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An Alternative Approach to Multivalued F—Contractions in
Ultrametric Spaces
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Abstract

This paper establishes new fixed point theorems based on the concept of F-contractions. The results are
formulated for multivalued mappings of rational type defined on spherically complete ultrametric spaces.
Several special cases are discussed, some of which generalize or improve upon known results. Illustrative
examples are provided to support the theoretical findings. Furthermore, an alternative generalization
involving almost contractive multivalued mappings of rational type is also presented within the framework
of F -contractions.

1 Introduction

Fixed point theory in ultrametric spaces has gained considerable attention in recent years, owing to its applications in p-adic
analysis, non-Archimedean functional analysis, and other branches of mathematics. One of the foundational results in this context
was established by Gajic [3], who also proved a fixed point theorem for multivalued mappings on ultrametric spaces in [4], and
further generalized through various approaches, including implicit relations [9], graph-theoretic structures [6], and topological
frameworks [5, 7].

A significant development in the theory of contractions was the introduction of the F-contraction by Wardowski [13], which
allowed a broader class of functions to be considered in fixed point results. This approach has been successfully applied to
single-valued, multivalued and paired mappings in both metric and ultrametric settings [8, 15]. Moreover, recent studies have
explored hybrid contraction types and integral-type generalizations to further extend the applicability of fixed point results
[1, 2,16, 17,18, 19].

Motivated by these developments, this study aims to establish new fixed point results for generalized multivalued mappings
of rational type on ultrametric spaces that are spherically complete. We also propose a broader generalization involving almost F-
contractive mappings. The paper begins with essential definitions and properties related to ultrametric spaces and F-contractions,
followed by the main results, supporting examples, and several corollaries that demonstrate the flexibility of the proposed
framework.

2 Preliminaries
Definition 2.1. ([3])A metric v on a set T is an ultrametric if for all n, o, w €T

v (n, ) Smax{v(n,w),v(w,e)}.

This property is known as the strong triangle inequality, which is a stronger form of the usual triangle inequality required in
metric spaces.

A discrete metric on T' (T # @) is an ultrametric on T" and also a metric on Q defined via binary expansions also forms an
ultrametric.
Remark 1. ([3]) Although every ultrametric is indeed a metric, the converse does not hold; that is, not every metric satisfies the
stronger ultrametric inequality. In particular, the standard Euclidean metric on R provides a clear example: while it fulfills all the
axioms of a metric, it fails to satisfy the ultrametric (or strong triangle) inequality.
Definition 2.2. ([14]) I be a nonempty set and let (T', v) be an ultrametric space. A closed ball centered at n € I' with radius
€ > 0 is defined as:

B(n,e)={e el :v(n, @) <¢},

with %B(n,0) = {n}.
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Remark 2. ([14]) A well-known characteristic property of ultrametric spaces is the following: Let (I', v) be an ultrametric space. For
any 1,0 € 'and any radii 0 < &€ < §, if

B(n, &) NB(n,5) # 0, then B(n, &) C B(n, 5).

Definition 2.3. ([14]) Let (T, v) be an ultrametric space. The space (T, v) is called spherically complete if every decreasing
collection of closed balls in T, that is, every family {B(n;,&,)}ic; (n €T, 0 < ¢) satisfying B(1,,1,€;41) € B(n;, &) foralli e,
has a nonempty intersection.

All other features related to ultrametric can be found in [14].

An F-contraction is a type of mapping that generalizes the classical contraction condition through a function F. This
approach ensures the existence of a fixed point even for mappings that do not satisfy Banach’s contraction condition but meet the
F-contraction criterion.

Definition 2.4. ([13]) Let F denote the class of all functions F : (0, c0) — R that satisfy the following three assumptions:
(F1) F is strictly monotone increasing; in other words, for all i, o € (0, 00) such that n < p, F(n) < F(p);

(F2) Whenever {n,} is a sequence of positive reals, the limit 1, — 0 if and only if F(n,) - —o0 as k = oo.;

(F3)3x €(0,1) : lim,_,o+ n*F(n) =0.

Any function F belonging to this class will be denoted by F € F.

Definition 2.5. ([13]) Let (T, v) be an metric space. T : T — I' a mapping and F € F. For T > 0 if for all 0, o € T', whenever
v(Tn,Tpe) > 0 the inequality,
T+ F(u(Tn, Te)) < F(v(n,e))

holds, then T is called an F-contraction mapping.

Example 2.1. ([13]) Let (T, v) be an metric space, { > 0, T > 0 and define
F(Q)=In(g*+ Q).

