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Abstract

In this paper, we present optimal admissible meshes for ball and simplex, based on Chebyshev nodes. We
compare them with other recently studied point sets and give numerical evaluations, using the covering
radius related to the Dubiner distance as the main metric of performance.
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1 Introduction

In recent studies focusing on accurate discretization of compact sets K € R? the concept of admissible meshes often plays a
pivotal role. We briefly recall, following [4], that for a compact set K C R¢, (polynomial) admissible mesh is a sequence of finite
sets X, C K such that

lplix <cllpll,, peP! €8]

with constant ¢ > 0 independent of p, where ]P’g denotes the space of polynomials in d variables, and at most n-th degree. We
also require, for X, to be ]P’g -determining (meaning, any polynomial from ]P’g that vanishes on X,, must vanish on the entire set K)
and for card(X,,) to grow at most polynomially with n, that is card(X,) = O(n*) for a > d. The polynomial admissible mesh is
called optimal when a =d.

We define the Dubiner distance on a compact set K € RY as

1

degp
The Dubiner distance, was originally introduced in [6]. It plays a significant role in multivariate polynomial interpolation, and
found numerous applications in the construction of norming sets and admissible meshes e.g. [1], [9], [5]. Among its many
interesting properties, it is worth noting that, the Dubiner distance is invariant under invertible affine transformations. Indeed,
for an invertible linear transformation T : K — T(K), we have

dX(x, ) = dp (T (), T(»)).

In the paper [8], Piazzon and Vianello showed a connection between Dubiner distance and admissible meshes. They demonstrated
that for compact sets X € K C RY, if the covering radius py(X) with respect to the Dubiner distance does not exceed 8 /n for some
6 €(0,m/2),n>1,1i.e.

dg(x,y) = sup{ |arccos p(y) —arccosp(x)|: degp = 1, ||pllx < 1} , X,y €K.

@

S|l

px(X) :=supinfdk(x,a) <
xek asX
then the following inequality holds
1
Ipllx < —=lipllx, p<€PL.
cos 6

In this paper, our goal is to develop designs for polynomial admissible meshes over simplices and balls with potentially low
cardinality, satisfying (1) with constant
¢y :=1/cos(mt/(2m)). 3

According to (2), it is enough to show that for admissible mesh X,,,,, we have p(X,,,) < 7/(2mn) and required constant in
inequality (1) will then immediately follow. In Sections 2 and 3, we will outline constructions based on this principle, for meshes
over simplices and balls, respectively. Additionally, we will provide a numerical comparison with other, recently studied admissible
meshes. However, now we will state a lemma, that will become relevant in later parts of this paper.
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Lemma 1.1. For any integer d > 1, and any x € [0, 2] the following inequality holds

cos? (i) > COSX.
vd

Proof. The result is imminent for d = 1. Consider d > 2. By making use of Taylor series of cos(x), for all x € R, we have
1—x2/2 < cos(x) < 1—x2/2+ x*/24. Consequently,

()2 (-53) =2 ()

k
Consider the partial sum Zz: 4(—1)k(i) (%) starting from 4 and the following two cases.
1° If d = 21 + 1 for some | € N then for x € [0, 2]

S (D)) =266 -GG -2 (E) [ ma)

j j=2
d(d—l)(x_z)Zj[ 1 2 1 ]_ L d(d—1)(x_2)2f[ d(2j—1)+4j ]>0
2j J\2d d—2j d2j+1] 4 2j J\ad dd—2)2j+1 1~

>0

k

v
~ 1

j=2 j=2

2° In the case of d = 2[ for some | € N, we have

l d

() -2EE) (06 ) =

the last inequality being a consequence of 1°. Since for x € [0, 2] the partial sum starting from 4 is positive, we can write

(e S5 T () -5 et
k=0 k=0

_l_x_2+x_4(3d(d—1)_(d—l)(d—2)x_2)>l_x_z+x_“(3d(d—1)_2(d—1)(d—2))
T2 24 dz dz 2)77 2 24 dz dz
2 4 32 _ 2 4
:1_x_+x_w21_x_+x_2msx’
2 24 d2 2 24
which completes the proof. O

