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Abstract

Applying a result concerning a convergence of modified orthogonal Padé approximants constructed from
orthogonal polynomials on the unit circle, we prove an analogue of Hadamard’s theorem for determining
the radius of 1-meromorphy of a function holomorphic on the closed unit disk. Furthermore, we apply
our result to study analytic properties of the reciprocal of Szeg6 functions when their corresponding
sequence of Verblunsky coefficients has exponential decay.

1 Introduction

Let u be a finite positive Borel measure with infinite support supp(u) contained in the unit circle T := {z € C : |z| = 1}. We write
@ € M and define the associated inner product,

(g,h) := J §(OR)du(E), g, h € Ly(w).
Let
pn(z) i =K,2"+-+, k,>0, n=0,1,2,...
be the orthonormal polynomial of degree n with respect to y having positive leading coefficient; that is, (¢,, ¢,,) = 5, . Let
Bg:={z€C:|z| <R} and B:=B,={z€C:|z| <1}

Denote by #(B) the space of all functions holomorphic on some neighborhood of B and by R,,(F) the radius of the largest disk
centered at the origin to which F € #(B) can be extended meromorphically with at most m poles counting their multiplicity. The
constant R,,(F) is commonly known as the radius of m-meromorphy of F. We write R,, when it is clear to which function the
notation refers.

Now, let us define subclasses of M. We say that u € S if and only if u satisfies the Szeg6 condition, namely

f logu/({)|d¢| > —oo,
T

where ' denotes the Radon-Nikodym derivative of y with respect to the arc length on T. We denote by § the class of all u € M
such that

-1
o(u) == (limsup|<pn(0)|l/”) > 1. (1)

It is well-known that § is the class of all measures meeting the Szeg8 condition such that the corresponding constant p(u) =
Ro(D™1) > 1, where D is the interior Szeg6 function given by

D(z):= ew{%ﬂj giEIOgu’(C)IdCI}, lz] <1
T

(see (2.1), (2.5), and Theorems 6.2 and 7.4 in [8] for more details).
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For a given function F € H(B), we define

@"E ) (@"PEe.) o (B
("F ) @R @) e (2F )
Ay = . . . . (2)
(#"2F¢,) (" PE,) - (E"F )
Set
lb:=1 and [,:=limsup|A,,|"",  forallm>1.
n—oo
Our main result is
Theorem 1.1. Let u € § and F € H(B). Then, we have
l
Ry =, ®
L,
where by convention 0/0 = oo.
Definitely, a natural conjecture can be posed as the following:
Conjecture 1.2. Let u € § and F € H(B). Then, for all m € N,, we have
Ly
R, = ) (€]

where by convention 0/0 = o0.

Although we are only able to prove Conjecture 1 when m = 1, Theorem 1.1 itself has an application in localizing the first pole
of the reciprocal of the interior Szegé function corresponding u € 8§ using its Verblunsky coefficients (see Corollary 1.5 below).

Conjecture 1 is an analogue of the classical Hadamard theorem for determining the radius of m-meromorphy of an analytic
function from its Taylor coefficients stated as the following:

Theorem 1.3 (Hadamard [9]). Let F = Z:ZO f.2z* be an analytic function on some neighborhood of z = 0. Then, for each m > 0,
we have

R, =——, 5)
lm+1
where [, :=1 and I, := limsup,_, o [Hy |"/",
fn—m+1 fn—m+2 e fn
fn—m+2 fn—m+3 ot fn+1
Hn,m:= . . . . , meN, an—l,

fn fn+1 fn+m—1
(here, as in (4), by convention 0/0 = c0).

The reader can also find the proof of Theorem 1.2 in English in [7].
To support that Conjecture 1 should be true, we consider a function F = Z:: 0 fiz" € H(B) and the normalized arc length
measure dy = d6 /27 on the unit circle. In this case, ¢, (z) = 2" for all n € N,, the determinant in (2) is

fn—m+1 fn—m+2 e fn
fn—m fn—m+l Tt fn—l
An,m = . . . . >
fn72m+2 fn72m+3 Tt fnferl

(this determinant is the same as (—1)™("=1/ 2Hn_mﬂ’m), and the formulas (4) and (5) coincide. Therefore, Theorem 1.2 is a
special case of Conjecture 1.
The validity of Theorem 1.1 is dependent on the convergence of modified orthogonal Padé approximants defined as follows.

