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Abstract

In this paper, we consider a new generalization of complex Stancu operators. We obtain quantitative
upper estimates for the convergence, lower estimates from a qualitative Voronovskaja-type theorem and
then the exact degree of simultaneous approximation by these operators attached to analytic functions in
a disk centered at the origin with radius greater than 1. Also, we give some graphical and numerical
examples.
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1 Introduction

In [13], with the help of a probabilistic method, Stancu modified the classical Bernstein operators

u .
B (0.0 = 2@ (L), wen )
j=0
in which
pu@=("oa-o, @
depending upon non-negative integer parameter s, as
N j
Listo.00= 2w ¢ (L), ceron] @
j=0
for ¢ € C[0,1], u is any natural number such that y > 2s, where
(1_C)pu—s,](a:)> OS]<S
Wijs (C): (1_C)pufs,j (C)J"gpufs,jfs (g): S S] Sp—s
CPu—s,j-5 (8); p—s<jsp

which is a generalization of Bernstein’s fundamental functions p,, ;({) given by (2). We declare that for p, ;({) in (2) the next
recursive formula is realizable

Pu,j((:) = (1- C)pu—l,j(g) + a:pu—l,j—l({): 1<j<p-—-1, @
Pyo(8) (1=Dpu-10()=1=0, puu(O)=Cp,1,1(0) ="

The operator L, is termed as Stancu operator in the literature and from the description of w,, ; ; ({) the operator L, ; can be also

embodied as - . .
ha(e.0)= 2y ©|0-00(7) + 2057

u

Clearly, for s = 0 and s = 1, the operator L, ; becomes the well-known Bernstein operators. On the other hand, in [14], the author
built a linear-positive polynomial operator inf of Bernstein type, depending upon a non-negative integer parameter s and two
real parameters a, b providing the condition 0 < a < b, and investigated its some approximation features.
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Recently, employing a new and simple approach to develop the order of approximation of the Bernstein operators due to the
use as starting point the recursive formula given by (4), Khosravian-Arab et al. [12] introduced a new modification of Bernstein
operators below

u .
1 _ 1 J
Bu(w,z)—;pu,j(g)so(u), gelo1] ®)
where ¢ € C[0,1],
PO = uCmp (O +ul—Cmpry (D), 1<j<p—1,
PO = u@m—r, pl(8)=u(l—gwT, ©)

and
u(g;ﬂ)zul(l—’«)g"'uo (,U,), AU‘ZO) 1)"')

with two unknown real sequences u;(u) and uy(u). We state that for u;(u) = —1 and uy(u) = 1, the operator B; gives the
classical Bernstein operators given by (1). The operator B; is named as perturbed Bernstein-type operator. In view of the
technique suggested by Khosravian-Arab et al. [12], some generalizations of the perturbed Bernstein operators defined by (5)
were proposed in the real and complex cases and their some approximation properties were scrutinized. We may refer to a few
(see, e.g., [1, 2,4, 8,9]). In [3], Acu and Bascanbaz-Tunca proposed complex form of the perturbed Bernstein-type operators by
simply taking z instead of ¢ in (5) for any complex-valued function ¢ that is analytic in an open disk, centered at the origin
with a radius greater than 1. The authors got quantitative estimates of the convergence in compact disks and exact degree of
simultaneous approximation by means of upper estimates in quantitative form, and of lower estimates derived from a qualitative
Voronovskaja type result due to the methods asserted by Gal [11].

Stimulating by the approach of Khosravian-Arab et al. [12] and the work of Stancu [13], we consider a new generalization of
complex perturbed Bernstein-type operators studied in [3] as follows

Lyo, (¢,2) @
u—s . .