2 Admissible meshes on a simplex

Let ¢ > 0. By 6, we will denote [q] Chebyshev points in [—1, 1], that is zeros of the [q]-th Chebyshev polynomial of the first kind,

ie. )
Gy = {cos M,
2[q]
where [-] is the usual ceiling function. It’s worth noting that, since the Dubiner distance is invariant under invertible affine
transformations, any results acquired for a given simplex can immediately be extended to any other simplex. We will use Duffy
transformation between the cube [—1,1]¢ and the standard unit simplex

1<j<al

E=E;:={x=(x1,...,x) €RY 1 xq,...,x, =0, x;+...+x; <1},
which can be defined as follows
2:[-1,114 3t =(ty,...,t;) — x =(xq,...,x4) €RY,

where

i=2,...,d.

i—1
1+t 1+t 71—t
Xlz_l X l| | J

1) 1:_ B
2 2 112

Lemma 2.1. The Duffy transformation defined above is a surjective function between [—1,1]¢ and the simplex E.

Proof. Fix[—1,1]¢ > t = (cos2¢,...,cos2¢,) for some ¢,,..., P, € [0,7/2]. We have

i—1

=cosz¢il_[sin2¢j20, i=2,...,d. 4

j=1

_ 1+cos2¢,
B 2

X, =cos’¢p, =0, x;

_ 1+cos2¢, ﬁ 1—cos2¢;
o2 L2
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To prove that Z}lexi <1, forany k € {2,...,d} consider

i—1 i—1

k k k k
cos? ¢1+Z cos? ¢; l_[ sin® ¢; + l—[sin2 ¢; = cos® ¢, +sin’ ¢, (cos2 ¢y + Z:cos2 o l—[ sin® ¢; + l_[sin2 qu)
i=2 j=1 j=1 i=3 j=2 j=2

k i-1 k
=cos® ¢, +sin® ¢, (cos2 ¢, +sin® ¢, (cos2 s+ Z cos® ¢, l_[ sin® ¢ + l_[ sin? q&j)) = ...

i=4 j=3 =3

= cos® ¢, +sin® ¢, (cos® ¢, + sin® ¢,(cos® P, + ... +sin? ¢;_,(cos® py_; + sin? ¢, (cos® ¢ +sin® ¢;)))) = 1.

As a result, we get 1 — Zi.‘zlxl— = l_[;?:1 sin? ¢; forany k € {2,...,d}. In particular,

d
1-x x =] [sin¢; > 0. (5)
=1
Now, it is enough to show that any vector (x,...,x,) € E is of the form (4). Indeed, x; € [0, 1] implies that x; = cos® ¢, for
some ¢, € [0,7/2]. Since0 < x;, < 1 —Zf: x; and, by the above, 1 —Zf: x; = ]_[f: sin® ¢;, there exists ¢, € [0, /2] such
that x; = cos? ¢, l_[f: sin® ;. O

In the following part of the paper we will denote ‘gjamn = (G /gm)? € [—1,1]¢ as the Cartesian product of € 3,,, C [—1,1].

Additionally, from now on, to simplify the writing, we will assume that any empty product, in particular, one of the form l—[f:j for
k < j has the value 1.

Theorem 2.2. Let X /3,,, = 9((65%”1)' Then, for the simplex E = E; C RY, every integer n > 1 and real m > 1 the following

inequality holds
X )< 2
Pe\A vimn) = 2 Tl.

Consequently,
Iplly < callpll,

for any polynomial p € ]P"i where c,, is given in (3).
Proof. The points from the set %%mn can be expressed as

{(cos20; ,...,c0820, )}y, iy 1<1p,ee,0g < [\/Emn],

where 0, := 512[15/;;);; € [0,m/2] for k € {1,...,d}. Those points can then be transformed using the Duffy transformation to

acquire the corresponding mesh for the simplex E,

k=1

d — . _ 2 s 2 —
9(6 dmn)—{(ail,...,aid).aik—cos 0;, sin Gil_,k—l,...,d} CE.

j=1

As in the proof of Lemma 2.1, any point x = (x,...,Xx,) € E, can be written in the form (4).
To estimate the covering radius, we will apply the known bound of Dubiner distance on a simplex, see [2], i.e.

