3

PADOVA UNIVERSITY PRESS

Dolomites Research Notes on Approximation

Volume 17 - 2024 - Pages 127-133

Sharp L, Bernstein type inequalities for certain cuspidal domains

Tomasz Beberok“

Dedicated to Professor Len Bos on the occasion of his 70th birthday

Abstract

The aim of this work is to prove two kinds of Bernstein type inequalities on certain cuspidal sets. The
first one is related to the plurisubharmonic extremal function. The second type concerns star-shaped,
centrally symmetric domains and uses the Euclidean distance (in directions parallel to the system axis)
from the boundary.

1 Introduction

Let 73;11 be the class of all algebraic polynomials in d variables with real coefficients of degree at most n. Further, let C(£2) be the
real space of all real valued continuous functions f defined on a compact set Q ¢ R? with the norm ||f ||, := SUP,cq |f (x)|, and
let L (€2), 1 <s < 00, be the space of all Lebesgue-measurable functions f on £ ¢ R¢ such that

1/s
”f”Ls(ﬂ)::(f If(x)lsdx) <oo if 1<s<oo.
Q

We denote by D; the partial derivative with respect to the variable x;, whereas the rth-order partial derivative is denoted by D)m.
Moreover, N = {1,2,3,...}. Throughout this paper, we adopt the convention that the letter ¢ denotes a constant that depends on
fixed parameters, such as d, s but independent of the degree n of polynomials.

The classical Bernstein inequality, for univariate algebraic polynomials of degree n, gives the following sharp upper bound for
their derivatives:

lvi _XZP;(X)“[—LU < n||Pn||[—1,1]~ (€Y)

It is well known (see [19]) that Bernstein’s inequality holds for higher derivatives i.e. there exists a constant ¢(r) depending only
on r such that

(V1= x2) P11 < eI Ipalli-aa- @)

It is also well known (see for instance [8]) that inequalities (1) and (2) extend to the L, norm on [—1, 1] with some constants
depending on s

lvi _XZP;(X)”LS([—LU) < C(s)n”pn”Ls([—l,l]): 3
(V1= x2) PO, 1,11 < EEEINTIPallps 1,10)- @

The inequalities mentioned above, along with their many extensions (see, for example, [3, 5, 6, 7, 8, 9, 10, 11, 12, 13], and the
survey [18] ), hold a fundamental position in various realms of analysis and approximation theory.

In order to understand the principal claims, we discuss known results that are relevant and related to our work. Let E be a
compact set in C™. Define

Ve(z) :=sup{u(z):ue L,u<0onE}, ze€C™

where L is the Lelong class of plurisubharmonic (briefly, psh) functions in C™ with logarithmic growth: u(z) < const +log(1+|z|),
see, for example [15], page 184. Then the upper semieontinuous regularization V;/(z) := limsup,_,, V(&) is called the (Siciak)
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extremal function of E. Let K be a compact set in R? with nonempty interior. Then, by Theorem 1.4 from [1] (see also [2]), the
following inequalities hold for every x € int(K) and p € P}’f:

ID;p(x)| < nD;} Vi e )(lIplIE — p*(x))"?, (5)

Vg(x+iee;

) for j=1,...,d, and {e,,...,e;} is the standard orthogonal basis in R%. If K is the closure of

+ — limi
where D; Ve(x) := henl é{lf -

an open bounded subset of R?, then the above inequality implies that

<nllplly forevery pe?P 6)

K

D" Vg

where D;”*VK( ¥):=limsup,_,, D;'VK(x). Moreover, it was shown therein (see Theorem 3.7 in [1]) that if K is a compact, convex
subset of R? such that 0 € int(K), then there is a constant ¢(K) > 0 such that, for every polynomial p € ’Pg, we have the Bernstein
inequality

