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Abstract

In this paper, we introduce the notion of semi uniform alpha convergence for sequences of functions
between metric spaces. We also provide some results concerning the relationship between uniform
exhaustiveness, semi uniform exhaustiveness and semi uniform alpha convergence. Finally, we give a
Korovkin-type theorem related to uniform exhaustiveness.

1 Introduction and A Brief History

Over the years, various forms of convergence have been introduced and developed to address specific mathematical challenges ,
much like the rise of uniform convergence. One such concept is alpha convergence (also referred to as "continuous convergence")
which was initially introduced by Courant [12] in 1914. Alpha convergence distinguishes itself from other types of convergence
due to its property of ensuring the continuity of the limit function, even when the terms of the function sequence are not
continuous themselves. Numerous studies, including several influential ones, have been conducted in this area [8, 22, 23].

In recent decades, the alpha convergence has received renewed attention. In 2003, Das and Papanastassiou [13] introduced
several new convergence concepts for sequences of real-valued functions namely, alpha uniform equal convergence, alpha strong
uniform equal convergence and alpha equal convergence. They also provided a characterization of these notions within the
framework of compact metric spaces.

Gregoriades and Papanastassiou [18] introduced the concept of exhaustiveness, which is closely related with equicontinuity,
and established a connection between alpha convergence and pointwise convergence through this new notion. In 2011, Caserta et
al. [10] introduced the statistical analogues of classical convergence concepts such as Dini, Arzela, and Alexandroff convergence.
They also introduced statistical versions of strong uniform convergence and strong exhaustiveness. In [11] the statistical versions
of notions of exhaustiveness alpha convergence were introduced by Caserta and Kocinac.

In 2020, Papanastassiou [21] introduced the "semi" notion for sequences of functions and introduced notions such as semi
alpha convergence, semi uniform convergence and notion of semi exhaustiveness. In 2022, Das and Ghosh [14] introduced
statistical analogues of certain convergence concepts for sequences of functions between metric spaces namely statistical versions
of semi alpha convergence, semi exhaustiveness, and semi uniform convergence.

In 2024, Erdem and Tunc [15] analyzed several types of convergences and the relationships among them, depending on the
elements and the domains of the function sequences. Also in 2025, Erdem and Tung [16] introduced the notions of Cauchy alpha
convergence and uniform alpha convergence for function sequences between metric spaces. They investigated their properties
based on the structure of the functions and their domains.

In recent years, there has been a growing interest in the construction and generalization of Korovkin-type approximation
theorems and positive linear operators. Various modifications and extensions of classical Korovkin theorem have been proposed to
handle broader classes of functions and convergence modes. Several recent studies have introduced new types of operators and
investigated their approximation properties under different settings, highlighting the flexibility and efficiency of such operators
in modern approximation theory. These approaches allow the study of a wider class of operators and offer new insights into
Korovkin-type theorems, see [3, 4, 5, 6, 7, 16, 17, 20].

In this study, we introduce the notion of semi uniform alpha convergence for sequences of functions between metric spaces.
We also provide some results concerning the relationship between uniform exhaustiveness and semi uniform exhaustiveness.
Moreover, we establish several connections involving semi uniform alpha convergence. Finally, we present a Korovkin-type
theorem related to uniform exhaustiveness.
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2 Definitions and Auxiliary Results

To enhance readability, in this section, we recall some basic definitions and notations. Throughout the paper, we write X = (X, d)
and Y = (Y, p) to denote metric spaces unless or otherwise mentioned. By B(x,, ) := B;(x,,6) denotes the open ball with
center X, and radius § > 0 with respect to metric d. The set of all Y-valued functions defined on X is denoted by Y*:

Y¥={f | f:X - Yis a function.}

The family of continuous and uniformly continuous functions defined on X to Y are denoted by C(Y*) and UC(Y?¥), respectively.
It is well known that UC(Y*) c C(Y*). For simplicity, if the domain of the function is known, we write C(Y*) and UC(Y¥)
simply as C and UC, respectively. This convention is applied consistently to all related notations throughout the paper.