df(a,b) < 2arccos(a - b), a,bekE,
where - is the standard dot product, and
i=(ya,....va,y1-2L,a;), b=(Vby....v/bs/1-ZL,b;)

gives a mapping from the simplex E to the positive orthant of the unit sphere in R?*'. From (5), for a, x € E with parameters 0;,
¢;, we have

d d d
di(x,a) < 2arccos (X - @) = 2arccos Z x;a; + J (1 —in) (1 —Zai)
i=1

i=1 i=1

d

i-1 d
= 2arccos (Z cos ¢; cos 6, l_[sin ¢;sin6; + l_[sin ¢;sin 91) .

i=1 j=1 j=1
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Let’s consider the sum

d i1 d
S:= Z (cos ¢, cos 6; l_[sin ¢;sin Oj) + l_[sinqu sin 0;
i=1 j=1 j=1
d i1 d
= cos ¢, cos 0; +sin ¢, sin 6, [Z (cos ¢, cos 6; l—[sind)j sinej) + l—[sin¢j sin Gj:| = ...
i=2 j=2 j=2

= cos ¢ cos 0 + sin ¢, sin O, (cos ¢, cos B, + sin ¢, sin H,(cos ¢ cos O; + ...
... +sing,_,sin 6, ,(cos ¢4, cosB;_; +sin ¢, sinO,_;(cos ¢4 cos b, + sin ¢, sin 6,))))

Since cos¢,_; cosO,_; + sing,_; sin6,;_,(cos¢p,cosb; + sing,sinbh;)) = cos¢py_qcos6,;_; + sin¢y_;sinb,_; cos|¢py; — 4]
= cos|¢ gy — 01 cos|py — Oyl we get

S > cos ¢, cos 0; + sin ¢, sin 0, (cos ¢, cos O, + sin ¢, sin 0, (cos ¢p; cos O; + ... +sin py_, sin O;_, cos|¢py_1 — Oq_1| cos|pq — 6,4]))

d d
>...>cos ¢, cos b, +sin¢1sin911_[cos|¢j—9j| > l_[cos|¢j—0j|,
j=1

j=2

and so we have
d

di(x,a) < 2arccosl—[cos l§; — 61

j=1

Now, observe that points a = (a;,...,a;,) € X /g, = @(%jamn) with q; = cos? 0, l_[;:; sin? 91-]_ are equidistributed with
respect to 6; ,...,0,, € [0, n/2] with spacing of n/(2[v/dmn]) in between them. Therefore, for any x = x(¢1,...,¢,) € E,
@1, g €[0,7/2], there exist a; € X /g, with i = (iy,...,1g) € {1,...,[vdmn]}’, such that |, — 6, | < 7/(4]v'dmn]) for all

k=1,...,d. This leads to the following estimate of the covering radius

Pe(X ygmy) =sup _inf df(x,a)

x€E 9€X /gmn
d
< sup inf 2arccos| |cos|¢k—9ik|
¢refo,m/2] (nid) k=1
k=1,....d
d

= 2 arccos l_[ sup inf cos|p, —6, |
ko1 drelon/2] ik
d

b b
< 2arccos cos (—) = 2arccos (cosd (—))
g 4v/dmn 4v/dmn

And now, by applying Lemma 1.1, we can finally write
2arccos (cosd (L)) < ZL = L.
4+/dmn 4mn  2mn
O

Remark 1. It is worth noting that for the plane, this mesh can be easily improved. Consider the subset of points from mesh X s,,,
for which 6; €[n/4,n/2] and 6;, € [0, /4], which correspond to upper left quarter of the set €z, X € /5,. In other words,
{(d',b") € 6 3mn X Cyamn : @’ <0,b" = 0}. In this subset 0, 0;, are still equally distributed and the reasoning used in the proof
of Theorem 2.2 holds for points (x’, y") € Q; where

Q, =92({(x,y)e[-1,1:x' <0,y' >0 ={(x,y) €E: x < 1/2,y > (1—x)/2}.