. Jj+a _ J+s+a

- jZOpM_s)j(z)[u(z,u)w(—wb)+u(1 z,u)tp(—wrb )]

where a, b are two real parameters providing the condition 0 < a < b,s € Z,u € Nsuch that 0 <s < u/2,z € C, p is a
complex-valued analytic function in an open disk centered at the origin with radius greater than 1, p, ;(2) is given by (2) and

U(Z:U)zul(ﬂ)z+u0 (.U/)) ‘U'zo, 1)"':

with unknown real sequences u; () and uy(u). For these real sequences, we concern with the below cases:

(1) If u;(u) =0, then uy(u) = %

(2) If 0 < u;(u) < 1, then uy(u) > 0.

(3) If u;(u) =1, then uy(u) = 0.

(4 If —1 < u;(uw) <0, then uy(u) > 0 and u, (u) + uy(u) > 0.

(5) If u;(u) = —1, then uy(u) = 1.

Obviously, for the special cases u; (1) = —1 and uy(u) = 1 with a = b = 0, the operator LZ:f,l reduces to the complex Stancu
operators investigated in [6]. When u; (1) = —1 and uy(u) = 1, the operator LZ:f’l gives the generalized complex Stancu operators
studied in [7]. In the case of s = 0 or s = 1, the operator LZ:E”I becomes the complex perturbed Bernstein-Stancu operators
considered in [8]. For the cases s =0 or s = 1 with a = b = 0, the operator LZZZI yields the complex perturbed Bernstein-type
operators investigated thoroughly in [3]. Also, when s =0 or s = 1 with u;(u) = —1 and u,(u) = 1, these operators give the
complex Bernstein-Stancu operators considered in [11]. In the present paper, firstly we get quantitative upper estimates for
the generalized complex perturbed Bernstein operators LZ’,Z1 and their derivatives on compact disks. Afterwards, we obtain
lower estimates from a qualitative Voronovskaja type result. Lastly, by using obtained quantitative upper and qualitative lower
estimates, we establish the exact order of simultaneous approximation for the new operator LZ’;”].

2 Auxiliary Results

Before presenting main results, we remember some symbols which are used throughout the paper.
Let Hg, R > 1, denote the open disk Hy := {z € C : |z| < R}, and the closed disk included inHR,ﬁp ={z2€C:|zg|<p, 1<p <R}
and furthermore ||¢||, = max{|¢ (z)| : 2] < p}.

We shall use denotation e, (z) = z¥, k € NU {0}, z € C and assume that LZ”ZI (eg,2) =1, namely

2ug(u) +uy () = 1.
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Obviously, we mention that the above sequences u;(u),i = 0, 1, are bounded, that is |u;(u)| < K, K > 0.
In order to prove the main results, we need the ensuing results.

Lemma 2.1. For the moments, the real form of the operator Liﬁl given by (7) verifies

MLy 1 (e, )= 2uo(u) +u (W) =1,

(ii) LHS 1 (e1,0) = g {(u—s—u; ()s) { + a+ (uo(u) +uy (1)) s},

(iii) LM] (e2,0) = ﬁ {(=s)(u—s—1—2su,()) ¢
+ [(u — ) (1 +2a + 2su; () + 2sue(u)) — 2sau, (1) — s%uy (W) ] ¢
+a® + (uo(u) + (1)) (2sa+52)},

(iv) L,“ 1(e3,0) = (u+b)3 {w=9)(u—s—1)(u—s—2—3su,(u) ¢
+3 (u—s)[w (1 +a+suy(u) +sug(u)) —s (1 +5) (2u, (u) +uy(u))
—s(1+a+2su(u)—1—all*+ |:,U.(1 +3a +3a® + 3su; (u) (1 + 2a +5)
+3suo(u) (1 + 2a +5)) —s* (Bug(u) + 4u, (1))
—s2 (3u; () + 3ug(u) + 9au; (u) + 6auy(u)) —s — 3as — 3a®s — 3a®su; (u)]¢
+a® +s (u(u) +uy () (3a2 +3sa+ sz)},

(V) Lus 1 (64’ )

