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On the Mellin-Gauss-Weierstrass operators preserving logarithmic
functions in the weighted Mellin-Lebesgue spaces
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Abstract

In the present paper, we state a quantitative version of the convergence utilizing the logarithmic weighted
modulus of continuity for a new generalization of the Mellin-Gauss-Weierstrass operators which preserve
logarithmic functions. Later, we express logarithmic moments of the modified operators, and then we
give Voronovskaya-type theorem. Moreover, a rate of convergence is achieved, and onwards the global
smoothness preservation feature is stated via the logarithmic weighted modulus of continuity in the
weighted Mellin-Lebesgue spaces comprising all Lebesgue measurable functions.

1 Introduction

Mellin transformations perform significant roles not only in mathematics but also in computer science, optical physics, etc. Their
significance roots in their implementations to real-life problems. For instance, they can be properly benefitted in problems of signal
reconstruction where the samples are not uniformly spaced, as in the classical Shannon Sampling Theorem, but exponentially
spaced (see e.g., [1], [7], [8], [10], [12]). The singular integrals of Mellin convolution type were first presented by Kolbe and
Nessel in [11]. Butzer and Jansche [9] exhaustively investigated Mellin transform. They defined the Mellin convolution and
appeared some significant results. After, Bardaro and Mantellini [6] took into account Mellin convolution operators of type

oo

(T.f)(s) =f1<w(t)f(rs)%, s€(0,00), e

0

[ee]
where f belongs to domain of the operator T,, and K,, : (0, 00) — R is a kernel that provides the condition f K, (t) th =1.

0
Compared with the ordinary classical convolution, the translation operator is changed with a dilation operator. A specific kind of
Mellin type operators is the Mellin-Gauss-Weierstrass operator, corresponding to the Mellin-Gauss-Weierstrass kernel [9, p. 342
Definition 8]. It is defined by

w w 2dt
(TLf)(s)= —ff(tS)e_(21°gt) —,seR"andw>1.
Var ) t

It is entitled as Mellin-Gauss-Weierstrass convolution operator.

In literature, various papers are published for similar operators on this subject. For instance, Ozsarac et al. [17] give a new
generalization of Mellin-Gauss-Weierstrass operators that preserve logarithmic functions and describe the behavior of the operators
in some weighted spaces. Moreover, in [2], a new modulus of continuity for locally integrable function spaces is indicated and
the attained outcomes are implemented to the Gauss-Weierstrass operators. Other than these, in [18], Topuz et al. represent a
modification of singular integral of Mellin convolution type, and the obtained outputs are restated for the Mellin-Gauss-Weierstrass
operator. Very recently, Ozsarac express approximation properties of the Mellin-Gauss-Weierstrass operators in the Mellin-Lebesgue
spaces in [16] and presents approximation properties of a modified form of the Mellin Gauss-Weierstrass operator in the space
of continuous functions in [15]. In these days, Aral et al. present quantitative approximation theorems for Mellin-Fejer type
operators in Mellin-Lebesgue spaces, benefitting a appropriate modulus of continuity in [4], and Ozsarac express a numerical
version of the convergence via the logarithmic weighted modulus of continuity for linear combinations of the Mellin convolution
operators in the weighted Mellin-Lebesgue spaces in [14].

The logarithmic weighted spaces of functions and a convenient modulus of continuity were presented in the recent study [3].
Additionally, the paper [3] is connected with an operator of Kantorovich type by regarding Mellin-Gauss-Weierstrass kernel.
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The rest of the paper is organized as follows: In the next part, elementary notations and preliminaries concerning with the
subject are recalled, and by the motivation of [17], we express a modified Mellin-Gauss-Weierstrass operator G,, that preserves
both the constant function 1 and the function log,. Later, the properties of G,, are mentioned, and then we give Voronovskaya-
type theorem. Moreover, by the other motivation of [4], a rate of convergence of aforementioned operator is provided, and
onwards the global smoothness preservation feature is given via the logarithmic weighted modulus of continuity in the weighted
Mellin-Lebesgue spaces comprising all Lebesgue measurable functions.