Now, let’s consider an affine transformation
3 3 1
T :E>(x,y)— (%_(x+2y—1), EX_E) eT

that maps the unit simplex E into an equilateral triangle T centered around the origin with vertices V; = (+/3/2,—1/2), V, = (0, 1),
V; =(—v3/2,-1/2).
Since the Dubiner distance is invariant under invertible linear transformations, the reasoning above holds for points (x, y) € Q;
where
Q =7Q)={(x,y) €T : x>0,y <1/4}.

By rotating Q, by 27/3 and 47/3 around the origin, we can create sets Q,, and Q respectively. To show that T =Q, UQ, UQ,
it is enough to see that the bottom right kite of equilateral triangle K; := {(x, Y)ET: x>0,y < +/3x/ 3} is contained within Q;.
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-0.25 —0.25 1

—-0.50 1

—0.50 1

-0.751 —0.751
=1.00 1 —1.00 1
71‘00 70‘75 70‘ 50 70‘25 0.;)0 O.‘ZS 0.‘50 0.‘75 1.(‘)0 71‘00 70‘75 70‘50 70‘25 0.;)() 0.‘25 O.‘S() 0.‘75 l.(‘)O
(a) Admissible mesh X . mapped onto the equilateral triangle (b) Improved grid with lower cardinality. Points marked in red,
with the transformation  for mn = 8. Red points indicate ele- green and blue correspond to points from sets Q;, Q, and Q3, re-
ments of the set Q;. spectively.

Figure 1: Admissible meshes for a simplex.

Again rotating this kite by 27t/3 and 47t/3 around the origin, creates kites K, and K; contained within Q, and Q, respectively.
Thus T =K, UK, UK; C Q; UQ, UQg. It follows that Q; UQ, U Qs is a covering of T and pT()?ﬁmn) < 5—. This mesh contains
only 3([v/2mn/27)? points, compared to ([+/2mn])? in the original mesh, see Fig. 1b.

Corollary 2.3. For any integer n > 0 and real number m > 1 the set fﬁmn :=X,UX,UX, forms an admissible mesh on T with
constant c,, given in (3), i.e.

< ~
Iplly < callplls,,

for any polynomial p € ]P’i where

~ 3 3 1
X, = {(%y(l—x),zx—i- Z) (%, ¥) € 6 jamn X Cyamn X <0,y = 0},

~ ~ 3 1
X, = rZTn(Xl) = {(—%(y(l—x)+3x+ 1), §(3y(1—x)—3x—1)) 2(%,Y) € Cyzmn X Cyzmnr X <0,y 2 O},

Xyi=ra(X) = {(—‘g(m —x)—3x— 1),—%(33/(1 —x)+3x+ 1)) 20, Y) € Cygmn X Gz X <0,y = o}

with rg(x,y) :=(xcos8 — ysin 0, x sin 6 + y cos 0) being the usual rotation around the origin.

2.1 Comparison of admissible meshes for a simplex

In the following sections, we refer to admissible mesh based on Duffy-like transformation, constructed in Theorem 2.2, and
denoted by X /..., as Duffy points. The points presented in Remark 1, denoted by X J/3mn»> are referred to as Improved Duffy
points. In Figure 2, we compare these points with equidistant Simplex points, see [3], the recently studied Waldron points on
the simplex, denoted as Wy, and the Spherical Waldron points on the sphere, which we project onto the simplex and refer to as
projected spherical Waldron points or pSW,,. Both Waldron points and Spherical Waldron points were introduced in paper [3] via
barycentric coordinates. Let a = (ay,...,a44;) € NI*! and |a| := £2*]

2 > w(a;/N)
Wy = azé N, :|la|=N7y, SWy := azé ——————V,:|la|=Ny, 6
N {x Z w(a;/N)V; : |al } pSWy {X A 2?:1W(aj/N) |l 6)

a;. Here, we define:

where V, = (0,1),V, = (—+/3/2,—1/2),V, = (+/3/2,—1/2) are the vertices of the equilateral triangle, and w(x) := (1—cos(7x))/2
is the relevant weight function, which corresponds to Chebyshev-like points over the simplex.
3 Admissible mesh on a ball