It is clear that F € F. Moreover, for all n, o € T such that v(Tn, T ) > 0, the inequality

’U(T’Y], TQ)(l + 'U(TT)7 TQ)) <e T
v(n,0)(1+v(n,e))

satisfies an F-contraction condition.
Now let us present the fixed point theorem given by Wardowski for an F-contraction.

Theorem 2.1. ([13]) Let (T, v) be a complete metric space and let T : T — T be an F-contraction. Then the mapping T has a unique
fixed point.
In the analysis of multivalued mappings, the Hausdorff metric is used to measure the distance between sets.

Definition 2.6. ([8]) Let (T, v) be a metric space. Denote by CB(T') the family of all nonempty, closed and bounded subsets of
T. For Z, P € CB(T), the Hausdorff metric H (Z, P) induced by v is defined by

H(Z,P)=maX{SU13D (n,P),supD (Q,Z)},
nez o€EP
where D(n,Z) =inf{v(n,p): 0 €Z}.

3 Main Results

3.1 A result for generalized multivalued rational type F-contraction

In this section, the definition of the generalized multivalued rational type F—contraction will be given, and some fixed point
results will be obtained using this contraction. An illustrative example will also be given.

Definition 3.1. Let (I, v) denote an ultrametric space, and let f : ' — CB(T') be a multivalued mapping, where CB(I') denotes
the set of all subsets of T that are nonempty, closed and bounded. The mapping f is referred to as a generalized multivalued
rational type F-contraction on I', whenever the following condition holds: foralln,p €T, F € 7, 7 >0,

H(fn,fe)>0=>1t+F(H(fn,fe)) <F(M(n,e)), @

D(n,fn)D(e,fe) D(n,fn)D(e,fe) }
l1+v(n,e) ~ 1+H(fn.fe) J

Theorem 3.1. Consider a spherically complete ultrametric space (T',v) and a generalized multivalued rational type F-contraction

f : T — CB(T). Then there exists a fixed point of f.

M(n,0) = max{v(n,g),D(n,fn),D(g,fg),
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Proof. For each { €T, define a closed ball B, = B({, D({, f {)) with radius D({, f {) = infc;, v({,s) and let A be the class of all
such balls. Introduce a partial ordering < on .4 via reverse inclusion:

B, < By iff By CB,

Let A, be a totally ordered subfamily of .A. Because T satisfies spherical completeness, the intersection of all members of A; is
nonempty:

B =|_J{%,B, € A} #0.
Take ¥ € B and an arbitrary B, € A;. One can see that, € B, therefore

v(B,8) <D, fO).

By compactness of f{ the infimum is attained at some u € f{ ,i.e., v({,u) = D({, f{). In case { = 7, the balls coincide:
B, = B,. Otherwise, for { # ¥, consider an arbitrary x € B,.

v(x,) < DU, f%)= iel}f?v(ﬁ,e)
< max{v('f), 0,v(¢,u), eier}f?v(u,e)}
< max{D({,f{),H(fL, f9)}
< max{D({,f{),M(,9)},

where

T+F(H(L f) < FM(Z,9)) and

M(Z, ) max{ v({,8),D(, £{),D(B, f9), }

D(E.fOD(G,f%) D(E,fED(D,fF)
1+ > 1+HFLfD)

max{D({, f£),D(¥, f )}
This step is justified by the monotonicity of F. Now, if D(#, f#) < D(Z, f{), we have

v (x,%) <D(T, f0) <D, fQ).

IA

Otherwise, if D(¢, f{) < D(, f#), we have

v(x,¥) < D(U,f9)
< max{D({,f{),H(f, f0)}
- { v(¢,9),D(L, f¢),D(Y, f 1), }
max D(LFODM®,f9) D(LfODD,fD)
1+ ®) 2 1+H(FLf)
< max{D(¢,f{),D(#, )}

D(#, ),

from F € F. As a result, we arrive at the clearly contradictory inequality D(¥, f ) < D(, f) which invalidates the second
assumption. From here, we obtain the following:

v(x, %) <D, f9) <D(,f{)
for x € B;. Now, by the ultrametric property,

v(x,0)

IA

max {v (x,3),v (9,0)}
max{v (x,%),D({,f}=D(,f¢)

holds. Thus x € %B,, ensuring the inclusion B, € B, for all elements B, of .A;. Consequently, B, serves as an upper bound
of A, within .A. By using Zorn’s lemma, we conclude that, .4 possesses a maximal element, denoted by B; for some § € T".
Our next goal is to establish that § € f§. Presume that § ¢ f$, p € f$, s # p and v(s, p) = D($, f§). From (1), we obtain

T+ F(D(p, fo) S T+ F(H(f5, )
P (max {uGs, 2,067, D(p, ), 2 LI0EAR) DESOR LT O )
F(max (DG, £9), D(p, £ p))