2 Notations and Preliminary Results

Let us symbolize by N, R* and Ry the sets of positive integers, positive real numbers and nonnegative real numbers, respectively.
By C, we denote the set of complex numbers. Throughout the paper, C (R*) stands for the space of all continuous and bounded
functions defined on R*.

Let R* be the multiplicative topological group bestowed with the logarithmic (Haar) measure

dt
:U’(A) = 77

A
being dt the Lebesgue measure.
By C (R*) we symbolize the space of all continuous and bounded functions f : R* — C, and by C,,,,, (R*) the subspace of
C (R*) containing all functions with compact support in R™.
For p € [1, oo[ we symbolize by X? (R*) = XP?, the Mellin-Lebesgue spaces with respect to the measure y and we symbolize
by [|f |, the corresponding norm of a function f € X i.e.

oo 1/p
||f||p:=(J If(u)l”d—u) .
0 u

For p = 0o we define X *° as the space of all Lebesgue measurable functions f : R* — Rsuch that ||f ||, := ess sup,eg+ |f (1) < 00.
Moreover, we call that f € C* locally at the point s € R* if there is a neighbourhood U, of the point s such that f is (k—1)-times
continuously differentiable in U, and the derivative of order k exists at the point s.
Here, by the motivation [17], for w > 1, we consider the modified Mellin-Gauss-Weierstrass operator

2dt V2
w

6.6 = ‘/%Jf(t)e—(zmga;@) L e
0

v ~(31050)” 4L -
mff(taw(s))e o s>ew, 2
0

where

o s Z vz
a,(s)=e log”s w2 s>ew,

Moreover, we define
el

(Guf)(s), ifse(e ’ ,oo)

]

Lemma 2.1. [17]In our calculations, we will use the following well-known equalities:

(Guf)(s)=

=S

f(s), ifse(O,e

There is a w € N, such that the G, f, are meaningful for w > w.

oo w 2d
1. /%fe_(flogt) T[:L
0]
R L (Wioe ) Vel
2. #Ie (312 55) %:1f0rs>672.
0]

For j € N, the corresponding moments for the kernel are stated by

w u : j
e (Fosm) Jog) (SE) % (3)

Il
3l
B
0%8 0%8

3l
=]

e (§ 108" 1ogi ( tay (s)) dt.
s t
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5
Lemma 2.2. [17] With the aid of Mathematica, for s > eWZ, we can obtain the following moments:
1. m; = 1/log®s — % —logs,
2. m, =2log?s — Zlogs\/logzs — %,

4
3. my < —,
4. my< —

5. mg < —.
w
Corollary 2.3. From the previous lemma, we have the following limits:
: 2 _1.5-1(1
1. ‘}Lrgow m; =log (S),
2. lim w?m, =2.
w—0Q

Lemma 2.4. [17] The following equalities are valid:

1. (G,1(s)=1,

2. (G,log)(s) = \/—% +1og®s (s>e§),

3. (QW logz) (s) =log?s.

3 A Voronovskaya formula for G, f

In this section, we will employ the Mellin differential operator, as expressed by Butzer and Jansche in [9]. The Mellin differential
operator © or the Mellin derivative ©f of a function f : R" — R is defined by

of (s)=sf (s), s €R",

if the classical derivative f  (s) exists. The Mellin differential operator of order r € N is defined inductively by setting ©' = @,
©"=000"!, @ =1, I being the identity operator. From [9], we get the following formula

O F ()= Sk O (0)s",
k=0

where S (1, k), r €N, 0 < k < r, indicate the Stirling numbers of the second kind.
It is useful to recall the Taylor formula with the remainder in Peano version (see [5], [13]).