When working over a ball or a sphere, it is convenient to make use of generalized spherical coordinates. For the unit closed ball
B?:={x eR%:||x||, <1}, d > 2, they correspond to the surjective transformation

9:[0,1]1x[0,1]%2 x[0,27]> (1, 6,,...,604-1) — (xq,...,x4) € BY
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10
s Simplex points
o Waldron points
*  Projected spherical Waldron points
Duffy points
# Improved Duffy points
0.8
0.20
¢ ° @ Waldron points
0181 * @ Projected spherical Waldron points
° * . Duffy points
06 N 0.16 1 ® . 5 e Improved Duffy points
" 0 @ C e,
= 2 ® o
H . . g 0144, s
- . = . L)
o . o . ® e,
£ ¢ . £ 012+ T *
3 1Y ®e H ° .
LI,
& ol .l 3 ar0 MY
. L] ®e ° 0.08 b e .
H ®ee e e g
. . ® en
P Co,, . d
. . oeq, 0.06
. v %000,
02 et e, 2x10? 3102 4x10? 6x 107
- 00.... ST . number of points
-Ill.h
4 B .
‘n.“"a...‘- (b) Close up on the area outlined by the gray rectangle.
0.0

10! 102 103
number of points

(a) Comparison of discussed admissible meshes over a simplex.

Figure 2: Numerical estimate of the covering radius based on the Baran distance.

such that
j—1 d—2
xj=rc059jl_[sin9k, xd=rsin0d_ll_[sin0k, 1<j<d-1
k=1 k=1

Additionally, let
U (Uq,Ug, ... Ug_1,Ug) = (lug],arccos(uy), .. ., arccos(uy_q ), 2 arccos(uy))

foruy,...,uy € [—1,1]. Then the composition ¢ = %o % creates a mapping ¢ : [—1,1]¢ — B?. It is well known that the Dubiner
distance dgd (a, b) coincides with the geodesic distance for points from the d-dimensional ball lifted to the (d + 1)-dimensional
hemisphere, see [2]. More precisely, for a, b € B¢ we have

dgd (a, b) = arccos(d - b)

a:=(a,...,an/1—Nal3), b:=(by,...,bs /1=IDIE).

Theorem 3.1. Let Y5, := 2 ((6/3m)? " X Gy /zmn)- Then for every integer n > 0 and real m > 1, the following inequality holds

with

v

Y < —.
de( ﬁmn) = 2mn

Consequently,
Ipllse < callplly,,

for any polynomial p € Pg where c,, is given in (3).

Proof. The points from the set (€ /5,,)% ! X 6,35, can be expressed as (cos 01, ..., cos 8;_;,cos(6,/2)) where (0;,...,0,_;) €
[0,7]¢! and 8, € [0,27]. By using the transformation %, we can acquire new set of points:

a' =(lcosb:,0s,...,0,) € UG /3m)" " X Gouzmn)-

It is worth noting that this new set is spanning over d-ball B¢ in spherical coordinates. Since ¥ is surjective, for any point x € B¢
there exist x’ € [0,1] x [0, ]2 x [0, 27] such that ¢(x") = x where we can express x’ as

x' =(ry, Py ...,Pq) where r,€[0,1], (¢s,...,P4-1) € [0,7]42, ¢, €[0,2m].
By choosing ¢,, 6, € [0, t/2] such that r,, = cos ¢; and | cos 6, | = cos 0;, we can write

X/ = (COS¢17 ¢2’ .. -’¢d);
a’' =(cos6,,6,,...,04).
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Let us take the rotation such that A,,(a) = A,/ (9(a’)) := 9(cos 0;,0, — ¢,,..., 0, — Py), i.e. A, corresponds to the rotation by
—¢;,i =2,...,d in spherical coordinates. Now, we can estimate the Dubiner distance

& (x, ) = d¥' (9(x"), 9(a")
=% (A (9(x),Ax(9(d)))
=d2" (9((cos $,,0,...,0)), 4((cos 01,0, — s, ..., 6 — b))
= dﬁd ((cos ¢1,0,...,0),(cos 6, cos (6, — p,),ay, ...,ay))