The family of sequences of functions and the family of sequence of continuous functions defined over X to Y is denoted by
sf(YX) and scf(YX), respectively. For simplicity, if the domain of functions is known, sf(Y*) and sf(Y*) are abbreviated to sf and
scf, respectively :

sf=sf(Y)={(f) | VneN, f,eY*},  sef:=sj(v)={(f,) | VneN, f, € C(v)}.
We will use the following notations to describe various properties of function sequences. As ¢ ; := csf(YX ), it denotes the

set of all pointwise convergent sequences of functions on X to Y , while ¢¥. := ;’f(YX ) represents sequences that are uniformly

sf °
convergent. The subscript scf denotes that the sequences consist of continuous functions, applied consistently across all related
notations throughout this paper. We use the standard notation "f, — f" for the pointwise convergence and "f, =3 f" for the

uniform convergence of the sequence (f,) to f.

Definition 2.1. [12] The sequence (f,) € sf(Y*) alpha convergent to f € YX on X and denoted by f, —, f, if for every x € X
and for every sequence (x,) of points of X converging to x, the sequence (f,,(x,)) convergent to f(x).

The set of alpha convergent sequences of functions on X to Y will be denoted by c‘:f(YX ):

= () ={(f)esf13f €Y*: f =, f}.
It is proved in [2] that the alpha convergence of the sequence (f,,) at x, € X to f is equivalent with the following condition:
Ve > 0,36 = 6(xg,€) > 0,3n, =ny(xy,e) €N:Vx €By(xy,6), V/n=ny, = p(f,(x),f(x,)) <e.
Definition 2.2. [21] The sequence (f,,) € s§(Y*) is called semi alpha convergent to f € Y* at x, € X if
@ fulxo) = f(x0)

(ii) For every € > O there exists a 6 = 6(¢,x,) > 0 such that for all n € N there exists m € N with m > n such that for all
X € B(xy,6) we have p (f,,(x), f(x5)) < &

hold.
If (f,,) is semi alpha convergent to f for all x € X we say that (f,,) is semi alpha convergent to f on X and denoted by f,, —,, f.
The set of semi alpha convergent sequences of functions on X to Y will be denoted by ci_‘;(YX ):

=t (V) ={(f)esf | If €Y' i f, - f}
Remark 1. Semi alpha convergence lies between alpha convergence and pointwise convergence. Therefore, there exist examples
such that
(i) A function sequence is semi alpha convergent but not alpha convergent.
(ii) A function sequence is pointwise convergent but not semi alpha convergent.

One may refer to Example 3.4 in [21], that is
(i) ForallneN, f, : R—>R,

}1, nis odd
_)o, nis even andxe(—oo,—%)U(O,oo)
Jul)= 2nx +2, nisevenand x € [—%,—%]
—2nx, nis even and x € (—%,0]
which is semi alpha convergent but not alpha convergent.
(i) ForallneN, f, :R—>R,
0, xe€(—o0,—1)u(}, 00)

f"“‘)z{l, ce[-11]

which is pointwise convergent but not semi alpha convergent.
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Definition 2.3. [16] The sequence (f,) € sf(Y*) is called uniform alpha convergent to the function f € Y* on X and denoted by
fa 34 f, if for every sequence (x,) and (y,,) of points of X with d(x,,y,) — 0, the sequence p(f,(x,),f(y,)) — 0.

We will use the notation cl_rf?‘(YX ) to denote set of all uniform alpha convergent sequences of functions in Y*:

= (V) ={(f) esf|If €Y : £, 3, f}.
It is proved in [16] that the uniform alpha convergence of the sequence (f,,) to f on X is equivalent with the following
condition:
Ve>0,36 =6(e)>0,3dng =ny(e) eN: Vx,y €X (d(x,y) <6), Vn=ny = p (fu(x), f(¥)) <e.
Definition 2.4. [16] The sequence (f,) € sf(Y*X) is called Cauchy alpha convergent to the function f € Y* on X and denoted by
fu —ea f» if for every Cauchy sequence (x,) and (y,) of points of X with d(x,,y,) — 0, the sequence p(f,(x,),f(¥,)) — O.