Definition 1.1. Let F € H(B) and u € M. Fix (n,m) € N, x N. Then, there exists a polynomial Q. such that deg(Q‘jl,m) <
m,Ql #0, and
(z"Q4 .F, ¢ni1) =0, k=0,1,...,m—1. 6)

Define the corresponding polynomial

n

P! (2) = D Q" F, 0;)9;(2).

j=0
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The rational function

pH
w . _nm
nm " Al

n,m
is called an (n, m) (modified) orthogonal Padé approximant of F with respect to u.

Finding Q% in (6) is equivalent to solving a homogeneous system of m linear equations on m + 1 unknowns. Therefore, for
any pair (n, m)’e N, x N, a polynomial Q. always exists but it may not be unique. Since Q. # 0, we normalize it to be a monic
polynomial. By a proof similar to a proof of [6, Lemma 3.4], the condition A, ,, # 0 and the condition that every solution of (6)
has degQ} = m are equivalent. In turn, they imply the uniqueness of Q# . Note that the concept of Definition 1.1 was first
introduced in [3] in the vector format.

We would like to point out that Barrios Rolania, Lépez Lagomasino, and Saff [1] used another related construction of
orthogonal Padé approximants [12] (which were introduced long before the development of Definition 1.1 and later called
standard orthogonal Padé approixmants in [4, Definition 5]) to show a formula similar to (4). To be precise, they proved that
under the condition that u € § and F € H(B),

R, =",
lm+1
where [, ;=1 and [, := limsup,_, . IA, .I"", and
(Zm_lF! (pn> <Zm_2F7 wn) e <F’ <PTI>
. <zm71F: ¢n+1) (ZmizF’ Son+1> e (F: L10n+1>
Ay = . . . . , meN.
(ZmilF’ Son-*—m—l) (ZmizF: Son-*—m—l) Tt (F: (pn+m—1>

Our method used to prove Theorem 1.1 is strongly influenced by the method in [1] (see also [5] a result similar to (3) but
the measure u is supported on the interval [—1, 1]). Therefore, we need a result concerning the convergence of {Q’rf’m},1€NO with
m being fixed in Theorem 1.3 below (see [3, Theorem 1.2] for its proof). To state such convergence result, we need to define
another class of measures which is a subclass of M. We say that u € Reg when supp(u) = T and

lim o)™ =2, @)

uniformly on compact subsets of C \ B. When supp(u) = T, it was shown in [11, Theorem 3.1.1] that the condition (7) is
equivalent to the condition
nllrgo kM =1. 8
Moreover, since B is convex, if u € Reg, then
lim s, (2)|"/" = |z,
n—oo

uniformly on compact subsets of C \ B, where

(%) =
sal#) 1= f 28 au@), 5T \supplr)
is the second kind function corresponding to the polynomial ¢, (see the discussion about this result on pages 20-21 in [3]). It is
well-known that § C Reg.

Theorem 1.4. Let F € H(B), m € N be fixed, and u € Reg. Denote by P, (F) the set of all poles of F in By, and QF the monic
polynomial whose zeros are these poles counting multiplicities. Then, the following assertions are equivalent:

(a) F has exactly m poles in By .

(b) The polynomials Q4 = for F are uniquely determined for all sufficiently large n and there exists a polynomial Q,, of degree m

such that
limsup||Q%  —Q,|I"" =6 <1, ®
n— o0 ’
where the norm || - || denotes the norm induced in the space of polynomials of degree at most m by the maximum of the absolute value

of the coefficients. Moreover, if one of the assertions (a) or (b) takes place, then Q,, = Qf;1 and

_ MaXsep,(F) [A]

R (10)

m

Theorem 1.1 can be used to study analytic properties of interior Szegd functions when certain asymptotic properties of
Verblunsky coefficients a,, := —,,,1(0)/Kk,,; are known. In [2, Corollary 2.4], it was proved that
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Theorem 1.5. Assume that u satisfies the Szegd condition and D™ € H(B). If

. Ay
lim —= = b,

n—oo an

for some b € C, then b™" is a singularity of D! and D™ is holomorphic in Byy-1.

