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The Bernstein-Walsh-Siciak Theorem for analytic hypersurfaces

Anna Denkowska® - Maciej R Denkowski®

Abstract

As a first step towards a general set-theoretic counterpart of the remarkable Bernstein-Walsh-Siciak
Theorem concerning the rapidity of polynomial approximation of a holomorphic function on polynomially
convex compact sets in C", we prove a version of this theorem for analytic hypersurfaces.

1 Preliminaries

The classical Bernstein-Walsh-Siciak Theorem, together with its converse, is the following result (due to Bernstein in the case of a
real segment in C, to Walsh for any compact subset of the complex plane and to Siciak in the general setting, see [8], [9]):

Theorem 1.1. Let K C C™ be a nonempty, compact set and f : K — C a continuous function. Then
1. if K is polynomially convex and f is the restriction to K of a holomorphic function defined in a neighbourhood of K in C™, then

(#) limsup §/diste(f, P;(C™)) < 1;
d—+oo

2. if (#) holds and in addition the Siciak extremal function ® is continuous, then f is the restriction to K of a holomorphic function
defined in a neighbourhood of K in the ambient space. The neighbourhood can be taken of the form {x € C™ | ®;(x) < 1/R}

with R =limsup,_, . %/distc(f,P,(C™)).

Here we denote by P;(C™) the space of complex polynomials in m variables, of degrees < d. For any compact nonempty set
K c C™ and a continuous function f : K — C we put

disty (f, P4(C™)) :=inf{[|f —Pll¢ | P € P4(C™)},

where ||f||x := sup,x |f (x)| is the usual Chebyshev norm. For the convenience of the reader we recall briefly that a nonempty
compact set K C C™ is said to be polynomially convex iff it coincides with its polynomial hull K := {x € C™ | |P(x)| < ||P||x,P €
P(C™)} where P(C™) is the space of all complex polynomials in m variables, and the Siciak extremal function of K is defined to
be &y (x) = sup{|P(x)|"/*#" | P € P(C™)\ C: ||P[|x < 1}.

In other words, the Bernstein-Walsh-Siciak Theorem establishes an equivalence between holomorphicity and the geometric
rate of polynomial approximation (recall that the possibility of such an approximation on polynomially convex compact sets is due
to the famous Oka-Weil Theorem). It plays an important role in approximation theory and still inspires research, see e.g. [5], [6].

Recall that holomorphic functions are characterized among continuous functions by the analycity of their graphs. Similarly, a
continuous function defined on the whole of C™ is a polynomial iff its graph is algebraic, by the Serre Theorem.

A natural question that arises in complex analytic geometry is whether a Bernstein-Walsh-Siciak-type result is true for the
approximation of analytic sets by algebraic ones in the sense of the Kuratowski convergence which is a natural convergence of
closed sets generalizing the convergence defined by the Hausdorff distance (in the complex analytic case it is closely related
to the convergence of integration currents on analytic sets). It is easy to check that a sequence of continuous functions is
convergent locally uniformly iff their graphs converge in the sense of Kuratowski (and the limit function is continuous). A
particular motivation comes from the recent beautiful algebraic approximation results of Bilski, e.g. [1], [2]. The first step
towards a set-theoretic version of the Bernstein-Walsh-Siciak Theorem is given in the next section, Theorems 2.1 and 2.2 deal
with the case of hypersurfaces.