We will use the notation cg‘;‘(YX ) to denote set of all Cauchy alpha convergent sequences of functions in Y*:

<= <) ={(f) €sf| 3 € V¥ 1 f, >0 f 1
Here are some facts related with alpha and uniform alpha convergence from [16, 18, 21].

Lemma 2.1. Let (f,) € sf(YX) and f € YX be given.

(i) IfX is compact set and f, —, f, then f, 3 f.

(i) If f, = f then f, = f.

(i) If f, 3 f and f €C, then f, =, f.

() If f, 3. f, then f € UC.

) If fn 3o f, then f = f.

) If fu 3o f, then f, 3 f.

(i) If f, 3 f and f € UC, then f, 3, f.
(viii) If f, € UC forallneNand f, 3 f, then f, 3, f.

(ix) If X is compact set, then c;"f = ci‘;‘ = cf‘; and cgcf = cg‘:f = c';(f = cg‘c"f.
Definition 2.5. [9] The function sequence (f,) € scf(Y*) is called uniformly equicontinuous on X if for every & > 0 there exists
& = 6(¢&) > 0 such that for all n € N and for all x, y € X with d(x, y) < 6 we have p (f,(x), f,(y)) <e.

Definition 2.6. [18] The function sequence (f,,) € sf(Y*) is called (pointwise) exhaustive at x, € X if for every & > 0, there exists
6 =6(e,x,) > 0 and ny, = ny(e, x,) € N such that for all n > n, and for all x € B;(x,,5) we have p (f,(x), f,(x,)) < €.

The set of exhaustive sequences of functions on X to Y will be denoted by ¢,; := esf(YX ).

3 Main Results
3.1 A New Type of Convergence
In this section, we define a new mode of convergence that guarantees the limit function is uniformly continuous and is weaker
than uniform alpha convergence.
Definition 3.1. The sequence (f,) € sf(Y*) is called semi uniform alpha convergent to f € Y on X and denoted by f, =3, f if
@ fu—>f
(ii) For every € > 0 there exists a & = §(€) > 0 such that for all n € N there exists m € N with m > n such that for all x,y € X
with d(x, y) < 6 we have p (f,,(x),f(¥)) <e¢

hold.
The set of semi uniform alpha convergent sequences of functions on X to Y will be denoted by ¢®“*(Y¥):

sf
Gt =g ={(f)est 1 3f eY¥ i f, 3 f}
If (f,) satisfies the condition (ii) in Definition 3.1, then we call (f,,) has the semi uniform alpha property with respect to the
function f.

Remark 2. Even if (f,) has semi uniform alpha property with respect to the function f € Y*, it may not be semi uniform alpha
convergent to f. Indeed, let for all n € N, the functions f,, : R = R,

1, n even
1

fn(X)={ odd

are given. The sequence (f,) has the semi uniform alpha property with respect to the function f = 0 but it lacks semi uniform
alpha convergence to f.
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From their definitions, it is clear that the uniform alpha convergence is stronger than the semi uniform alpha convergence:

Proposition 3.1. If f, 3, f, then f, 3, f thatis ¢, C ¢;".

Just as in pointwise and uniform convergence, there is the following relationship between semi uniform alpha and semi alpha
convergence:

Proposition 3.2. If f, 3, f, then f, =, f thatis ci’;“ C css‘;‘

Just like uniform alpha convergence, semi uniform alpha convergence ensures the uniform continuity of the limit function.
More specifically, the semi uniform alpha property guarantees uniform continuity of related function.

Proposition 3.3. If (f,) € sf(Y*) has the semi uniform alpha property with respect to the function f € YX, then f € UC.

Proof. Let € > 0 be given. Assume that (f,,) has semi uniform alpha property with respect to the function f, that is, there exists
& = 6(&) > 0 such that for every n € N there exist m € N with m > n such that for every x, y € X with d(x,y) < & we have

p (fn(x), f(¥)) < &/2. Then every x, y € X with d(x, y) < & implies p (f (x), f(¥)) < p (f (x), fn (X)) +p (fu(x), f(¥)) <e. O

Corollary 3.4. If (f,) € sf(YX) is semi uniform alpha convergent to f € YX, then f € UC.

