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+ n
n
∑

k=0

pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x

= f ′ (t)
mw

1 (w)

n
+ n

n
∑

k=0

pn,k(t)

1
∫

0

h (x − t) (x − t)w(nx − k)d x .

Recalling the properties of the moments of the wavelets, namely,

mw
j (w) :=

∫

R

x j w(x)d x = 0, j = 1, ..., N ,

and the definition of the first order remainder term

R1( f ; t, x) = h (x − t) (x − t) ,

we can immediately obtain

(W Bn f ) (t)− f (t) = n
n
∑

k=0

pn,k(t)

1
∫

0

R1( f ; t, x)w(nx − k)d x .

The last equality yields

|(W Bn f ) (t)− f (t)|

≤ n
n
∑

k=0

pn,k(t)

1
∫

0

|R1( f ; t, x)| |w(nx − k)| d x .

According to (10), one has

|(W Bn f ) (t)− f (t)|

≤ n
n
∑

k=0

pn,k(t)

1
∫

0

2 |t − x |K1

�

f ′;
|t − x |

4

�

|w(nx − k)| d x .

Let g ∈ C2 be fixed. Then there holds

|(W Bn f ) (t)− f (t)|

≤ 2n
n
∑

k=0

pn,k(t)

1
∫

0

|t − x |
§



 f ′ − g ′




∞ +
|t − x |

4



g ′′




∞

ª

|w(nx − k)| d x

= 2


 f ′ − g ′




∞ n
n
∑

k=0

pn,k(t)

1
∫

0

|t − x | |w(nx − k)| d x

+
2‖g ′′‖∞

4
n

n
∑

k=0

pn,k(t)

1
∫

0

|t − x |2 |w(nx − k)| d x .

By (8) we also have

|x − t|2 ≤
�

�

�

�

nx − k
n

�

�

�

�

2

+

�

�

�

�

nt − k
n

�

�

�

�

2

+ 2

�

�

�

�

nx − k
n

�

�

�

�

�

�

�

�

nt − k
n

�

�

�

�

,

yields

|(W Bn f ) (t)− f (t)|

≤ 2


 f ′ − g ′




∞ n
n
∑

k=0

pn,k(t)

1
∫

0

�

�

�

�

nx − k
n

�

�

�

�

|w(nx − k)| d x

+ 2


 f ′ − g ′




∞ n
n
∑

k=0

pn,k(t)

1
∫

0

�

�

�

�

nt − k
n

�

�

�

�

|w(nx − k)| d x
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+
2‖g ′′‖∞

4
n

n
∑

k=0

pn,k(t)

1
∫

0

�

�

�

�

nx − k
n

�

�

�

�

2

|w(nx − k)| d x

+
2‖g ′′‖∞

4
n

n
∑

k=0

pn,k(t)

1
∫

0

�

�

�

�

nt − k
n

�

�

�

�

2

|w(nx − k)| d x

+
2‖g ′′‖∞

4
n

n
∑

k=0

pn,k(t)

1
∫

0

2

�

�

�

�

nx − k
n

�

�

�

�

�

�

�

�

nt − k
n

�

�

�

�

|w(nx − k)| d x

=
2‖ f ′ − g ′‖∞

n

�

eµ0(t)M
w
1 (w) +M w

0 (w)eµ1(t)
	

+
2‖g ′′‖∞

4n2

�

eµ0(t)M
w
2 (w) +M w

0 (w)eµ2(t) + 2M w
1 (w)eµ1(t)

	

=:
2‖ f ′ − g ′‖∞

n
D1 +

2‖g ′′‖∞
4n2

D2

Finally we have

|(W Bn f ) (t)− f (t)| ≤
2D1

n
{‖ f − g‖∞ +

D2

4nD1



g ′




∞}

≤
2D1

n
K1

�

f ′;
D2

4nD1

�

.

Similarly we have the following quantitative estimates for the r − th order asymtotic expansion obtained in Theorem 6.

Theorem 10. Under the assumptions of Theorem 6 we also assume that f ∈ C r locally at a fixed point t, then we have
�

�

�

�

�

nr

�

(W Bn f ) (t)− f (t)−
r
∑

i=1

f (i) (t)
i!

