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Abstract

In this article, we present the best possible proof of the conjectures posed by re-searchers Li Yin et al. and
Riku Klen et al., along with the appropriate bounds involv-ing generalized trigonometric and hyperbolic
functions. These inequalities are further generalized with the best possible bounds. Alternative proofs of
the Cusa-Huygens inequality were given using particular cases.

1 Introduction
For 0 <t <1, we know that,
t
arcsin(t) = f (1 —x"f71 dx
0
And
1
7-[ . PR
5= arcsin(1) =f (1—x*)7dx.
0

From this result it is easy to define trigonometric sine function in the interval [0, 7] as the inverse of arcsine and it can be
extended up to infinity. Also, In Dirichlet equation for the one-dimensional Laplacian, the eigenfunction is defines as the inverse
of the function o, : [0,1] = R,

t
o, (t) = f (1—xP)7 dx.
0
21
psin(%) :
In the year 1995, Lindqvist [7] defined a generalized version of the trigonometric and hyperbolic function. The generalized
arcsin,, is defined as,

This eigenfunction is corresponding to the eigenvalue involving 7, = We can denote o ,(t) as arcsin,(t).

t
arcsin, (t) = f (1 —x")_?1 dx,
0

and the inverse of arcsin, (t) is said to be the generalized sine function sin,(t) for all t € (O, nz—”] and 1 < p < 0o. The constant
%‘) is defined as

1

T[p . =1
5= arcsin, (1) = [ (1—x?)7 dx
0

T T 1 1 1
=—|cec—|==-T|{1—=|T| =),
P P p P p
where, the T represents the gamma function leading to the result, 7, = psTigﬂ)'
P
The generalized sine function is strictly increasing in [0, T;—"], since sin,(0) =0, sinp(%p) = 1. We can extend this function on
(—00, 00) by the periodicity of 27r,. Now the generalized cosine function is defined as [12],

cos (t)—i[sin ()] O<t<ﬂ
PR g T T T
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And
L1 cos (£)] = —[cos®P(£)sin? " (0)], 0 < £t < -2
dg ORI TLES p L ESE=T

Similarly, the generalized tangent function is defined as,

sin,(t)

T
tan, (t) = teR\{knP+?":keZ}.

cos,(t)

And

d ”p 1Cp
fadl = P P P
dt(tanp(t)) 1+ [tan, (¢)[P, te( 25 )

The generalized secant and cosecant functions are also defined in the form of a generalized sine and cosine function.

sec ()= ———, te[0,22)
L cos,(t)’ T2

And
d _ o1 T,
E(secp(t)) = secp(t)tanp (t), t [0, ?)

Now, the generalized inverse hyperbolic sine function arcsinh,, is given as,

t
J (1 +xp)%1dx, t € (0, 00),
0

—arcsinh, (—t), t € (—00,0).

arcsinh, (t) =

The inverse of arcsinh,(t) is said to be the generalized hyperbolic p-sine function sinh,(t).
Similarly, the generalized hyperbolic cosine function is given as,

d ..
cosh,(t) = E[smhp(t)].
And
41 osh ()] = cosh? 7 (£) sinh?(¢)
g O = COST, P )

The generalized hyperbolic tangent, secant and cosecant functions are also defined using the generalized sine and cosine functions.

sinh, (t) 1

tanhp(t) = m, SEChp(t) = m
P p

And

%[tanhp(t)] =1 —tanhg(t), %[sechp(t)] = —sechp(t)tanhi_l(t).

When p = 2, all these results coincide with the classical trigonometric and hyperbolic functions.

These results were also used to establish some well-known classical inequalities. For more details (see [2, 3, 4]).