Remark 3. From Definition 3.1, one can see semi uniform alpha convergence implies semi alpha convergence while reverse
implication may fail. Indeed, for every n € N, the functions f, : (0,1) > R, f,(x) = 1 are given. f, —,, < while f, £, .

Remark 4. Semi uniform alpha convergence lies between pointwise convergence and uniform alpha convergence. So there exist
examples such that

(i) A function sequence is semi uniform alpha convergent but not uniform alpha convergent.
(ii) A function sequence is pointwise convergent but not semi uniform alpha convergent.

For (i) let for all n € N, the functions f, : R — R, If n is odd, f,(x) = % and if n is even, f,(x) = 0 are given. It is clear that
fn 3B 0 but f,, B, 0 because f,, 0.

For (ii) one check the example in Remark 1 (ii) which is pointwise convergent but not semi uniform alpha convergent, as it
fails to be semi alpha convergent.

Proposition 3.5. If (f,) € sf(Y*) has semi uniform alpha property with respect to the function f € Y* and f, =3 f, then f, =3, f.

Proof. Let ¢ > 0 be given. From uniform convergence of (f,,) to f there exists n, = ny(&) € N such that for all n > n, and for all
x € X we have p (f,(x), f(x)) < €/3. From semi uniform alpha property, there exists 6 = (&) > 0 such that for n, € N there
exists m € N with m > n,, such that for all x, y € X with d(x,y) < & we have p (f,,(x),f(y)) < &/3. Now for all n > n, and for
all x,y € X with d(x, y) < & we have p (f,(x), f(¥)) < p (f,(x), fF () + o (fu(¥), F ) + o (fn (), f(¥)) <. O

The diagram in Figure 1 illustrates the relations between semi uniform alpha convergence and some types of convergences
on any set X.

Remark 3
Remark 4 (i)

Remark 4 (i) Remark 4 (ii)
uw S SUcl | ¢ —N—
¢ _— ¢ 5f —_— cﬁ f
5T Proposition 3.1 Definition 3.1 (i)

Lemma 2.1 (v)
—
Remark 3

Proposition 3.2
‘_
Remark 3

Remark 1 (i)
4+
G ) e
Lemma 2.1 (ii)

Figure 1: Relations between some types of convergences
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Definition 3.2. [14] The sequence (f,) € sf(Y*) is called uniformly exhaustive on X if for every & > 0, there exists 6 = §(¢) > 0
and ny = ny(e) € N such that for all n > n, and for all points x, y € X with d(x,y) < & we have p (f,(x), f,(¥)) < e.

The set of uniform exhaustive sequences of functions on X to Y will be denoted by egf = e‘s‘f(YX ).

Remark 5. From Definition 3.2, one can see uniformly exhaustiveness implies exhaustiveness while reverse implication is may
fail. For example, the function sequence (f,) in Remark 3 is exhaustive while not uniformly exhaustive. Indeed, 6 cannot be
chosen depending only on . Let x, = 1 and y, = — with |x, — y,| = 0 while |f,(x,) — f,(y,)| =In+1—n| > 1 #0.

Proposition 3.6. The function sequence (f,,) € sf(Y*) is uniformly equicontinuous if and only if forall n €N, f, € UC and (f,,) € e

Proof. (=) Assume that (f,,) is a uniformly equicontinuous function sequence. From the definition for every n € N, we have
fa€UC and (f,) € ¢}

( <= ) On the other hand let ¢ > 0 be given. By uniform exhaustiveness of (f,), there exists n, = ny(¢) € N and
89 = 6y(€) > 0 such that for all x,y € X with d(x,y) < &, and for all n > n, we have p (f,(x), f,(y¥)) < €. Moreover for
all n € N, the functions f, € UC then there exists §, = 6,(¢) > 0 such that for all x,y € X with d(x,y) < &, we have
P (fa(x), fo(¥)) < &. One can choose § = min{éo, 61,00, 5n0_1} then for all x,y € X with d(x,y) < § and for all n € N we
have p (f,(x), fo(¥)) <e. O

Proposition 3.7. If f, — f and (f,) € egf(YX) then f € UC.