= o A=) (u—s =D (u—s—2) (u—s—3 - dsu, (W) *

+2(u—s)(u—s—1)[(u—s—2)(3+ 2a + 2su; (u) + 2suy(u))
—3suy (u) (2 +2a+5)18% + (u—s) [(u—s—1)(7 + 12a + 6a>
+12su; () (1 + @) + 12su,(u) (1 + a) + 65> (u; (1) + up(1)))
—2su; (u) (2 + 6a + 6a® + 3s + 6as + 252) 182 + [ (u —s) (1 + 4a + 6a>
+4a® + 25 (uy (1) + up(w)) (2 + 6a + 6a° + 3s + 6as + 252)) —suy () (4a®
+65a® +4s2a +5%)1¢ + a* + s (up(u) +uy (1)) (4a® + 6a%s + 4s%a +5°)}.

Lemma 2.2. For the central moments, the real form of the operator L;fl given by (7) satisfies

(@ L,“ 1 (t=¢.0= H}rb {a + (uo(u) +uy(u))s — (s +uy (u)s + b) L},
(ii) Lus (=070 = (u+b)2 {[—p+s%+s +25%u, (u) + 2bs
+2bsuy () + b2 ¢ + [ —s — 2as — 2s%u; (u) — 25%uo (1)
—2asu; (u) — s?u; () — 2bsu, (u) — 2bsug(u) — 2ba] {+a?
+ (uy (W) + ug()) (2sa +5)}
(i) L2, (= )", 0) = 055 + 0 (7))
Theorem 2.3. If ¢ € C[0,1], then

Jim Lml(tp =)
uniformly on [0,1].

Proof. Since the sequences u,(u) and u; (u) verify the cases (1)-(5), the operator L,(if,l given by (7) in the real case is positive.
Taking into consideration that the sequences u,(u), u;(u) are bounded, by making use of Korovkin theorem and Lemma (2.1)
(1)-(iii), we obtain the uniform convergence of the operator L Mfl O

Theorem 2.4. Assume that u;(u), i = 0,1, are convergent sequences and L, = lim,,_, o, u;(u). If ¢ € C?[0,1] and { €[0,1], then

Jim n (u+ D)L, (9, )= ()]

_ [2a+s(1+L1)

g(l_g) "
5 Y (9B

—(s+sL1+b)§]som+

Proof. From Taylor’s formula,

sv”(C)

P(O=9@)+¢ (=D + == (= +0(£)(t—¢)

at the fixed point ¢ €[0,1], where 6 is a continuous function on [O, 1] and lim,_,, 0 (t,{) = 6 (¢, &) = 0. By application of the

operator Lus 1, one has

(u+ D)LY, (0, =@ (O] =¢' (O u+b) L7, (=8,

D by e (0%, 0+ DL (06D~ 0).
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From Lemma (2.2) (i)-(ii), we conclude that

Jim G D (0, 0= @1 = [ar T st 4016w
w2y tim w128, (00,00 -0,0).

Hence, it is sufficient to show that lim,,_,, (u + b) Lus 1 (6 (t,)(t—=0)?, C) = 0. For this purpose, applying Cauchy-Schwarz
inequality, we have

(D) [150, (66,0 (e =2,
< (120, (0% (0, c)) (w+brLyd (=0, q))% ®)
Because 02 (Z,{) =0 and 62(-,{) € C[0, 1], from Theorem (2.3) it follows
lim 130, (0(,0).0) = 0* (.0 =0. ©
Also, by Lemma (2.2) (iii) we find
lim (0’10 (- 0),0) =32 (107 (10)

Consequently, using (8), (9) and (10), we conclude
11m (u+ b)LM“(Q(t,Zj)(t—C)Z,C) =

Let Ai denote the finite difference of order j with step h, defined as
N ()= WL+ S+ jhs ] an

(see p. 121 of [10]). In [14] (formula 1.7), the author presented the below statement for the operator L;f

Lo (¢,0) (12)
u—s
_ a j s+a :
= 208w (55) A (355)] 0
where Al/wb is defined by (11) with h = u+b

Therefore, we can represent the operators L Ml given by (7) as

u—s

u—s i a
L = (M) [uewal e ()
H 1 J:ZO j 1/(u+b) ‘u+b
s+a :
(1 =2, ¢ (m)]zl, (13)

where for the special case u,(u) =—1, uy(u) =1, (13) yields (12).
In what follows, we give a relationship which will be used in the proof of the main results.