The natural question is “What can we say concerning the analytic properties of D7 if a,,,;/a,, converges to b at a geometrical
rate?" We can make use of Theorem 1.1 to give a proof of the following result:

Corollary 1.6. Let b € B. If
Il — 4 o(sm), an
a

for some & < 1, then for some &' > 0, D™(z) is meromorphic in B),-145 With a single pole in that disk and the pole is at z = b7L.
Additionally, if we assume further that & < |b|?, then
R, (DH= i. (12)
|bJ®

Note that Corollary 1.5 is a known result (see [10, Corollary 7.2.2] and [1, Corollary 2]). However, the formula (12) appeared
in [1, Corollary 2] is under the condition that § < |b|*. Our result is an refinement of Corollary 2 in [1]. The validity of Conjecture
1 would potentially be of great importance in understanding locations of poles of D~! further in By, when the asymptotic
properties of a, are given.

The paper is organized as follows. In Section 2, we state and prove some lemmas and auxiliary results. Finally, the proofs of
Theorem 1.1 and Corollary 1.5 are in Section 3.

2 Lemmas and auxiliary results
The following lemma is equivalent to Conjecture 1 when m = 0. This serves as an analogue of the Cauchy-Hadamard formula.
The reader can find the proof of this result in [8, Theorems 6.2 and 7.4] or [11, Theorem 6.6.1].
Lemma 2.1. Let F € H(B) and u € Reg. Then,
1
I, =limsup |(F, ¢, )|"" = —. (13)

oo R,

Moroever, the series Z:io(F, ©)pn(2) converges to F(z) uniformly on compact subsets of By and diverges pointwise for all z € C\E.

It can also be proved that the partial sum of the series in Lemma 2.1 converges to F in the L,(u) space with the following
rate of convergence (see Theorem 6.6.1 in [11]).

Lemma 2.2. Let F € H(B) and u € Reg. Then,
: 1/n 1
limsup [|[F =S, |I;)" < —, (14
n—o0 RO

where || - ||, denotes the L,(u) norm and
n

8u(2) 1= ) (F, 0 0i(2)

k=0
denotes the n-th partial sum of the Fourier expansion of F.
Using Lemma 2.1, we obtain the following estimate of [,,.
Lemma 2.3. Let F € #(B) and u € Reg. Then,
1
wS ———
Ry---R

m—1

l <1, m € N.

Proof of Lemma 2.3. For each j € N,, we denote by j, the number of poles of F in Bg, (counting their order). Let Q; be the monic
polynomial of degree j which has a zero at each pole of F in By, and zeros at 0 of order j — j,. Notice that

Rj(F)=R,(z*Q;F),  forallk,j€N,.

Then, by Lemma 2.1, we have

1 1
limsup [(z*Q,F, ¢,) M =

= = . 15
n—o0 Ro(ZijF) Rj(F) (19
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Fix m € N. Since Q,,_; € span{l,z,...,z™ '}, by the properties of the determinants, we obtain
<Qm71F: Son) (Zm_zF) Son> (F) @n)
<sz—1F’ SDn) (ZmilF, ¢n> (ZF’ @n)
Apm= . . . . (16)
(zmilQm—lF: Lpn) <22m73F’ <pn> (szlF’ Son)

Analogously, applying the fact that Q; € span{1,z,... ,2/} for all 1 < j < m—2 and the properties of the determinants, we obtain

(melF’ ¢n> (Qm72F) @n) <Q1F7 wn) (F: Son)
A _ <ZQm—1F’ (Pn) <sz—2F’ Son> e <ZQ1F: Son> (ZFy (prl)
(ZmilQm—lF: Son> (ZmilQm—ZF, San) (ZmilQlF: ('pfl) <Zm71F: (pn>

Expanding this determinant, we obtain a sum of m! terms each one of which has exactly one factor representing each column.
According to (15), it follows that the n-th root of each one of these terms has lim sup not greater than (Ry(F)R,(F)...R,,_;(F))™".
Since the number of terms in the expansion of the determinants remains fixed with n, the statement of the lemma follows. [J

Define the monic orthogonal polynomial of degree n,

®,.(2):= M

n

It is well-known that the polynomials ®,, satisfy the following three term recurrence formula:
®,41(2) = 22,(2) + 2,4, (0)2; (2), a7

where *(z) = 2"®,(1/z) is the so-called n-th reversed polynomial, and the following relation
K 2
1= () =12 O, as)
Kn41

Using (8) and (18), it is not difficult to check that if u € S, then

lim Sml g, (19)

n—oo K,

For most parts of the proof of the main theorem, it is required that u € Reg. However, at some points, we need the following
relations which are true when p € 8.