Let us briefly recall the notion of the Kuratowski convergence. Let 2 C C™ be a locally closed, nonempty set. We denote by F,
the family of all its closed subsets. This space is endowed with a natural, metrizable convergence, called Painlevé-Kuratowski or
Kuratowski convergence, which turns it into a compact metric space (see e.g. [13], the compactness is an old result of Zarankiewicz,

more details can be found in [7]). Namely, if F,, F € F,, then we will write F, X, Fifand only if
1. Any point x € F is the limit of some sequence of points x, € F,;
2. For all compact K ¢ Q\ F there is K N F, = @, from some index v, onwards.
If Q is compact, then this convergence is given by the extended Hausdorff metric defined by
max{max, dist(x, F), max, dist(x,E)}, if E,F # @;
dy(E,F):=10, ifE=F=@;
diamQ +1, otherwise.
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To fix the attention we may assume that all the distances are computed in the usual Euclidean norm. It is easy to see that if E and
F are both nonempty, then
dy(E,F)=inf{r >0|ECF+B,(r) and F CE+B,(r)},

where B,,(r) is the open Euclidean ball of radius r, centred at the origin.

Given a nonempty subset W C F,, and E € F,, we write d,;(E, W) = inf{d,(E,W) | W € W}.

For more informations see [13], [14].

Finally, recall the Holder continuity property of roots in the version of [10] (Theorem 2.1.2).
Proposition 1.2. For any a = (a;,...,a,) € C" let P,(t) = t" + a;t" ' + ... + a, have {1,++-, ¢y as all roots (counted with
multiplicities). Let |- | be the maximum norm in C" and suppose that C > 1 is such that |a| < C. Then for any b € C" with |b| < C
one can renumber the roots of P, in such a way that

Vie{l,...,n}, 109—¢"|<4nCla—b|".
Remark 1. It is useful to observe that the condition
limsup {/a, <1
n—+o0o

where a, is a sequence of non-negative real numbers, is equivalent to the existence of two constants M > 0, 8 € (0, 1) such that

a,<M6", n=0,1,2,...

2 The case of hypersurfaces

In this section we will prove a theorem of Bernstein-Walsh-Siciak type (and its converse) for analytic multifunctions as N. V. Shch-
erbina [11] calls them. The special role played in geometry by the ‘multigraphs’ we are considering here may be inferred from
(2], [11], [12] and [3], [4].

2.1 The setting

Let m(x,t) = x for (x,t) € C" x C and let K ¢ C™ be a nonempty compact set. Basically, we will be dealing with sets
Y C K x C c C™ x C such that (Y) = K and the x-sections of Y are compact. The first step towards a general set-theoretic
counter-part of the Bernstein-Walsh-Siciak Theorem is to consider sets Y that can be described as the zero-set of a single polynomial
in t with coefficients that are continous in x.

Since it is most convenient to treat such sets Y as finite, continuous (in the sense of the Hausdorff metric cf. Proposition 1.2)
multifunctions K — % (C), we refer the reader to [7] for details (chapters 4 and 5). Instead of directly using the Hausdorff metric,
we will adopt a slightly different point of view, much closer in some sense to the classical Bernstein-Walsh-Siciak Theorem 1.1.

We denote by Y(x) c C the value of the multifunction Y at x € K, i.e. the section of the set Y at the point x. Given a
nonempty family H; of compact-valued, continuous multifunctions K — & (C), for any W € H, we may consider

6 (Y, W) :=supdy (Y (x), W(x))
xeK

as a natural counterpart of the Chebyshev norm ||f — P||. Note that if we restrict ourselves e.g. to the space of all multifunctions
K — 2 (C) with compact graphs, 6y is indeed a metric. Moreover, it is easy to see that in this situation
dy (Y, W) < 6, (Y,W).
Next, we put
dists (Y, Hy) := inf{5x (Y, W) | W € Hy}.
The main question is now what should we exactly replace P;(C™) with.

2.2 A generalization of Theorem 1.1 (1)

Consider a complex analytic set X C D x C of pure codimension 1 (i.e. a hypersurface) with proper projection 7t(x, t) = x onto the
domain D € C™. Note that every analytic hypersurface admits locally a coordinate system in which it satisfies these assumptions.
For a nonempty set K C D we put X, :=X N (K x C).