Proof. Let ¢ > 0 be given. From f, — f there exists n, € N such that for all n > n, we have p (f,(x), f(x)) < &/3. Similarly,
there exists n, € N such that for all n > n, we have p (f,(¥),f(y)) < ¢/3. Also from (f,) € egf there exists n, € Nand 6 > 0
such that for all n > n, and for all x, y € X with d(x,y) < & we have p (f,(x), f,()) < &/3.From here, for all x,y € X with
d(x,y) < 6 and for all n > max{ny,n,,n,} we have

P (f(x), f()) < p (F(x), () + o (fu(x), (WD + o (£ (3D, F(¥)) < e

which completes the proof. O

Proposition 3.8. f, 3, f ifand only if f, 3 f and (f,) € e;‘f(YX).

Proof. Let € > 0 be given. Assume that f, 33, f. From Lemma 2.1 (vi) we have f, 33 f. From uniform alpha convergence there
exists ny = ny(¢) € Nand 6 = §(¢) > 0 such that for all n > n, and for all x, y € X with d(x, y) < 6 we have p (f,,(x), f(¥)) < &/2.
Then for all n > n, for all x,y € X with d(x,y) < 6 we have

€
2

=E€.

p (.00, £,00) < p (£ F D) +p (F ) () < g +

that is (f,,) € ¢“(Y¥).
On the other hand from (f,) € e;‘f there exists n, = ny(¢) € N and 6 = §(e) > 0 such that for all x,y € X with d(x,y) <&

and for all n > n,, we have p (f,(x), f,(¥)) < €/2. Moreover from f, 3 f, there exists n, = n,(¢) € N such that for all n > n,

and for all x € X we have p (f,(x), f(x)) < &/2. Therefore for all n > n, = max{ny,n;} and for all x, y € X with d(x,y) < 6 we

have

£

P UL F ) < p (ol D +p a0 FN < 5 + 5
which is desired. O

=&

Remark 6. Uniform convergence of (f,) to f in Proposition 3.8 can not be replaced with pointwise convergence or alpha
convergence. Indeed for every n € N, the functions f, : R — R, f,(x) = & are given. Its clear that (f,) € e:f and f, = 0 (f, =, 0)
while f, 73, 0 because of f,, 3 0.

Definition 3.3. [14] The sequence (f,) € sf(Y*) is called semi uniform exhaustive on X if for every & > 0 there existsa 6 = 5(¢) > 0
such that for all n € N there exists m € N with m > n such that for all x, y € X with d(x,y) < 6 we have p (f,,(x), f,.(¥)) < e.

The set of semi uniform exhaustive sequences of functions on X to Y will be denoted by e;’; = esslé(YX ).
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Remark 7. By definition 3.3, uniform exhaustiveness implies semi uniform exhaustiveness. But reverse implication may fail. Let
for all n € N, the functions f, : (0,1) = R,

, neven

0, nodd

==

falx) =
are given. It is clear that (f,) is not uniform exhaustive while (f,,) is semi uniform exhaustive.

Proposition 3.9. Let (f,) € sf(Y*) be given. If (f,) has semi uniform alpha property, then (f,) € e

Proof. Let & > 0 be given and assume that (f,) has semi uniform alpha property with respect to a function f € Y*, that is there
exists 6 = &(¢) > 0 such that for all n € N there exists m € N with m > n such that for all x, y € X with d(x,y) < § we have
o (fin(x), f(¥)) < /2. Then for every n € N one can choose the same m € N with m > n before and for every x,y € X with
d(x,y) < & we have

P (Fm(x), fu(¥)) < (fn(0), fF YN+ F (), fu(¥)) < €

which completes the proof. O

Proposition 3.10. If (f,) € sf(Y*) is semi uniform exhaustive and f, = f, then f € UC.