In the year 2012,Takeuchi [8] defined the two-parameter is said to be the generalized sine function with two-parameter sin,, ,(t).
This function is the inverse of:

t
arcsin, ,(t) = J (1 —xq)%1 dx,
0

where q,p € (1,00) and t € [0, 1]. If p = q then it becomes sin,(t) and expands to (—00, 00).. Similarly, using the generalized
sine function of two-parameter, the generalized cosine and tangent functions are also defined.
The generalized hyperbolic sine function of two-parameter, sinh, ,(t) is the inverse of,

t
arcsinh,, ,(t) = f (1 +xq)%ldx, t € (0, 00).
0

The generalized hyperbolic cosine and tangent functions with two-parameter are also defined in a similar way using the generalized
hyperbolic sine function. In recent years, many researchers have studied these generalized trigonometric and hyperbolic functions.
For more information (see [3, 9, 11, 12, 13, 14]).

In Section 2 we list preliminary results and lemma that are used in the proof of our main results. Section 3 we establish some
classical inequalities with best possible bounds and particular cases. In Section 4 we have given the best possible proof of the
three main conjectures posed by Huang et al and Riku Klen et al and Section 5 is the conclusion of the article.
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2 Preliminaries and Lemma

In this section, we see some important results and lemmas, which play a crucial role in the proof of our main theorem.
Lemma 2.1. [10] For —00 < a < b < 00 and the functions f,g : [a,b] — R are continuous and differentiable on (a, b) with
gla)=f(a)=0o0r g(b) = f(b) = 0. Assume that, gl(t) # 0 for all t € (a,b). IfJ;—, is decreasing (increasing) on (a, b) then ﬁ is
also decreasing (increasing) on (a, b) .

Lemma 2.2. For p €(1,2] and for all t € (O, nz—"], the function sinp(8)

—t cos, (t)

n increases strictly.

Proof. Consider the function,

sin, () —tcos, () £,(¢)

f(t) = - >
t f2(t)
where f;(t) = sin,(t) — t cos,(t), f,(t) = t and clearly f;(0) = f,(0) = 0. Differentiation with respect to t we get,
£©)
—— = cos, (t) —cos,(t) + tsin,(t) tan? (¢
0 H (1) o (1) p(t) tanf~=(¢)
= tsinp(t)tanﬁ_z(t) >0,
which is increasing function, this implies that ;1,8 is strictly increasing. Hence, according to Lemma 2.1, the function f(t)
2
increases strictly. O
Lemma 2.3. Forall t € (0, nz—p) and p € [2, 00), the function f(t) = % is strictly increasing.

Proof. Consider the function,

0t g
g()= —tanh (t)  g,(0)’

where g;(t) = tan,(t) —t and g(t) = t —tanh,(t) with g,(0) = g,(0) = 0. On Differentiation, we get
g;(t) B tan? (t)
g;(t) - tanhﬁ(t)

= tang(t) cothg(t),

/
. . . . . P . t) . . . . .
which is the increasing function, this implies that g}—it; increases strictly. By Lemma 2.1, the function g(t) also increases strictly. O
&

(p+cosp (t))(tan, (£)—t)
t

Lemma 2.4. For p €(1,2]and t € (0, n—z”], the function is strictly increasing.

Proof. Consider the function,

(p + cos,(t))(tan,(t) —t) (D)

h(t) = = ,
© r ha(6)
where h;(t) = (tan,(t) — t)(p + cos,(t)) and h,(t) = t with h;(0) = h,(0) = 0. On differentiation, we get
1y (1)
— = ptan®(t) +sin, (t)tan?~2(t
o = PO+ siny(0)ran? 2(0)
— g -2
—smp(t)tani (t)[ptan,(t)sec,(t) + 1],
which is increasing for all t € (O, nz—p], implies that :}8 strictly increasing. By Lemma 2.1, the function h(t) is also strictly
increasing. ’ O

Lemma 2.5. [1]Let b,>0,n=1,2,--- ,k then

w > YA 460+ by A+ b)—13 4/bib, by,

Lemma 2.6. [12]Forp>0andt € (0, nz—") the function w is strictly increasing.