ID;p(x)| < e(K)n(dist(x, 0K))*(llplly — p*(x))"/?, for x €int(K), j=1,...,d, @)
where 9K is the boundary of K. The inequality (7) yields

|cisttx, ax0#,p

|, < ctnlipl. ®

In a recent paper, Krod [17] (see also [16]) extended the inequality (8) to the case of the L space, and considering the model case
of a convex polytope, verified that the Euclidean distance to the boundary cannot be replaced by an essentially larger function. In
another recent paper [14] (see also [21]), the authors considered the simplex defined by

At i={xeRY:x,20,...,x6;20,|x| <1}, |x|:=x;+ - +x,. @

and proved that, for

JEVI=R

¢;(x) = > (10
VX +1—1x]
a doubling weight w on A¢, n,r € Nand 1 < s < 0o, there is a constant ¢ > 0, depending on d, s, r,w, such that
67D Dl (ad ) < c(d, 15, W' Pl aty, 1<j<d, 11

for every polynomial p € Pj. Here, as usual, || - || (s, stands for the weighted L, norm. Since

VX +1—1x| 1

D+V d (x) = = )
e JEVI—x ()
the inequality (11) is a generalization of (5) in the case when E = A¢.

Let K = int(K) be a star-shaped, centrally symmetric (with respect to the origin) domain in R¢ and let m > 1. Define for
vesttland x eK

P, (K,x):=sup{t=0:[x—tv,x +tv] CK}.
Assume that there exist constants M;, m;, j =1,...,d, such that
Py (K, ) = My (1= )™
fort e[—1,1], x € 9K, j=1,...,d. If we put p,(K,x) := 1r;ljigipe}_(K,x), m:= lrgj_as)((i m;, M := féljié’de' Then the following

analogue of the classical Bernstein inequality was given in [4]

; d
for every polynomial p € P
The aim of this work is to prove new Bernstein type inequalities on certain cuspidal sets. More precisely, for k € N, we
consider the following domains

p.(K,x) HDp|| < VEM Fnlpl, 1<j<d, (12)

O, ={xeR?:x,>0,...,x;20,|x|, <1}, |x|, :=x}/k+...+x§/k,

Q= {xeR%: |x |V .. +]x VR < 1),

In the present paper we establish an L, analogue of (5) for ©, and an L, analogue of (12) for £2,. Moreover, we show that our
estimates are asymptotically sharp.
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2 Main results
This section addresses main theorems.

Theorem 2.1. Let k be a natural number, and let ©, = {x e RY : x; > 0,...,x;, = 0, x}/k +...+ xé/k < 1}. Then, for every

1 <s < oo and each r €N, there exists a positive constant c such that for every polynomial p € Pg,

H(x}*“"\/l—lxlk) D}’)pHL o, Sl Pl e F=1d. 13)
s\ Ok

Proof. Taking into account the fact that the following methods do not actually depend on the number of variables, we will
perform the proof in the case of d = 2. The proof for each j is the same, hence we only consider the case j = 2. First, we define

By ={(x;, %) ER?:0< x; <1, (1—x,/ )27 < x, < (1— )/},
E, ={(x1,%,) ER?:0< x; <1,0 < x, < (1—x]/)k27F},

k

Then, using the change of variables x; = t*, x, = z*, we have

,
H(X;—uk [1_ XK _x;/k) pWp

where w(t,z) = k?t* 12571, Is is clear that, for t €[0,1) and 2 < 1 —t < 2z,

s 1 1-t
=f ﬁ 2" D(1 — t —2)2 D7 p(tk, 25) P w(t, z) dzdt,
Ls(E1) o JI

Vv1i—t—
V1—t—2z< ﬁ% = \/E(;bz(tfz);
see (10).
Therefore,

1 1-t 1 1-t
f f 2" D1 — t —2)2 DS (%, 55) P w(t, z) dzd t sf f |z D (v/2,(t,2)) DS p(t*, ) w(t, z) dzdt.
o Ji;t 0o Jo

Applying inequality (11) to Dér_l)p(tk,zk), with the weight
wy(t,2) = 2D (g, (8,2)) V22 w(t, 2),

there exists a positive constant ¢; > O such that
1 1-t 1 1-t
J f k2K, (t,2)DS7 p(t%, 25) fw, (t,2) dzdt < clnSJ J IDUDp(t*, 29w, (t,2) dzdt.
o Jo o Jo