(o]
Lemma 2.5. Assume that p and R are constants such that 1 < p <R, 0<a < b and v is analytic in Hp with ¢(z) = . cjzj.Then
j=0

forallz ﬁp and u € N, we have

oo

usl(w’z) Z J ,usl e],z)

=0

U
Proof. For any v € N, we possess ¢, (z) = Y. ¢;2/, |z] < p. Since Lﬁf’l is linear, we can obviously write down
j=o

U

MS 1 (Q,DU,Z) - ZCJLZZZI (Cj,Z),

Jj=0
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for all |z| < p, p = 1. Therefore, it remains to confirm that lim,_, L;f)l (py,2) = LZ’;”I (¢,2) for any fixed u € N and |z]| < p.
We state that for the sequences uy(u) and u; (u), by the possible cases (1)-(5) we have u,(u) = 0 and uy(u) + u; (u) = 0. For all
|z] < p with p > 1, from (7) one has

,b ,b
LZ’SJ ((PU,Z) - L::,s,l (SO;Z))

u—s .
u—=s\_; _ jta
< i1 =gy + ~0(22)
S () ey %umk% o225
j=0
jH+s+a
+mmm—uﬁuk+uam4m%—w)(————)]
u+b
LS ru—s) _
< 2("T ) ey e, = ol el + e
=0
+ lug () + uo ()] + [y (w)z(]
p—s
—s .
< EZ(“j )+ Y llpy = ol L (0] + 2uo0) + 1) + iy (40
=0
< (@+p)Y 72 lpy —oll, 2l (wlp +p)
< (2+2p)7 @K+ Dplle,—oll,,
for |u, (u)] < K, K > 0. Since Y, ¢;2’ is absolutely and uniformly convergent on each compact subset of Hy, we have lim,,_, ., [|¢,, — ¢ll, =
=0
0 for |z| < p <R, which completes the proof. O

3 Main Results

The first outcome of this part is quantitative upper estimates for simultaneous approximation.
Theorem 3.1. Presuppose that s is a non negative integer, 4 € N such that u> 2s, 0 < a < b and ¢ : Hy — C is analytic in Hy,
(oo}

R>1,with p(z) =, cjzj.
=0

() Let 1 < p <R be arbitrary fixed. For all |z| < p, we have
1,b
M (¢)

<
u+b

>

L (¢,2)— ¢ ()

where
0 < Mi;f(f):2(1<+1){pzz]cj|j(j—1)pf2+2(s+b)pZ|cj|ja71}<oo.
j=2 j=1

(ii) Moreover, if 1 < p < p; <R, then for all |z| < p and u,p €N, we have
b
M (¢)p'p

B )
(152 02) " = @] s ot

where Msf;fl () is defined as in (i).

Proof. From Lemma (2.5), for all |z| < p we may write

1 o= @] < 2ol |12 (e2) = 2).
j=0

Now, we will find upper bound for LZ”f’l (ej,z) —e; (z)‘ . We observe the two cases; 0 < j<u—sand j > u—s.

Case 1: Because LZ’;’,1 (eg,2) —ey(2) =0, we look at the case 1 < j < u—s.