Lemma 2.4. Let u € S and F € H(B). Then, we have

(ZQIF’ (Pn-f-l) = (QlF) ‘pn> + 5n,1 and <ZF5 ¢n+1) = (F: L1‘7n) + 6n,2’
where the polynomial Q, is defined as in the proof of Lemma 2.3, and
1 1
limsup|§,,|Y" < —  and limsup |6, ,|Y/" < —.
00 ’ R, n—o0 ’ Ry

Proof of Lemma 2.4. It follows from the recurrence formula (17) that
1

(ZQIF’ (anrl) = (ZQ1F7Z¢n + q)thl(O)q);) = (ZQlF’Z<1>n) + (ZQIF’ <I>n+1(0)<1>:;)

Kn41

1
= K__<Q1F7 Son) + (ZQlF: Canrl(O)(b:)

Then, from the above equality,
|(ZQ1F1 (pn+1) - <Q1F’ (pn)|

Kn Kn
< (ZQIF: (Pn+1)_ (ZQIF’ ¢n+1) + (ZQIF: <pn+1)_<Q1F’ (pn)
Kn+1 n+1
K, "
<|1- K |<ZQ1F1 Son+1>| + |Kn<ZQ1F)(bn+1(O)(bn)|‘ (20)
n+1

By (1), (8), (13), (18), and (19), we have

. KH
limsup (‘ 1—

n—o0o Knt1

1/n
|(ZQ1F7 (lpn+1)|)

Dolomites Research Notes on Approximation ISSN 2035-6803
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/n
. |2,11(0)2 ) . 1 1
<limsup| —/————— limsup |[{(2Q+F, e~ = . 2D
i ( 1+K,K70 ool |EQE fnal Ro(2Q,F)  Ry(F)
The second term of (20) can be rewritten as
|an>n+1(0)<zQ1F: <I):>| = |an>n+1(0)<z(Q1F - Sn—l)’ CI)Z) |, (22)

where S,_; denotes the (n — 1)-th Fourier sum of Q,F. Notice that
(zsn—l’ q)f) = 0
because zS,_; is a polynomial of degree at most n > 1 with a zero of multiplicity > 1 at z = 0 and @], is orthogonal to all such
polynomials. Therefore, using (1), (8), (14), and the Holder inequality, it follows from (22) that
Y 1 1
li @,,1(0)(2Q, F, &)|'/" < i F=S, "< ——— = :
1mSUP|Kn n+1( )(ZQI 5 ">| 1ﬂIIF£P||Q1 n—1||2 = O(QIF) Ry(F)

n—oo

(23)
By (21) and (23), it follows from (20) that

1
li F, —{(QF, o )"V < ——,
imsup [(zQuF, ¢ni1) = (QuF @) R
which proves the first part of the lemma.
Similarly, the second part of Lemma 2.4 can be proved by considering

1

1 .
(ZF, (pn-f-l) = K‘_(F’ ¢n> + <ZF’ q>n+1(0)q);>

Kn+1 n
We leave the details for the reader. O

In order to prove Corollary 1.5, we will need the following three lemmas.
Lemma 2.5. Let u € S. Then,
k
1 k
kp-1 — (s) (k—s)
D70 =172, (s)wn (0)DG=)(0),

s=|

where f©)(z) denotes the s-th derivative of f ().
Lemma 2.6. Let n, € N. Assume that ®,(0) # 0 for all n > n,,. Then,
2(0) 2P(0) [ 9,(0) _ 2.4(0)), 2.4(0)
2,1(0)  2,(0) (cbmm) 2,00 ) 2,(0)
The reader can find the proofs of Lemmas 2.5 and 2.6 in [1, page 275] and [1, page 276], respectively.
Lemma 2.7. Let b € B. If

LHO

It — 4 o(5m), (24)
an

for some 6 < 1, then
&Y (o a0 21,120
n+1( )_ n ( ) — |C| |_b| +O(6n)
2,,1(0)  2,(0) b

Proof of Lemma 2.7. Recall that a,, := —m. It is easy to check that (24) implies that

::—1(?3) = % +0(5M). (25)
Since a,, = a l_[;l;;(ajﬂ/aj), (24), and l_[;jn(l +0(67)) =1+ 0(8"), we obtain

a, =ab™+0(|b|"6"),
for some a # 0. This implies that .

®,(0)=cb +0(|b]"6"),
where ¢ = —(a/_b). Since _
|,(0)I* = &,(0)®,(0) = [c[*|b]*" + O(|b|**5"),

by Lemma 2.6 and (25),

2,,(0) _ #(0) :( 2,(0) _ <I>n_1(0)) 2,1(0)
q>n+1(0) q)n(o) CI:'n+1(0) CI:'H(O) CI:'H(O)

=0(6") + (% + 0(5")) (Ic*[bI* + o(|b|*"5™))

|2,(0)?