Proof. Let € > 0 be given. From uniform convergence of (f,,) to f there exists n, = ny(¢) € N such that for all n > n, and for all
x € X we have p (f,(x), f(x)) < /3. By semi uniform exhaustiveness of (f,), there exists § = §(&) > 0 such that for alln € N
there exists m € N with m > n such that for all x, y € X with d(x,y) < 6 we have p (f,,(x), f,,(¥)) < /3. From here, for all
n > n, and for all x, y € X with d(x, y) < 6 we have

p(f(x) f(y) < p (), [+ p (fr (), f YN + o (fu(¥), f(¥)) < €
thatis f € UC. O

3.2 A Korovkin-Type Theorem

We will be concerned with positive and linear operators defined C,(X). The positivity of an operator L is understood as the
condition that for every positive function f, the function L(f) is also positive. Let e, (t) = t*, where k € N, := NU {0} and t € R.
For X = [a, b], we present the Korovkin’s Theorem to discuss an approximation property of positive and linear operator sequences
on Cp(X):

Theorem 3.11. [19] Let X =[a, b] and (L,,) be a sequence of positive linear operators on C(X). If L,(e;) 3 e, for k =0,1,2 then
L. (f)3f fordl f € C(X).

We now state the Korovkin-type theorem for uniform exhaustiveness for metric spaces with using similar method in [1].

Theorem 3.12. Let (L,) be a sequence of positive linear operators on C,(X). If (L,(ey)) is uniformly exhaustive and bounded on X
then (L,(f)) is uniformly exhaustive on X for all f € UC,(X).

Proof. Let f € UC,(X) and ¢ > 0 be given. From boundedness of f let define M; := sup,.x |f (x)|. By uniform exhaustiveness of
(L,(ep)) on X, there exists 6, = &(¢) > 0 and ny = ny(e) € N such that for all x, y € X with d(x,y) < §, and for all n > n, we
have

|L,(eg; x)—Ly(eg; ¥)I < =A(e).

£
3(M;+1)
From boundedness of the sequence (L,(ey; x)) there exists M, > 0 such that L,(e;; x) < M,.

By uniform continuity of f on X there exists §; = §,(¢) > 0 such that for all x, y € X with d(x,y) < &, we have

IfG)=fI < = A,(e).

I
3(A,(e) + M,)

From properties of positive linear operators we have

L,(If = f(¥);x) <Ay(e)|L,(eg; x) — Ly (eg; ¥ +Ay(e) | L, (eg; ¥)I.
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Now if we choose 6 = min{6,, §,} then for all x,y € X with d(x,y) < 6 and n > n, we have

IL,(f;0)=L,(f; ) <L, (f;x) = L,(f (¥); ) + 1L, (f (¥); ) = L,(f ¥ ); YN + 1L, (f (¥); ) — L, (f; ¥)
SL(f =fOIx)+1f I - |Lu(egs x) — Ly(eos ¥ + L, (If — F (15 )
< 2A,(e)(A () + M,)+ M, - A, (¢)

<g,

that is (L,(f)) is uniformly exhaustive. O

4 Conclusion

In this paper, we introduced the concept of semi uniform alpha convergence for sequences of functions between metric spaces.
We demonstrated that this mode of convergence, although weaker than uniform alpha convergence, still guarantees the uniform
continuity of the limit function. We also gave several relationships between semi uniform alpha convergence and existing
convergence notions, including semi alpha convergence, uniform exhaustiveness, and semi uniform exhaustiveness. Additionally,
we proved a Korovkin-type approximation theorem for uniformly exhaustive operator sequences, which generalizes the classical
Korovkin theorem to settings involving semi-uniform behavior. One advantage of the Korovkin-type theorem for uniform
exhaustiveness, similar to exhaustiveness, is that one can use only one test function instead of three.

For future work, one may consider statistical and ideal versions of semi uniform alpha convergence and exhaustiveness and
their relations in different types of spaces.
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