IA

IA

IA
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and deduce that

Now if y € B, then
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T+F(D(p,fp)) =< F(DG,f3))
F(D(p,fp)) < F(DG,f3)).
And, from F € F, we have D(p, f p) < D(s, f§).Otherwise, we would obtain the contradiction D(p, f p) < D(p, f p)-
v(y,p) <D(p,fp) <D, f$) 2

and forseTl
v(,8) <max{v(y, p), v(p,$)} < D, f5),
leading to y € B;. Hence B, C B;.
Since (2)
D@, f$)>D(p, fp)

implies § ¢ B,. Therefore B; ¢ B,,. This contradicts the assumption that 9B, is maximal. Therefore, § € f$, indicating that §

remains fixed under f. Hence, the proof is complete.

O

Example 3.1. Assume that N represents the set of positive integers, and let v be an ultrametric on I' = N U {0}, specified by the

function below:

zmna)=nwx{%,§},y¢£,

v(r,§) =07y =g,

1
”U(Y,O)Z e
Y
for all y,& €T. Define f : T — T by
_ ] {0} , r=07r=1
fy‘{{w“%m . r>1

Consider F(@w) = Inw for @ > 0. Hence, f can be classified as an F-contraction of rational type, where 7 is taken to be %. To

clarify this point, we analyze the cases below.
First, observe that

v, £ €N, v(fy,f€)>0 < (>1andy=0ory=1)or(y>&>1).

Possibility 1. For y = 0 and £ > 1, it can be seen that

H(fy,fE) @7 &

_ 2 o 4
= = =e <e.
1 &+2 -
M(r,E) 1 &
Possibility 2. For y =1 and £ > 1, as a result,
1
H(fY5f€) — geb+2 — 1 — 167572 < 674
M(y,¢) 1 et ¢ -
Possibility 3. For y > & > 1, we obtain
1
H(fy,f&) @2 & et 2ot

M(r,E) T ge? =
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3.2 A result for generalized multivalued almost type F-contraction

As a continuation of the above analysis, we propose a new contraction mapping defined via an almost contractive condition and
investigate its fixed point properties within the same ultrametric framework.

Definition 3.2. Let (T, v) be an ultrametric space and f : ' — CB(I') be a multivalued mapping. We say that f is a generalized
multivalued almost type F-contraction on I' if the following satisfies: foralln,p €I, F€ 7, L>0,7 >0,

H(fn,fe)>0=1+F(H(fn,fe)) <F(M(n,e)+LN(n,p)), 3)
where o o )

M(n, ) =max{v(n 0),D(n. ), Dle. f o), 2L LT DTV
and

N(n,e)=min{D(n, fe),D(e,fn)}.

Theorem 3.2. Let (T, v) be a spherically complete ultrametric space and f : T'— CB(T') is a generalized multivalued almost type
F-contraction. Then f has a fixed point.

Proof. For each { €T, define a closed ball B, = B({, D({, f {)) with radius D({, f {) = infc;, v({,s) and let A be the class of all
such balls. Introduce a partial ordering < on .4 via reverse inclusion:

B, < By iff By C B,

Let A, be a totally ordered subfamily of .A. Because I' satisfies spherical completeness, the intersection of all members of A; is
nonempty:

B=| J{®B,: B, €A} #0.
Take ¥ € B and an arbitrary B, € A;. One can see that, € B, therefore

v(B,{) <D, fE).

By compactness of f{ the infimum is attained at some u € f{, i.e., v({,u) = D({, f{). In case { = 1, the balls coincide:
B, = B,. Otherwise, for { # ¥, consider an arbitrary x € B,.

v(x,) < D, f®)= ier}gv('ﬁ,c)

< max{v(’t‘}, 0),v(¢,u), Cier}f?v(u,c)}
< max{D({,f0),H(f, f 1)}
< max{D({,f{),M(Z, %) +LN(, )},
where
T+F(HLfT) < FM(L,9)+LN(C, ) and
MED+ING D) = max{v(C, 0,050, b, f9), 2L DI DL
+Lmin{D(Z, f9), D(8, f {)}
< max{D(¢, f{),D(V, f§)}.
The expression must be as follows: D(, f%) < D({, f{) and then
v(x,%) < D8, f8) <D, fQ).
Otherwise, this value D(, f{) < D(4, f 1),
v(x, ) < D(U,f9)
< max{D({,f0),H(f, f 1)}
< max{u, 0,0, 70, D0, o), XL

+Lmin{D({, f9),D(F, f{)}
< max{D(¢,f{),D(®, f)}
D(, f9)

IA
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leads to a contradiction from F € F. Consequently,
v(x, %) <D, f9) <D(, f{)
for x € B;. Hence, it follows that

v (x,)

IA

max {v (x,9),v (8, )}
max {v (x,9),D({,fO}=D (L, f{).