Applying inequality (11) to DS Vp(tk,z*), with the weight

w,(t,2) (r—1=1)(k=1)s s(r—1-1)0 13
wi(t,2)=———7""7——=2 t,z 22 w(t,z),
111(6,2) 265 (6,2) (¢(t,2)) (t,2)

forl =1,2,...,r —2, there are positive constants c;,; > 0 such that

1 1-t 1 1-t
f f |kz* ¢, (t,2)DY ~Vp(tk, 2wy (t,2) dzdt < C1+1nsf f DY Dp(t, 2wy (t,2) dzdt.
0 0 0 0

Once again by (11), applied to p(t*, 2¥), with the weight w,(t,2) = Z(kvfl‘)j% =27 w(t,z), there exists a positive constant ¢, > 0
so that ’
1 1-t 1 1-t
J- f |kz"" o (t,2)Dyp(t*, 2) [ w, (t,2) dzdt < crnsf J- Ip(t*, 28w, (t,2) dzdt.
0 0 0 0
Therefore,

1 1-t 1 1-t
J f |z D (v24,(t,2)) DS p(¢*, 25) w(t, z) dzdt < A2% " J J lp(¢*, 25 w(t,z)dzdt = A2Z " |Iplly, o, -
0 0 0 0

.
Here A:=]]_ ¢.
The above reasoning then shows that

r s
(=i =) b

Ls(E1)

<A27n|pll; (14

E1UEy"
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Now we wish to prove a similar result for the set E,. Using the change of variables x; = t*, x, = z(1—t)*"!, we have

.
(x;“k\/ 1— x}/k — x;/k) Dg)p

where u(t,z) = 2 F(1 — 6)2 /1=t — (2(1 — £)*"D)F, v(t) = kt*"1(1 — £)*". Now we observe that for any 0 < 2z < 1—¢
and0<t<1,

s 1 1;,([
=f f (e, 2)Y DY ek, 2(1 — 0 Fv(t) dzdt,
Ls(E2) 0 Jo

o Q=0 VevI—t—z (1—-0)f?
G = Y e PR

¢2(tﬁz)‘

Hence
f f |(u(t,2)) D p(t*,2(1 — P v(t) dzde
0 0

s(1—zk)’z“f j i (1= £, (£,2)) D p(t*, 2(1 — )P v(t) dzdt.
0 0

By applying inequality (11) to q(t,z) = p(t*,z(1 — t)¥1), with the weight v(t), there exists a positive constant x so that

1 pl-t 1 pl-t
J f 12— Oy (t,2)) D p(¢%,2(1 — )P w(t) dzdt < Kn”f f Ip(¢*,2(1 = ) D) v(t)dzdt = xn™[pll}, . -
0 0 0 0

Thus,

s rs

Kn

= [IPIE - (15)

1-1/k [ 1/k 1/k ' (r)
(xz o ) brp T (1-2%)%
L(E2) -

Since ©, = E; UE,, (14) and (15) implies (13). O

Remark 1. Let E={(x,y) €R*:x,y >0, v/x+ ,/¥ < 1}. By applying a result of Klimek (see, e.g. [15], Theorem 5.3.1) to the
set [—1,1] x [—1,1] and the mapping f(z1,2,) = }‘((z1 —2,)%, (2, +2,)?), with appropriate choice of the branch of the square
roots, we find that

Vi(21,2,) = 2max{log |h(y/z; + y/2,)|, 108 [h(y/21 — v/2,)I},
for (z,,2,) € C? such that | /27 + /Z3| < 1, |/Z1 — 4/Z3| < 1. Here the function h is the inverse function to the Joukowski function,
g(z)= %(z + %) for z € C\ {0}. Then, if (x;, x,) € int(E), one can calculate that

1

VEVI= (/5 + V5

D;VE((XI’XZ)): j=12

Hence, if (x;, x,) € int(E), we have
1
VIV TR S ey VIV TV T

Therefore (13) can be considered as an extension of (5).