Lemma 2.7. [12]Forp>1andt € (0, ﬂz—"], the function w is strictly decreasing.
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Lemma 2.8. For p €[2,00), the function f(t) = tanﬁ’l(t) - tanhg_l(t) is strictly increasing in (0, n—;).
Proof. By differentiation, we get

f/(t) =(p— 1)[tan§’2(t)(1 + tanﬁ(t)) —tanhz_z(t)(l - tanhi(t))].
Now, for p > 2,

F/(6) = (p—1)(tan?(t) — tanh2(¢)) > 0,

since tan,(t) > tanh, (t). Therefore, the function f (t) is strictly increasing. O

3 Main Result:-1

Theorem 3.1. For p €[2,00), t €(0,00) and a; —pa, <0, a, >0,

(smhtp(t)) +(tanh:(t)) - o

Proof. From the A-G mean inequality as stated in [1] and [4],

o’ +p°>2a7p3.

sinh,(t) 7 tanh, (t) %
(=) ()

sinh, (¢)\ 7 ( sinh,(£) \?
( t ) (tcoshp(t))

. (Sinhp(t))a1 N (tanhp(t))“2 S 2(Sinhp(t)) 2 ( 1 )7 @
t t t cosh, (t)

using the inequality defined in [10] as,

We can write inequality (1) as,

(Sinhp(t) )“1 N (tanhp(t) )“2
t t

v
N

\Y%
N

1 sinh (t
cosh!™ (t) < A

1 (sinhp(t) )*P“’
> ,

cosh, (t) t

we can write inequality (2) as,

—(p+1)ay

(sinhtp(t))“l . (tanlip(t))az L, (sinh:(t))”?az (sinhtp(t))f

ajt+az—paz—ay
sinh,(t) 2
2
t
a1-pay

sinh,(t 2
2( H( ))
t
Since a; —pa, < 0, a, > 0, the above inequality becomes,
sinh, (£)\“ tanh, (t)\*
( tp( )) +( tp( )) -

Inequality (1) holds for all a;,a, > 0 and p € [2, c0).
Example 3.1.1 If p =2 and a; =0.1,a, = 0.1 > 0 are such that a; — pa, = —0.1 < 0 with t = 1, then inequality (1) gives,

[sinh,(1)]%! + [tanh,(1)]°! = 1.1231 + 0.9731 = 2.0962 > 2.

Dolomites Research Notes on Approximation ISSN 2035-6803



/OA,\ Ghodechor - Darkunde 26

Corollary 3.2. If a; =2,a, = 1 the inequality defined in Theorem 3.1 becomes
sinh, (£)\? tanh,(t
( tp()) +( tp())>2

Corollary 3.3. If a; = 2p,a, = p and p > 2 then the above inequality reduces to,

(sinlip(t) )2" . (tanhtp(t))p -5

Theorem 3.4. For p €[2,00), t €(0,00) and a; —pa, <0, a, >0,

[1+(sinhtp(t)) 1][1+(tan}1p(t)) 2]>4. 3)

Proof. For k = 2 the inequality defined in Lemma 2.5 becomes,

VA +b)(A+by) > /biby+1

which is the first Wilker’s inequality [5].

= (1+b)(1+by) > b1b2+1)2.

For b, = (Smh (t)) nd b, = (tanh (t)) we get,

r 2

[1+(Sinhtp(t))al][H(tan};p(t))“z]2 (Sinhtp(t))azl tanhp(f))af+1

t

[ sinh,(t) 7
()

sinh, (t) = 1
( t ) (coshp(t)) 1

ag 2

sinh,(t) % 1 2
t ) (coshp(t)) 1

2

v

~ N

&N

[\

O e ger,

t

Using the inequality m > (
sinh,, (t)\* tanh, ()" sinh,(t) o

smh (t)

< 1, the inequality reduces to
sinh, (£)\“ tanh,(t)\*
() P (55 [

Inequality (3) holds for all a;,a, > 0 and p € [2, 00).
Example 3.2.1 If p =2 and a; =0.1,a, = 0.1 > 0 are such that a; — pa, = —0.1 < 0 with t = 1, then inequality (3) gives:

Since a; —pa, <0, a, >0 and ——

[1 + (sinh,(1))*'][1 + (tanh,(1))*] = (2.1231)(1.9731) = 4.1890 > 4.