For a given algebraic hypersurface V C C™*! we can find a reduced polynomial P (unique up to a unit) such that V = P~1(0).
Then the projective degree degV coincides with deg P (!). If we assume, moreover, that 7|, is proper, then we can choose P of
the form P(x, t) = t¢ + a,(x)t* ! +... + a,(x) with polynomial coefficients (and the leading coefficient is identically equal to 1)
and all the degrees dega; and d do not exceed degV. Note that any algebraic subset of (C)’f;l described by a polynomial that is
monic in t has proper projection onto the first m coordinates. We refer the reader to [4] and [3] for details.

Consider now two families of sets:

Vit ={V c C™" |V is algebraic of pure dimension m, degV < d}u{@},
together with
MY (K) :={Vg [V € VI'\ {@}: V has proper projection onto C"} U {@}.
We also put VII(K) :={V | V € V]'}.

f P is not reduced, we have degV < degP.
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Remark 2. By the main result of [14], V7', is closed in the topology of the Kuratowski convergence. However, it is not the case for
M7 (K). To see the latter consider the sequence of graphs

W, = {(x, v(x* = (1/4) | Ix| < 1} € H (B, (1);

it converges to W = {—1/2,1/2} x C ¢ H2(B,(1)).

Now we are ready to prove our first main result:
Theorem 2.1. In the setting introduced above assume that K @ D is a nonempty, compact, polynomially convex set. Then
(##) limsup {/dist;(Xx, VI(K)) < 1.

d—+oo

In particular, if X = F71(0) where F(x,t) = t" + a,(x)t" ! +... 4+ a,(x) € O(D)[t], then there are constants M > 0, 6 € (0,1) and
polynomials py(x,t) = t" +a; 4(X)t" ' + ...+ a, 4(x) in m+ 1 variables such that degpgl(O) < d, the polynomial coefficients a; 4
converge uniformly to a; on K and

5x(Xk,p;'(0)) <MY, d=0,1,2,...

Proof. Note that X # &.
First, we use the classical Andreotti-Stoll results to describe X as the set of zeroes of a reduced pseudopolynomial (an optimal
polynomial, i.e. with discriminant non identically equal to zero in D) F(x,t) = t" +a,(x)t" " +... +a,(x) € O(D)[t].
Next, we can apply the classical Bernstein-Walsh-Siciak Theorem in order to find polynomials a; ; € P;(C™) such that for all
deN,
lla; —a;4llx < Mo, j=1,....n,

where the constants M > 0 and 6 € (0, 1) are chosen independent of j. Now, put
Py(x,t):=t"+ay 4(x)t" "+ 4 a,4(x)

and observe that degP;'(0) < 2d — 1 for d > n. Indeed, as noted earlier, degP;'(0) < degP; < max{n,dega,,; +n—

1,...,dega,}. Then for v .= Pd’l(O), we have certainly Vlgd) € Hy,_,(K) € HoL(K).
Fix x € K and write t;(x),..., t,(x) for the roots of F(x,-) counted with multiplicities. The Holder continuity of roots
(Proposition 1.2) ensures us that after a suitable renumbering of the roots t; ,(x) of P;(x,-) we have

[t;(x)—t;4(x)| < 4nC Irl_lialxlal-(x) —a;4(x)|"" < 4nCcMVmg4m

where C is an appropriate constant. For instance, C = max]_, ||a;||x + M is good for all d large enough, since [|a; 4lx <
lla; 4 — a;llg + |la;||x. It follows now that there is a constant M > 0 such that

dy(X(x), VD(x)) < MOY", x €K,
and so for 6 := 61/@" € (0, 1), we obtain eventually
dists (Xg, VI (K)) < dists (Xg, H (K)) < 85 (X, Vi) < 1162,
On the other hand, we have seen above that Vlgd) € Hy,_,(K), too. Therefore, since fe (0,1), we obtain directly
dists (Xg, VI (K)) < dists (X, HE,_, (K)) < 85X, VIP) < 1162 < 6%,
and we are done (cf. Remark 1). Note that we do not make use of the fact that F was taken reduced. O