Proposition 3.1. Let f € C" locally at a point s € R*. Then, there exists & > 1 such that for t € (1/68,6)
e? o
f©) = fl+ef (s)log(£)+ /) log2(§)+...+ i'(s) 1og”(§)

2!
+h, (0)1og” (£ ),
S

where h, (t) — 0 as t — s. Additionally, if f € X*°, the above formula valid for every t € R and the function h; is bounded on R*.

We are now ready to explain the asymptotic behaviour of the family (G, f ) that identifies an order of pointwise approximation.

Theorem 3.2. Let f € X*° and s > eVWE. We have
1
Jm LGN 6~ f ] =log (1 )ef () +6% ()
for f € C? locally at the point s.

5
Proof. From (2) and Lemma 2.1 (2), for s > evz,we have

(Guf)(s)=f(s) (Guf)(s)=f(s)

_ 1/%Je_(glogawis))z(f(t)—f(S))%
0

1/6 1 =)

= — J+J+J e—(%bgaw’wz(f(r)—f(s))%

Var
0 1/5 &
=0 +1,+1,.
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We take into account first I,. By Proposition 3.1, we get
5
@2f (S) w 1 dt
=0Of (s)m; + Y m, + —m e (% ogawm) h, (t)log? ( ) -
175
From Corollary 2.3 (1) and (2), we observe that
(1
lim w?m, =log™ | —
w—00 S
and
lim w?m, = 2.
w—0Q
As to the last integral, for € > 0 suppose that 6 > 1 with |h, (t)| < ¢ for t € (1/8,6). Hence,
& oo
w (% 1og ) t\ dt w t\ dt
i | o ()| s iz [ e () e
176
As regards I; (and analogously for I5), we obtain
1/6 1/(8a, ()"
w ,(ﬂlog4)2dt 1 ~(L10gt)? dt
I|<2 — e \2 ay(s) ) — = J— e 2108 —,
L] < 2(1f oo N — = Iflleo N
0 0
so lim w?|I;| = 0. The proof follows by limsup and liminf arguments. O
w— 00

4 Weighted Approximation

In this chapter, we denote an estimation of approximation of functions including to the weighted Mellin-Lebesgue spaces, by the
modified Mellin-Gauss-Weierstrass operators defined in (2) via the logarithmic weighted modulus of continuity.

Definition 4.1. [4] For 1 < p < oo, we represent by X?(R*) = X2, the weighted Mellin-Lebesgue spaces containing all the

Lebesgue measurable functions f such that

I llpw == UOOO

(here the letter "w" implies "weighted").

f(s)

1@ P}
1+ (logs)?| s ’

Definition 4.2. [4] We introduce the weighted modulus of continuity of f € X’ as

%) _ p 1/p
w) Y(f;8)= sup {f ECO et §C) é} (6>0)
[logh|<& N

and we say it as “logarithmic weighted modulus of continuity in X?”.

copw has the following necessary features:
Lemma 4.1. [4]Let 6 >0, n € N. Then
(i) for f € XE, the quantity w) (f' &) is finite,
(ii) for f € XP, hmww(f 6)=
(iii) for all f GXVPV

w? (f;nd) <nw?(f;8) (neN)

and for any A € R*
W (F328) < (1+2) ! (£36),

Theorem 4.2. For 1 <p < oo, if f € X?, then we get

G f = fll,, < 3540 (f vlv)

@
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5
Proof. By (2) and Lemma 2.1 (2), for s > eWZ, we can write

(Guf)(s)=f(s) (Guf)()=f ()

_ J% J e i mn) (r (- (5))%
0

= 7= f 5 (1 (ta, () —F () &
Then, fors>e§ we deduce

1Gwf =l

_ {foo Joo v (F10ge)? f (ta, (s))—f(s) dt ds}
0 o Vam 1+ (logs)® s
2 |P 1/p

3 J"" J"" Fla,@)—r)  1+(logsl+ Jog O g

0 0 1+(|10gs|+‘logm+(s)) 1+ (logs)® $

w ef(% lOgt)Z g
4m t

P 1/p
< f J fla,D=f) | ds (1+(‘logta‘”(s)
0 0 1+(|logs|+ ‘logm%(s) ) ¥ s

W ~(yrogr) 4L
41 t

))