We now present an alternate proof of the Cusa-type inequality [6] with the best possible bounds involving trigonometric functions
which was previously proved by Huang et al. [1].
i Inl sinIZ(t)
Theorem 3.5. For p € (1,2] and t € (0, ] the function W is strictly increasing. In particular for all p € (1,2] and
In p+1

te(0,L],

(p+cosp(t))a - sin, (t) - (p +cosp(t))b @
p+1 t p+1

(Zsmp( )
p+c05p( 5)
p+1

with the best possible values of a=1and b =

Dolomites Research Notes on Approximation ISSN 2035-6803



/OA,\ Ghodechor - Darkunde 27

Proof. To prove this result, consider the function,

n(=2) )
() a0

p+1

g(t)=

where g;(t) =In (&t([)) and g,(t)=1In (NEOTS‘I’(I)). Then by differentiation, we have

g;(t) _ [tcos, () —sin,(£)][p + cos,(t)]
g©)  (=)(tan) (0)sin3(t)
_ [tan,(t) —t][p + cos,(t)]
C (Otand (0)sin, (1)
1 [(tanp(t)— t)(p +cosp(t))]

= —1 .
tany  (t)sin,(t) t

Now, by Lemma 2.4 and monotonicity of tan,(t), sin,(t), the ratio g}Eg is strictly increasing on t € (0, nz—"], g/(t) is strictly
&

increases since, g (t) > g (0) > 0. Hence, using Lemma 2.1, the function g(t) also strictly increasing.

The values of bounds follows from the 'Hospital rule,

g0 =1
ln(ZSiﬂp(ﬂTp))
7p

T
2 p+cosp(ﬂTp) ’
In (T

It gives the inequality defined in (4) as,

a s b
p +cos,(t) - sin, (t) - p +cos,(t)
p+1 t p+1

with best possible value of a and b. We can easily see in Figure 1 that the inequality holds for different values of parameter p.

A 11—
RHS term RHS term
0.95 Middle term 0.95 Middle term
LHS term LHS term
0.9F- 09F
0.85 - 0.85 -
g g
= 0.8 = 0.8
> >
0.75 - 0.75 -
0.7+ 0.7+
0.65 - 0.65 -
0.6 ‘ ‘ : 0.6
0 0.5 1 15 0 0.5 1 15
t t
@p=2 (b) p.=3

Figure 1: Inequalities for the different values of parameter p.

Corollary 3.6. For p = 2 the inequality defined in (4) is reduced into the inequality,
2+cos,(t)  sin,(t)
>
3 t

which is the Cusa type inequality.
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4 Main Result:-2

In this section we proved the conjecture and particular cases posed by Huang et al. [1] and two conjectures posed by Riku Klen
et al.[12]

n(mm) .
Theorem 4.1 ( Conjecture 4.1[1]). Forall t € (0, n—zp] and p € (1, 2], the function ﬁ is strictly increasing.
Proof. To prove this result, consider the function,

In(mm) ()
In(cosh,(t))  hy(t)’

h(t) =

where h,(t) = ln(m) and hy(t) = In(cosh,(t)) with h;(0) = 0 = h,(0). On Differentiation we get,

H(6)  (sin, () = (£)cos, (1))
() (t)sin,(¢) tanh? ' (¢)
B 1 [sinp(t)—(t)cosp(t)]

= — —
sin, (t) tanhi (t) t

sin, (t) — t cos, (t)
t b

(sin, (¢) tanh?~" (£))h, (¢)

’
which is positive since the monotonicity of sin,(t), tanh,(t) and Lemma 2.2. This implies that h}—ig is increasing. Using Lemma
2

2.1, the ratio Z;—Eg also increases strictly for all t € (0, Z21. Therefore, the function h(t) is strictly increasing. O

sin;(r))

In(
Theorem 4.2 (Conjecture (3.12) [12]). For p €[2,00) and t € (0, T;—"), the function IPEITION is strictly increasing and
t

(sinhp(t))a1 t (sinhp(t))a2
< <
t sin, (t) t

. 2sinh, ()
holds for the best possible constant a; = 1 and a, = —1F=-=.