= arccos((cos ¢4,0,...,0, m) - (cos 0; cos (6, — ¢,),ay,...,a4, m))
= arccos((cos ¢4,0,...,0,sin¢;) - (cos 0; cos (6, — ¢,),as,...,a4,sin6;))

= arccos(cos ¢, cos 60, cos (0, — ¢,) + sin ¢, sin 6;)

< arccos(cos (6, — ¢,)(cos ¢, cos 8; + sin ¢, sin 6;)) = arccos(cos (6, — ¢,) cos (6, — ¢5))

The mesh (€ /5,,,)" ! X €,/ 15 equidistant with respect to 6;,0,,.. ., 6, with a spacing of /([ v2mn]) between them, and so
for every x’, there exists a’, such that |6; — ¢;| < m/(2[v2mn]) fori =1,...,d. As in the case of the simplex

Pt (Vyzm) = sup _inf %' (x,a)

xeBd €Y amn

< sup inf arccos(cos(6; —¢;)cos(0, — ¢,))
¢1.¢2 0102

= arccos (cos (sup inf|6; — ¢, |) cos (sup inf |0, — ¢2|))
¢ N ¢2 02

T T T i
= arccos| cos| ———— |cos| ———— | | < arccos (cos2 ( )) < —
( (Z[ﬁmn]) (Z[ﬁmn] )) 2+/2mn 2mn
by Lemma 1.1. m

Remark 2. Due to the symmetry of the Chebyshev nodes, the set {|u| : u € 6 ,,,} contains [v2mn/2] points, and Y 3,,, =
F((€ /3mn)? ™2 X 6y /3mn) Creates an optimal admissible mesh, with at most [v2mn]? points, see Fig. 3.

1.00

0.75 4

> 0.00+

—0.25 4

—0.50

—0.75 1

—1.00 4

T T T T T
-1.0 -0.5 0.0 0.5 1.0
X

(a) Admissible mesh Y 5, with mn = 4. (b) Elevation of Y, /5 to the hemisphere.

Figure 3: Admissible mesh for the unit disc.

3.1 Comparison of admissible meshes for a ball

Remark 3. It is worth mentioning that any admissible mesh over a simplex, can be adapted to fit onto a ball. By elevating the
simplex to positive orthant (as discussed in 2.2), by rotations around the elevation axis, it can be transformed onto an upper
(d + 1)-dimensional hemisphere and then projected back onto B¢

{xeR:x;,...,xg 20,20 x; <1} > x+— x' = (£ /x1,...,2/x;) € B
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In this section, see Figure 4, we consider d = 2, the real unit disc. We compare the admissible mesh constructed in Theorem
3.1, denoted as Y,/5,,,, which we refer to as centric Chebyshev points, together with points based on the Fibonacci lattice, which is
known for producing nearly equidistant points on the sphere, see [7]. To adapt the Fibonacci lattice to our needs, we projected
the upper hemisphere onto a disc, resulting in what we call the projected Fibonacci lattice. Additionally, we consider the improved
Duffy points, constructed in Theorem 2.2, along with Waldron points and projected spherical Waldron points, defined in (6), and
adapted to the unit disc as described in the above remark.

1.0

o Projected Fibonacci lattice
o Waldron points
e Projected spherical Waldron points
e Improved Duffy points
Centric Chebyshev points
0.8+
0.20
e Projected Fibonacci lattice
0.18 e Waldron points
®  Projected spherical Waldron points
06 . 0.16 @ Improved Duffy points
e a Centric Chebyshev points
3 . g 014 L .
c st . .
S o
£ ° £ 012 ® - s o o
] ° 5 . @ o .
H g o3 o .
o g 4 - -
0ad . S 010 . . L a—
. o, o
. 0.08 T T e e e ;
¢ . ‘ 0.06 ‘ : :
B !
H
PR 2x10? 3x10? 4x10? 6x10%
027 “woed" number of points
¢ o
LIy X .
s Reoseel (b) Close up on the area outlined by the gray rectangle.
0.0

10! 10? 10°
number of points

(a) Comparison of discussed admissible meshes over the unit disc.

Figure 4: Numerical comparison of admissible meshes for the unit disc.
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