µi (t)

�

�

�

�

�

�

≤
2Lr

r!
K1

�

f (r);
Jr

2n(r + 1)Lr

�

,

where

Lr =
r
∑

k=0

�

r
k

�

M w
k (w)eµr−k(t)

Jr =
r+1
∑

k=0

�

r + 1
k

�

M w
k (w)eµr+1−k(t).

Proof. Using the Taylor formula of the r − th order as in Theorem 6, we get
�

�

�

�

�

(W Bn f ) (t)− f (t)−
r
∑

i=1

f (i) (t)
i!

µi (t)

�

�

�

�

�

≤ n
∞
∑

k=−∞

pn,k(t)

1
∫

0

|h (x − t)| |x − t|r |w(nx − k)| d x .

Since the remainder term Rr( f ; t, x) = h (x − t) (x − t)r satisfies (10), we can write
�

�

�

�

�

(W Bn f ) (t)− f (t)−
r
∑

i=1

f (i) (t)
i!

µi (t)

�

�

�

�

�

≤ n
n
∑

k=0

pn,k(t)

1
∫

0

2
|t − x |r

r!
K1

�

f (r);
|t − x |

2(r + 1)

�

|w(nx − k)| d x .
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Let g ∈ C r be fixed. Then there holds
�

�

�

�

�

(W Bn f ) (t)− f (t)−
r
∑

i=1

f (i) (t)
i!

µi (t)

�

�

�

�

�

≤ 2n
n
∑

k=0

pn,k(t)

1
∫

0

|t − x |r

r!

§



 f (r) − g(r)




∞ +
|t − x |

2(r + 1)



g(r+1)




∞

ª

|w(nx − k)| d x

= 2


 f (r) − g(r)




∞ n
n
∑

k=0

pn,k(t)

1
∫

0

|t − x |r

r!
|w(nx − k)| d x

+
2


g(r+1)




∞

2(r + 1)
n

n
∑

k=0

pn,k(t)

1
∫

0

|t − x |r+1

r!
|w(nx − k)| d x .

By Binomial expansion we have

|x − t|i ≤
i
∑

k=0

�

i
k

��

�

�

�

nx − k
n

�

�

�

�

k �
�

�

�

nt − k
n

�

�

�

�

i−k

.

This yields
�

�

�

�

�

(W Bn f ) (t)− f (t)−
r
∑

i=1

f (i) (t)
i!

µi (t)

�

�

�

�

�

≤
2


 f (r) − g(r)




∞

r!
n

n
∑

k=0

pn,k(t)

1
∫

0

r
∑

k=0

�

r
k

��

�

�

�

nx − k
n

�

�

�

�

k �
�

�

�

nt − k
n

�

�

�

�

r−k

|w(nx − k)| d x

+
2


g(r+1)




∞

2(r + 1)!
n

n
∑

k=0

pn,k(t)

1
∫

0

r+1
∑

k=0

�

r + 1
k

��

�

�

�

nx − k
n

�

�

�

�

k �
�

�

�

nt − k
n

�

�

�

�

r+1−k

|w(nx − k)| d x .

=:
2


 f (r) − g(r)




∞

r!nr
Lr +



g(r+1)




∞

(r + 1)!nr+1
Jr ,

where

Lr =
r
∑

k=0

�

r
k

�

M w
k (w)eµr−k(t)

Jr =
r+1
∑

k=0

�

r + 1
k

�

M w
k (w)eµr+1−k(t)

Finally we have the following quantitative estimate
�

�

�

�

�

(W Bn f ) (t)− f (t)−
r
∑

i=1

f (i) (t)
i!

µi (t)

�

�

�

�

�

≤
2Lr

r!nr
{


 f (r) − g(r)




∞ +
Jr

2n(r + 1)Lr



g ′




∞}

≤
2Lr

r!nr
K1

�

f (r);
Jr

2n(r + 1)Lr

�

.

This completes the proof.

As corollaries of the Theorem 10 for r = 1 and r = 2, we obtain quantitative estimates for the first and second order
Voronovskaya Theorems 7 and 8 proved in the previous section, respectively.
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