The second main theorem is as follows.

Theorem 2.2. Let k be a natural number, and let €, = {x € R : |x;|V/* + ...+ x|k < 1}. Then, for every 1 <s < oo and each
r €N, there exists a positive constant c such that for every polynomial p € Pf,

_AN r .
H(p*(nkix)l 2k) D]( ) < C(d)k’ r,S)n ”P”LS(Q,(): J= 1)"'5d' (16)

7|
Ls (%)

Proof. For similar reasons as before, we will perform the proof in the case of two variables. First, let us examine the case when
k = 1. Given any x € ©; we denote by 7o (x) :=inf,c5q, [Ix — ||, the Euclidean distance from x to the boundary of ;. Since

Ta, () < p,(Qy,x) < Vg, (),

the result follows from Corollary 2 in [17].
Let k > 2 and, for a € [0, 1), define

(@) :={(x, ) ER*1a < x; <1, —(1— §/x) <, < (1= §/3)'),
Q;(a) ={(x1,x5) € R*:—1< x; < —a,—(1-% _Xl)k <x,<(1-¥ _Xl)k}-
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Then, after the change of variables x; = t, x, = s(1 —t)*!, we can write

L(2] (@) J Jtl

where v(t) = k(t(1—t))*"!. From the definition of p, (£, x), for (x;,x,) € Q/ (a), we have

(24 x) < (1= 4/x)" = |-

Hence, if0<t<1,t—1<s<1—t, we obtain

| (G005 ) DY (P (e (5,51 — )% ) DOp(ek, 51— )| v(e)ds,

(0 (R, (5, s(1— D)) 2 < (1= ) 2P (1=t —|s)" % < (1— ) y/T—t —s].

Thus,for%ﬁtﬁl,t—lﬁsﬁl—t,

(P (R, (5, s(1— F )% < (1= 1)1/ Tt —|s| =(1— 1) 'y V27 01(0)(t,5)-

Then, if q(t,s) = p(t*,s(1—t)*1), by Corollary 2 in [17] (applied to ¥ (0) with the weight v), there exists a positive constant

such that
< V\/_T +o(t, s)) D(r)
L@ (&) H( o1

Now let T = {(x;,x,) €R?:0< x; < zlk’ —(1— ¥/x7)* < x, < (1— k/x7)}. Then

(Co( Gras =) DE7p

<k il ot @ = ¥ 1Pl @ op - A7)
Ly(2 (0))

k =
(0. (2, (xy, xz)))lii < \/(1 - \/k X))k = x,| <22 \/d((xlz X,),(0,1)), (x1,x,) €T, (18)
where
&((xhxz)’(o’ )= sup [1(x7, x5) = (1, Ax)l, - sup [1(x1, x5) — (1, Ax)l5-
0<A:(xq,Ax3)ET A<0:(x7,Ax3)EY

By Theorem 2.2 in [12], there exists a positive constant c(r,s) > 0 such that

1(d((xy,x2), (0, 1)) 72D plly ¢y < ()" 1Pl -

Thus, by (18), and by the fact that T C £(0), we have

iy
Hgmq%@b@»yn)DyﬁtmsG%@@ﬂmmunSU%@mmmmmq@y (19)
By (17) and (19), there exists a positive constant ¢ > 0 so that

| (G G %) D0

L (m(o)) n"lplly, (@) -

Similarly,

| (0.0 ey x5 ) DYp " el o con-

Ly —
The proof is completed by the fact that Q; (0) U (0) = €. O

3 Sharpness of the Bernstein type inequalities

In this section we shall prove sharpness of Theorems 2.1 and 2.2.
To prove the statements we consider the following sequence of polynomials

U, (x1,...,xq) = ngn(“’“)(xl).