By (13) and (11), representing

— ! a a+1 a+p
Toobl = (“ S) £ [ , R ;e~], 14
P, p J(u+bY Lu+b u+d u+b’’ )
and
s.a,b.1 ._(u—s) p! [s+a s+a+1 s+a+p. ] (15)
wsted 7\ p J(u+bY Lu+b’ u+b  u+b 77
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for0<p<u-—s,u€<N, jeNU{0}, making use of the trait of divided difference formula we may write

s,a,b,1 _ s,a,b,1 __ u—s .]‘
Ty = T _( j )(N+ by

(u—s)(u—s—1)-- (H—S—(J—l))
(u+Dby

(16)

As a result, from (13), we get

La’b’ (e- z) a7
I

= > { e +up@) T + (W) (1 —2) +up(u) TS0 e, ().
p=0

Using convexity of all order of e;, T;Zi’ ! and T;ffpll > 0. By (14), (15) and (17), for any |z| < p, 1 < p <R, we have

Lt (e2) ¢ 2)
J
D {n(wz +ue) TN + (wy (1) (1 —2) + uo(W) T e, (2)

p=0
€ (Z)|
|{(u1(u)z +ug(W) TSP + (g (1) (1 —2) + uo (W) T — 1} e (2)

- Z { (e +uo) TEE + (w0 (1) (1 —2) + () T30 e, (2)

IA

pu=s)(pu—s—1)--(u—s—(—1)) _1}6-(2)'

H(Zuo(u) + (1)) oy

-
+Z {ly ()2 + () TS + |y (1) — 1y ()2 + o ()| T2 e, (2)]

IA

1 Pj + (luy (W] p +1ue(w))

‘(H—S)(M—S—1)"'(M—S—(j—1)) _
(u+Dby

j— j—1
xp}*lZT;;fw(ml(unp 1 () + () p L Y TP
p=0 p=0

IA

Pj[l—(“_5)(“_5_1)"'(u—s—(j_l))]
(u+ b)Y

+ (Juy ()] + o (1)) P [Z Tyt — ;?f”}

+ (lug ()] + 1y () + uo(w)) p? |:Z T; :‘1+bplj - T;?+b1§:|
=0

IA

pj[l_(M—S)(u—s—l)--~(u—s—(j—
(u+Dby

u—s
p=s p' [ a a+1 a+p :| s,a,b,1 j
- Tsebl o)
X{Z( p )(M+b)P u+b u+b “+b’1 wij (P

p=0

1))] T (g ()] + uo(1)

u—s

u—s p! sta ~statp
+(|u1(u)|+u1(u)+uo(u)){;( , )(wb)p[wb, Tt D ,ej]

_Ts’a’bfl.}pj- (18)

UsS+J5]
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Since j < u, we get

“Zs:( —s) [ a a+l  a+p, ]
=\ p (u+b)P p+b u+b u+b’J
uw

Z(u) [ a a+l a+p.e]
P ([.L+b)p u+b u+b’ Tu+b’’

p=0

, _(utay
- Bﬁb(ej,l)_(m) <1,

IA

in which Bz’b (p, )= Zf:o Pui(Qe (ﬁ) . Moreover, since LZ:?((,&, 1) = ¢(X2) for the generalized Stancu operators in (12), we

u+b
conclude that

Li?(e;,1)

( ) [s+a s+a+1 s+a+p_e]
P (u+b)” u+b p+b T u+b 7

'tz

Therefore, from (16), (18) reduces to

LZ”f’l (ej,z)—ej (z)‘

(=) (u—s—1)- (M—S—(J—l))]