2 2n
= —|C| I;' +0(6M).
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3 Proofs of Main Results
Proof of Theorem 1.1. By definition and Lemma 2.1, we recall that
l,=1, L =Ry (26)

From Lemma 2.3, we have that

1
I, < <1. 27
>~ RoR, 27)

If R, = oo, then we have that I, = 0. Hence, R, = [;/1, as needed (recall that by convention 0/0 = o0). Therefore, we can
assume that R; < oo which implies that R, < 0o. Using (26) and (27), we get

l RoR
1> _p. (28)
I Ry
Now, it rests to show that Ry > [, /1.
Notice that from (26) and (28),
l
L
If l,/l; =1,/1,, we would have equality throughout and, in particular, R, = [, /1, as needed. Hence, it is sufficient to consider the
case when R; < oo and [,/1; </1,, or what is the same

L
=Ry <R, < 2.
L

Lol /12 < 1. (29)

Our next objective is to show that given these conditions, the polynomials Q’;’l for F are uniquely determined for all sufficiently
large n and there exists a polynomial Q, of degree 1 such that

Iol
limsup [|Q;, , —Q,|IY" < % <1 (30)
n—oQ 1
Suppose that this has been proved. Then, according to (9) and (10), we have that F has exactly one pole in By, at A, where A is
the zero of Q;, and
A _ ol
R, T 12
This further implies that R, = |A|. As a result, we obtain

By _ bl _ Roly
R,™ I L

Cancelling out R, on both sides of this inequality, we get

and we are done. Hence, in order to establish the validity of Theorem 1.1, it is necessary to show that the claim holds when (29)
and R; < oo take place.
First, let us prove that Q’:’l are unique and have degree 1 for all sufficiently large n. Recall from (13) that

1
limsup A, ,["" = lim sup | (F, ¢,)|'/" = == =1,. (31)
n—oo n—oo 0
By Lemma 2.4,
A _ <ZF: Lpn+1) (F’ Son+1> — ' <F: San> +6n,2 <F’ ¢n+1>
L2 (ZZF: ¢n+1> (ZF, ¢n+l> (F’ @n—l) + 671,3 (F: Son) + 6n,2
= (F: %) (F: wn) - <F5 (,0,171) (F: wn+1) + 25n,2 (F: Son) + 65,2 - 6n,3 (F’ ¢n+1)’ (32)
where 1 1
limsup|§,,|Y"<—=1, and limsup|5,4/*" < — =1,. (33)
n—oo ’ RO n—oo ’ RO
Applying

limsup |An+l,2|1/n =Dl <1,
n—oo

(31), and (33), it follows from (32) that
limsup |Ai,1 EEASERVAEE} |

n—oo
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< max{llm sup |An+1,2|1/n’ hm sup |25n,2 (F’ (pn) |1/n’ hm sup |5n,3 (F’ L)0n+1>|1/n: hm sup |5n,2|2/n}
n—o0 n—oo

n—oo n—oo

<B. (34)
According to a result of Hadamard [9], namely any sequence of complex numbers {d,} such that

limsup|d,|'" =1,  limsup|d,,,d, , —d*|'" <1

n—oo n—oo

has the regular limit
lim |d,|*" =1,
n—oQ

we set d, := A, ;/1] and it follows from (31) and (34) that
. 1
HILIEO |An,1|1/n =L = R_o #0. (35)
This implies that there exists n, € N such that (F, ¢,,,) = A, # 0 for all n > n,. Set
Ql,:,l(z) ‘=Cno% —Cnp-
By definition, (Q | F, ¢,,) = 0, equivalently

0= Cn,O(‘ZF: Lpthl) - Cn,l <F’ Son+1)'

It is clear that for all n > n,, if c,, = 0, then ¢, ; = 0. Because Qﬁ,1 # 0, degQ,; = 1 for all n > n,. From this, since Q,, are
monic (¢, = 1), for all n > ny,
_ (ZF: Sonwtl)

m (F’ Son+l>

and QY , are unique.
Next, let us show (30). From Lemma 2.4 and a similar argument used in (16), we obtain