Tp

Proof. For the proof of result, consider the function,

f(t) _ ln( Sin;(t)) _ fl(t)
In(2ey - fo(6)”

sinhy, ()

where f;(t) = ln(Wt(t)) and f,(t) = In(—} =) with f,(0) = 0 = f,(0). Differentiation gives

fll(t) _ sinh,(t)[sin, (t) — (¢ cos,(t)]
f5(t)  sin, (0)[(t) cosh,(t) —sinh, (t)]
sinh,(t) sin,,(t) — (t) cos,(t)
:[ sin, (1) ]'[(r)coshp(t)—sinhp(r)]

B [tanhp(t)] [ tan,(t)—t ]
tan,(t) | | t —tanh,(t)
fi(), tan,(6)—t
fz'(t)) - t —tanh,(t)’

(tan, (t) coth, (£))(

which is clearly increasing since tan,(t) > tanh,(t) and by Lemma 2.3. This implies that fl,(t) is increasing. Hence, the function

7©
f(t) is strictly increasing by Lemma 2.1. Using the 'Hospital rule, we easily find the best possible values of a; and a,.
T 2sinh(22)
fO=a,=1f()=a,=——>
p

The inequality holds for all values of p € [2, c0), for the particular value of p = 2, the inequality is shown in Figure 2. O
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1.8

RHS term
1.7 H— =— =— Middle term R
LHS term

1.6 [

1.4

1.3

Function values

1.2

1.1

Figure 2: Inequality for the particular case p = 2

Theorem 4.3 (Conjecture 3.29 [12]). For p €[2,00) and t € (0, %"),

sinh,(t) - p+1

t p+cos,(t) 5)

Proof. For the proof of inequality, let us take the function,
f(©)=(p+1)(t) = (sin, (£))(p + cos,(t)).
By Differentiation, we have
f/(t) =(p+1)—cosh,(t)(p + cos,(t)) — sinhp(t)(cosf)_p(t) sing_l(t))
= (p + 1) —cosh, (t)(p + cos,(t)) —sinh, () sin, (t) tang_z(t),
and
£"(t) = cosh,(sin, (t) tan?~(¢)) — sinh, () tanh? 2(£)(p + cos, (1)) + cos, (t) sinh, (1) tan? *(r)
+ sin, (t) cosh,(t) tanﬁ‘z(t) —(p —2)sin,(t)sinh,(t) tang_S(t) secg(t)
> cos,(t) sinhp(t)[tanﬁ_z(t) — tanhﬁ‘z(t)] + sin,(t) cosh, (t) tan5_3(t)[2 tan, (t)+

(p—2) tanhp(t)sec}’;(t)]
>0

>

where this inequality follows from the monotonicity of functions and Lemma 2.6, 2.8, now we can see that, f (1) > f "(0)> 0.
This implies that the function f(t) is strictly increasing, which implies the inequality (5).
Figure 3 illustrate the inequalities define in (5) for particular value of p.

The inequality (5) holds for all values of p > 2 and it is more closer at p = 2 and the inequality will be more strict when
p=3. O
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- /
16 RHS

Value

LHS

Value

Figure 3: Inequalities for the particular values of p

5 Conclusion

In this paper, we provided proofs of the inequalities involving generalized hyperbolic and trigonometric functions with one
parameter establishing the best possible bounds. Additionally, we made efforts to address the conjectures posed by researchers.
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