< 2(lyy (Wl +1)p’ |:1 (u+ by

Using the following inequality

J J
—l_[X1321 X) 0<xis]~7i:1!...7j7
i=1 i=1

(see, p. 69 of [11]), (19) follows that

j .
a . — G — _1
12 (e,2) =, ()| < zqul(unﬂ)p;[l_%]
Gbts—1+i
< 2(1<+1)pJ;W
2js+b)+j(—-1
< 2(K+1)p’ RS
2j(s+b)+j(G—1)
< (K+1) P j
Case 2 : For j > u—s and |z| < p with 1 < p <R, from (17) we obtain that
usl(ej’z) €; (2)
u—s
< {0 a1 + @ -2 +u) T e, @)
p=0
+|e-(z)|
< (u(wl+uo(u)) p* ZTsabl+(|U1(M)|+u1(u)+uo(,u))p ZTstr’;l] o’
< (Iul(u)|+uo(u))pJZT;;fl+(Iu1(u)|+u1(u)+uo(u))p ZT,j‘jfpl} o’
< [(Iul(u)|+uo(u))BZ’b (ej,1)+(|u1(u)|+u1(u)+u0(u))sz(eP1)+1}[,
< 2(luyW+1D) el <2(Jlu; (W)l + 1) pf (u—s) < 2(Juy (u)] +1) p'j
< 2wl +1) jiiz1l+s+b
= 1 o’ ] L+b
< o+ U2 +D)

u+b

19)
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In conclusion, combining Case 2 with the above Case 1, we arrive at the desired inequality.
(ii) For the simultaneous approximation, representing by y the circle of radius p; > p and center 0, since for any |z| < p and
u €y, wehave [u—z| > p; —p, by Cauchy’s formulas it follows that for all |z| < p and u € N, we have

p! ,usl(goiu) QO(U)

L L jaul

27 |u—z|P*
Y

p! Msl,bbl 2 2mp,
2 u+b (p,—p)*!
1,b
M5 (0)  pip,
ptb (p,—p)yt’

which confirms (ii). O

IA

(21 60.20)” =0 )

IA

To obtain the equivalence; as in [5] and [6], we present the qualitative Voronovskaja-type result for the new operator.

oo
Theorem 3.2. Let p and R be constants such that 1 < p < R. Also, ¢ is analytic in Hg with ¢(z) = . cjzj, 0<a<band

i=0
L= limu—voo u,(u). Then for all u € N, we have J
Jim (u+ D)LY (0,2)— ¢ (2)]
= [W—(s+sh+b)z]w () +——— ( %) ¢"(2) (20)

uniformly in Hp.

Proof. Taking into account of Theorem 2.4, according to the Vitali theorem (see e.g., p. 1 of [11]), it is enough to demonstrate
that the sequence

{(u+b)[ o1 (9,2)— w(Z)}}

of analytic functions in Hy is uniformly bounded in each ﬁp, 1 < p <R.In fact, the result is direct consequence of (i) of Theorem
3.1 and therefore, we find

ueN

b
|+ D [L22 (0.2 =0 )] < M2 ),
forallyeNand z € ﬁp with 1 < p <R. This proves the theorem. Hence, there exist some constants 0 < C;, C, < 00 such that

G
,u+b -

LY (p)— «pH
onﬁp. O

Afterwards, in view of Theorem 3.1 and Theorem 3.2, we exhibit the followings.

Theorem 3.3. In consideration of hypothesis of Theorem 3.1;
(i) If ¢ is not a polynomial of degree < 0, then for all 1 < p <R, we have

LY (p)— <p|| ~—b, BEN

where the constants in the equivalence depend on @,s, p, b and u;(u).
(i) If 1 < p < p; <Rand g is not a polynomial of degree < p — 1, p € N, we have

1
(62) ~——, uEN,

u+b’

H MSI

where the constants in the equivalence depend on ¢,s, p, p1, b, u;(u) and p.

Later on, by use of MAPLE 24, let us see how the newly defined operator L;:f,l converges to a certain function.

Example 3.1. The convergence of the new operator LZ’,Zl(go,z) to ¢(z) =2z> — £ ([violet, green, blue]) is illustrated in Figure 1
for u; (u) = 2u+1 , U (u) = zu+1 ,s=2,a=1, b=1 and different values u = 10, 20, 30 (in turn, [peru, red, orange], colorwheel
and [yellow, pink, cyan]). In this example, one can see that the higher values of u gives better approximation. In Figure 1, we
plot the magnitudes of the the corresponding complex functions, where colors on the resulting surfaces represent the arguments
of the functions.
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Figure 1: Approximation process of L;”f’l(w,z) to p(z) =2°— £ for u = 10,20, 30.
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