Here P(*#) denotes the Jacobi polynomial of degree n associated with parameters a, 5. Using the identity fol (1—t*)adt =

%,We obtain
d-1 . )
1 T(k(rs+1i)+ 1Ir'(k+1) N
U — 1—x (rs+d—1) p(a,a) IS doxs. 20
[LEA P rs+1l;[ T(k(rs+i)+k+1) 0( ) [P () doxy (20)

We now apply Bernoulli’s inequality to deduce that

1
(11_2) <(1-2") < -z
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for each positive integer [ and z € [0, 1]. Therefore,

1
”Un”sLs(@k) ~ J (1- X])k(r5+d_l)|Pr(la’a)(X1)|s dx, 2D
0

Now a result proved by Szegd (see [20, Chap. VII]) comes into play. With u, ; = as —2+s/2, we have

1
f |P,5“’“)(x)|s (1—x)" dx ~n® 2 whenever 2 < . (22)
0

If 2k(s + 1)(rs +d) < U, then we can combine (21) and (22) to see that

”Un“sLs(ek) ~ nasfzk(rerdfl)fz. (23)

By the symmetry relation P{*)(—z) = (—1)"P{*F)(z), we have

||U ”L = 4||U ”L o0 ~ nas—Zk(rs+d—1)—2. 24
Now let y, = (1— xl/k ) x;/kl)k. Then
Yd rs _ 1 1
J (x;_l/k\/l—x}/k— x;/kl 1/k) dx, :y;(1 2k)+1j 51— £) % dt.
0 0
Moreover, if y4_; = (1 —xll/k — l/k Y
Ya-1 yrs(l,zflk)ﬂ dx, L r5(1 A2 (1 ok )krs(l_ Yk gp — yrs(l,,)ﬂ T(krs(1—5; Ly+k+ 1Dk + 1).
o - -1 T(krs(1— o) +2k +1)

Repeating this argument, we obtain that there exists a positive constant ¢, independent of n, such that

(x5 ¥ .
! ¢ 1 1/k l/k 1/k 1/k : _ 1/k krs(l——)+k(d 1)
1— —x;1 =Xy dxg...dx;=c(1—x;"")
0
Hence, in the same manner as before,
—1/k r
”(x; Y /1=Ixl) D w |
Thus, by (23) and (25), for fixed k, r,s, we have
—1/k r
”(x; / v 1—]|x|;

Ul 00

which proves that the estimate (13) is asymptotically sharp. To prove the analogous property for the set €, we need to consider
the function p, (2, x) = lmind pej(Q,(, x). If x € Q, and each x; > 0 then, by definition,
<j<

~n
Ls(©x)

as—2k(rs+d—1)—2+rs (25)

n
L
5(©k) ~n'

P, (o x) = (1= x| +x;") —x
Hence, for any such x and each j,
Pe; (Q,x)=(1— |X|k)k-
We therefore conclude that
PR, x) = (1—|x[)* for x€Qf ={xeQ:x;>0,i=1,...,d}. (26)

Proceeding as before,

la = 1xtore-hng

1
o le (r!)S(l_xl)krs(l—f)H((d 1)|P(aa)(x )|s dxl,
L) 0

d—1 T(rs(k—3)+(—1Dk+1)I(k+1)
=1 T(rs(k—3 J+k+1)

where ¢; = . Using (22) again yields

||(1 _ |X| )r(k—j)D(r)U as—Zk(rs+d—1)—2+rs. 27)

~n
L (m)
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Thus, by (24), (26), (27), and the symmetry of 2, and p, (€, x), for fixed k, r,s, there exists a positive constant c, so that

|(tp.( %) DY,

Ly(Q
(%) > cn”

U1, 00

which gives the asymptotic optimality of statement (16).
At the end of this work, we formulate a hypothesis that naturally arises in the context of the obtained results.

Conjecture Let a>1, and let , = {x € R : |x,|"/*+...+|x,|/* < 1}. Then, for every 1 <s < oo and each r € N, there exists
a positive constant ¢ such that for every polynomial p € 793,

-2 p®) -
H(p*(ga)x) Za) Djr pHLS(ﬂa) < C(d)k: r’s)nr”p”Ls(ﬂa): J= ]-; .. ~;d-
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