X

By using the definition of w;“ and Lemma 4.1 (iii), and for 6 > 0 and s > eg , we have

16.f - f||pw_f o (1 1ogmwT(S>D(1+(‘long;(s)

0

2
) W (3o 4L
van t

o] 3 2
1 ta, (s) ta, (s) W _(w 2dt
< 2wY(f;6 1+ = [log —=>= 1+ |log —==~ — o (Floge)" -
@, (f )L ( o ' 08 s ) ( (‘ 8 s 1/47:6 t
oo ‘log tay(s) (k)g taw(s) |10g 0, [°
< 2wY(f;6 143 +4
w, (f )L 5 52 5
taw(s) 1 taw(s)
s (log ‘Og w e—(gmgt)z g
o4 6% Jar t

From (3), we can write

ta,(s)| w —(Wlogt)zﬂ

Wrra t

W 7(wlogt) dt . ‘ ta, (s) w e*(%logt)zﬂ).
V4 v4n t
From the Holder inequality, Lemma 2.2 (3), (4) and (5), we have

" 4 3 3 4 1
IGwf —fllp, < 2w, (f;5)(1+§mz+§m4+—vmz+§vm4vmz+gvmsvmz;)
44 340 32 44402 1¢64om)
_ )

" 4 3 3 (%
1Gf —fllpw < 207 (f; 5)(1+5 +54m4+5J 'log

4 (% ta, (s)
+ 5 ‘log

A

Stwt Sw 83 wrw 85 ws w2

< Zw;j(f;6)(1+§w

Choosing 6§ = 1/w, with w > 1, from Corollary 2.3 (2), we finally obtain desired result.
Furthermore, when s € (O, e ), the desired inequality is already valid. O
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Corollary 4.3. Considering Lemma 4.1 (ii),
T [1G,of = £, =0
valid for all f € XP uniformly on R*.
Right now, we mention global smoothness preservation feature of the operator (G,,).

Theorem 4.4. For 1 <p < 0o, if f € XP and 6 > 0, then we have
" (G, f5) s4(1+ i)wW(f;5).
p w2 )

~
Proof. Performing the generalized Minkowski inequality, for s > eV , we gain
p 1/p

ds

s
P 1/p

ds

s

- U T[T f e 6D = f e, () W (o dE

f 1 (Guf) ws) = (G, f) (5)
0 (1+(|logs|+llogu|)2)

f | (Guf) (s) = (G.f) (5)
0 (1+(|logs|+llogu|)2)

o (1 + (|logs| + |logu|)2) Var t

I

p 1/p
ds
s

p 1/p
9) (e 4

f (uta, (s))— f (ta, (s))

<
(1 + (Jlogs| + |logu|)2) s Var t
Then, we get
oo 1/
U (Guf ) ws) = (Guf) ) |f 9) ’
0 1+ (Jlogs| + [logu)* | s
([ t t a5\ ta, (s)|°
S 4J J e, () =f (o, &) __['ds (1+log a, () )
0 o |(1+(lloga, (s)| +[logt| + [logul)*)| s
x — e’(%l"gt)zg.
var t
Taking sup of both sides of the above inequality according to u for [logu| < & , we achieve
*® ta, (s) 2) W _(w 2dt
0¥ (G,f;6) < 40Y(f;06 1+ |log —2 | | == e(Floge)” ==
" (G,f:6) v (f )JO ( g = :
= 4(1 +m2)w3(f;6).
Therefore, from Lemma 2.2 (3), the desired result is achieved.
In the other hand, when s € (0, e%i), the desired inequality is already valid. Thus, the proof is completed. O
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