Thus x € B,, ensuring the inclusion B, C B, for all elements B, of A;. As B, bounds the subfamily .4, from above in A
the conditions of Zorn’s Lemma are satisfied, yielding the presence of a maximal member B, indexed by some s € T.

Now, we assert that § € f$. To continue, we assume the opposite; § & s, p € f$,$ # p and v(s, p) = D($, f$). From (3), we
get

IA

T+F(D(p,fp)) <t +FHS,fp))
F (max{U(§,p),D(§,f§)’D(p7fp), D@, fp)+D(p, f3)

2
F (max {D(, f$),D(p, fp)})

IA

} +1 min{D(§,fp),D(p,f§)})

IA

which implies that

T+F(D(p,fp)) < F(G,f5))
F(D(p,fp)) < F(DG,f9)

and from F € F, we have D(p, f p) < D(S, f$). Otherwise the D(p, f p) > D(s, f$) state would create a D(p, fp) < D(p, f p)
conflict.

Now if y € B, then

v(y,p) <D(p,fp) <D, fS$) @
and forseT
v(y,$) < max{v(y,p), v(p,$)} < D(, £5)

Leading to y € %5;. Hence B, C 5;.

Since (4)

D($,f$)>D(p, fp)

implies § ¢ B,. Therefore B; ¢ B,,. This contradicts the assumption that %, is maximal. Therefore, § € f5, indicating that §
remains fixed under f. Hence, the proof is complete. O

We now present the consequences of the above theorem:
Corollary 3.3. Let (T, v) be a spherically complete ultrametric space and f : T' — T is a generalized rational type F-contraction on T

such as: foralln,p €T,F € F, 1 >0,

v(fn,fe) > 0=>1+F(w(fn,fe)) <FM(n,e))
v(n, fn)v(e,fe)
M. e) 1+v(n,0) }

max {v(n, e),v(n,fn),v(e,fe),

Then f has a fixed point.

Corollary 3.4. Let (T, v) be a spherically complete ultrametric space, and let f : T — T be an F-contraction defined as follows, such
that forallm,p €T, F € Fand v > 0,

v(fn,fe)>0=>1+F(v(fn,fe)) < F(max{v(n,e),v(n,fn),v(e,fe)D.
Then f has a fixed point.
Based on these given results, we give the following result for single-valued mappings:
Corollary 3.5. Let (T, v) be a spherically complete ultrametric space and f : T — T is a contraction mapping such as: for allm,p €T,
v(fn,fe) < max{v(n,e),v(n, fn),v(e,fel}

Then f has a fixed point.
We now examine a simple example of the first theorem we have presented:
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Example 3.2. Let ' =NU {0}, and let v be the ultrametric on I' given by;

mox{11) L r#s

v(r,&)=4 0 , r=¢&
1 —
v , €=0
forall y,& €T. Define f : T — T by
fre= {0} » r=0y=1
{rer?,0} , ry>1

Consider F(w) = —ﬁ forw >0,0<a<1 (and a < k). Hence, the mapping f satisfies the F-contractive condition of rational
type with T = %. To verify this, we consider the following cases. First, observe that

v, £ €N, v(fy,f€)>0 < (§>1andy=0ory=1)or(y>&>1).

Possibility 1. For y = 0 and £ > 1, it can be seen that

H(fy,f&)=zzm and M(1,8)=z.

Then, ~
TS HURFO M =(aw) ( )
— (i) -
— ‘S ( a(£+2) )
Hence,

T<E” (e“(‘5+2) - 1) .

Possibility 2. For y =1 and £ > 1, as a result,

H(fy,f&)=zt= and M(y,&)=1.

Therefore,
TS H(FfO My =(gks) -
— (§€5+2)a -1«
— gaea(5+2) —1.
Thereby,

< ga (ea(€+2) _ 1) < gaea(g‘*'z) —1.

Possibility 3. For y > £ > 1, we obtain

H(fy,f&)=zzm and M(1,8)=7z.

(565*'2) ( )7(1
(o) —
g ( a(§+2)_1)

It follows that

v< H(fr,fE* =M@y, 8™

Hence,
T <E* (e —1).

As a consequence, for F(w) =—=, (@ >0, 0 < a < 1) we obtain 7 < infs, £ (e*¢*2 —1) = 2%(e** —1); for instance a = 1/2,
this gives 7 < v2(e?—1) ~ 9.038.

This example illustrates that the contractive condition is satisfied for a genuinely nonlinear F-function and cannot be reduced
to a classical Nadler-type contraction.
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