Remark 3. In the course of the proof we obtain actually
limsup §/dists(Xx, ' (K)) < 1.
d—+00
Remark 4. Since in our setting there is dy < 6, the Theorem above holds true also for the Hausdorff metric, i.e.

limsup §/dy (Xg, H}(K)) < 1.

d—+00
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2.3 A generalization of Theorem 1.1 (2)

In order to prove a converse to the last Theorem, let us consider now the following setting. Put
Y :i={(x,t) €K x C| ag(x)t" + a; (x)t" ' +... + a,(x) =0}

where @ # K C C™ is compact, a;: K — C are continuous and a, # 0. It is easy to see that assuming 7(x, t) = x is proper on Y is
equivalent to say that agl(O) = @ (compare [12]). Thus, we may as well assume that a, = 1. We will also assume that for some
X, € K, there are exactly n different points in the fibre 771 (x,) N Y. Let F(x,t) = t" + a;(x)t" ! +... + a,(x) be the defining
function of Y.
We introduce a new family of sets:
HPM(K) == {Vg [V € VI'\ {@}: V has proper projection onto C™
with covering number < n}.

Necessarily, n < d (cf. [4], see also [12]).

Remark 5. It is obvious from the proof of Theorem 2.1 that we are actually dealing there with sets Véd) € H""(K) so that — in
view of Remark 3 — we can replace (##) with

(###) limsup {/dists (X, H)"(K)) < 1.
d—+oo
We can now prove a true converse to Theorem 2.1.
Theorem 2.2. In the setting introduced above, assume moreover that ®y is continuous. Then the condition
limsup §/dist; (Y, H;"(K)) < 1,
d—+00

implies that for some neighbourhood U D K there is an analytic set X C U x C of pure codimension 1, having proper projection onto
U and such that Xy =Y.

In particular; as Y = F71(0) with F(x,t) = t" + a;(x) + ... + a,(x) € C(K,C)[t], each coefficient a; admits a holomorphic
extension @; € O(U) and X = F7Y(0) for Fx,t) = t" + @, (x)t" ' +... +d,(x) € O(U)[t]. Moreover, in this case U can be taken of
the form {x € C™ | &y (x) < 1/R} withR = maX;.;l limsup_, o, {/distg(a;, P4(C™)).

Before the proof let us note the following basic lemma.

Lemma 2.3. Let n>1, r > 0and take ty,...,t,,s,,...,s, € C. Fixany R>max_, |t;| and assume that max_, |t; —s;| < r. Then
forany k € {1,...,n} and any set of indices 1 <i; <--- <1i, < n, thereis
[ty v te—sy e8| S Cir

where C; = 1 and C,, =R*™ + (r +R)C,._, with C,_, denoting the constant for k — 1.

Proof. We proceed by induction on k. Clearly, for k = 1 we can take C; = 1. Fix k > 1 and suppose we have the required
inequality for k — 1 with the constant C;_,. Write

[t ooty =S oS =t by =Sy sy E S | S
S o I L T e (T P I A ) O e T
<rR'+(r +R)Cy7 = Cyr
with € := R*! + (r +R)C,_;. O

Proof of Theorem 2.2. There are constants M > 0,0 € (0, 1) such that for each d € N we can find W, € #}""(K) satisfying
(%) S5 (Y,W,) < M64.

In particular, W, Sy,
It follows from the definition of 7""(K) that for each d, there are polynomials ajq4,j=1,...,nqg < nsuch that W, = Pd’l(O)K,
where Py(x, t) = t"+aj 4(x)t" 7 +.. -+a,, 4(x). ThendegW, < d impliesdega; ; < d—n+j andn < d (sothatdega; 4 < 2d—1).
Take x, € K for which there are n pairwise different points (x,, t;) €Y, i =1,...,n. Separate the points t; by pairwise disjoint
closed discs D; :=t; + }m Then it is straightforward from the form of Y that there is a bounded (arbitrarily small), connected
neighbourhood G of x, such that (G x U?:l dD;)NY = @. At the same time (G x intD;) NY # @, for each i. Therefore, by the

convergence W, = Y, we easily conclude that P;(x,,-) has at least n different roots, whenever d is large enough, i.e. n; > n,
d > 1. Indeed, for d > 1 and each i, (G x dD;) "W, = @, while (G x intD;) N W, # @ which means that (G x D,) N W, # & has
proper projection on G and thus by the Remmert Theorem 7((G x D;) N W;) = G, whence ({x,} X D;) N W; # @. Summing up,
we may assume that n; = n, for all d.

The next step consists in observing that each a, 4 converges uniformly to a; on K and the rate of convergence is geometric.

Indeed, (*) implies that for each x € K, renumbering the roots t(x),...,t,(x) of F(x,-) and tgd)(x),..., tfld)(x) of Py(x,-)
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adequately, we have |t;(x) — tEd)(x)| < M64, for any x € K. On the other hand, since the coefficients a,(x) and a; 4(x) are
expressed in terms of the elementary symmetric polynomials of the roots, a careful application of Lemma 2.3 (*) shows that there
is a constant M > 0 such that

llay —ap qllx < Mo¢, k=1,...,n;dEeN.

It remains to observe that taking 6 := v/6 € (0, 1) together with the fact that §2¢ < §2¢~! yjelds eventually
distg(a;, P (C™) < MO, j=1,...,n

Applying the classical converse to the Bernstein-Walsh-Siciak Theorem, we obtain holomorphic extensions a; C d; onto a common
neighbourhood U of K, which implies that Y = X for X = F7(0) where F(x,t) = t" + a,(x)t" ' +... + d,(x) € O(U)[t]. This
is the assertion sought after. The form we may take U in follows from Theorem 1.1 (2). O

The situation here is not exactly as before and we do not have the conclusion from Remark 4. As a matter of fact there is no
easy transition from &y to dj in the last Theorem. This is illustrated by the following Example for which we thank warmly an
anonymous reader.

Example 2.1. Consider the sequences a, = 0 and a, = a;_; + (1/2%) for k > 1 on the one hand, while on the other, b, = 0,
by = by + (1/k?), k > 1. Then a; — 1, whereas b, — n?/6. Define f: [0,1] — [0, /6] to be the function whose graph is
obtained from the segments [(ay, by), (@41, brs1)] € R? with £(1) = 7?/6 for continuity.

Next, for k > 1, let f; be equal to f everywhere on [0,1]\ [a,a,.,], while on [ay, a;,,] we define the graph of f; to
be the segment joining the points (a, by) and ((a; + ax1)/2, bry1) over [ai, (a; + axy1/2)], and fi(x) = by,,, whenever
x € [(ag + ar41)/2, gy -

Then it is apparent that the Hausdorff distance between the graphs of f and f, is at most 1/2%, while ||f — fillony=1/ (2k?).
Therefore, even though the rate of convergence of the graphs of f; to the graph of f in the Hausdorff distance is geometric, the
rate of uniform convergence of f; to f is not (%).

As a consequence, if we try to prove Theorem 2.2 along the same lines as before, but under the assumption

limsup {/dy (Y, H;"(K)) < 1,

d—+o0

there seems to be no simple way of concluding that the rate of convergence of ||a; —a; 4]l to zero is geometric as we would like it
to be. The point is that repeating the argument from the proof of Theorem 2.2, we see that now d (Y, W;) < M0¢ (that replaces
(%)) implies that after a suitable renumbering of the roots t,(x),..., t,(x) of F(x,-) and tgd)(x), e tgd)(x) of P;(x,-), we have
[t;(x)— tgd)(x)l < C;M8¢, for some constant C; > 0 independent of x (%), but dependent on d. Therefore, we are lead to the
inequality ||la; —a; 4|| < C4M 64 and we do not know whether it is possible to replace C;M by a constant M independent of d.
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