A — (ZF> (pn+2) (F: ¢n+2> — (QlF: ¢n+2> (F’ Son+2)
e (ZZF! ¢n+2> (ZF, Son+2) (ZQIFJ Son+2) (ZF’ <pn+2)
— (QIF’ Son+2> <F’ ¢n+2> — '(QIF’ ¢n+2> <F’ ¢n+2> + ‘(QIF’ ¢n+2> (F» ¢n+2>
(QF, @ni1) +0n11 (Fpn) + 80412 [(QiF,@ni1)  (F @nia) 11 P
— (ZF! Q0n+2> <F7 Son+2> + (Q1F7 SOnJrZ) (F’ (anrZ) (36)
(ZF: Son+1> (F: SOnJrl) 6n+1,1 6n+1,2 ’
where the polynomial Q; is defined as in the proof of Lemma 2.3, and

1 1

limsup|§,., /"< = and  limsup|§,,,,|'/" < —.
n—00 ’ Rl n—o0 ’ RO

Then, from (36),

(ZF: ¢n+2> (F’ Son+2>

'(QlF; Onr2)  (F Qi)

c e | _ (ZF: (pn+1> (F> ¢n+1> < ' An+2,2 5n+1,1 5n+1,2 (37)
b m <F: Son+1><F’ ¢n+2> B <F! Son+1><F’ ¢n+2> <F’ Son-%—l)(F: L1‘7n+2)
By (35),
An-¢—2 2 M 1210
limsup —_ = <1
n—oo (F: Son+1><F: Lpn+2) 11
and n
’(QlF’ <|Dn+2> <F: Son+2>
oy 5, R
b :=limsup s 2 <=2, (38)
n—oo (F, SDH+1>(F; ¢n+2) Rl

Combining these and (37), we obtain

1
limsup e, 1 — Coq |V < max{ﬂ b} <1

2’
n—oo 1
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Therefore, D, |c 411 —Cp1l is convergent. Let A :=1lim, ., ¢, ; and

Q:(z):=(z—A).
Consequently,
1,1
limsup||Q, , —Q,|I"/* =limsup|c, ; — A[" < max { 22, b} : (39)
n—oo n—oo 1

However, if

max{%, b} =b,
[
then by (9), (10), (38), and (39),

0

R, R
— =limsu A ncpc2
2 Pl — =

1 n—o0o 1

{5} - Bl
5 I}

which means that (39) implies (30). This completes the proof. O

which is impossible. Therefore,

Proof of Corollary 1.5. From the proof of Lemma 2.7, we recall that the equation (11) implies
3,(0)=cb +0(|b"6"), n>n,,

where ¢ # 0. By the Nevai-Totik Theorem (see, e.g., [10, Theorem 7.1.3]),

1
— =1, = limsup|a,|"" = limsup |®,(0)["/* = |b| < 1. (40)
R‘O n—oo n—oo
This means that the corresponding u belongs to $.
From (36) replacing F by D! and n + 1 by n, we obtain

(ZD—l’ L10r1+1) (D_17 wn+1>

D70, (D7) o), “1)

Appip =

where 11 < 1/(RyR;). From Lemmas 2.5 and 2.7,

9D (0)D(0) + 9,41 (0DD(0)  ¢,,,1(0)D(0)
¢W(0)D(0) + ¢,(0)DV(0)  ,(0)D(0)
<I>(1)

0) &W(o
= (D(0)?K 1K 118,11 (0)2,(0)) ( (;“EO; -2 ((0)))
n+1 n

= (D(0)k K11 (,11(0),(0)) ( el 'Eb - 0(6")). “2)

(ZD?I’ @n-ﬁ—l) (Dil: ¢n+1)
(zD7 0, (D7)

Using the equations (8), (40), and (42), the equation (41) implies that
I, < max{|b|*, |b|*5,7}.
If max{|b|*, |b|>6,n} = n, then by Theorem 1.1,

L _ L
R, = T > —>LRyR, =R,
2 M

which is impossible. Hence,
a_bo Ib] 1
' LT max{|bl*,[b]25} ~ [bI’
On the other side, (11) implies that lim,,_, o, @,,,1/@, = b. From Theorem 1.4, b™" is a singularity of D™ and D! is holomorphic
in Byy-1. By (43), b™" is the only single pole of D™ in a neighborhood of B,-1. This proves the first part of the corollary.
Now, let us prove the second part of our corollary. Assume further that § < |b|?. Because max{|b|*,|b|25,7n} = |b|* (from

above, the maximum cannot be 7)), by (41) and (42),

(43)

(5 x s on P4 oger
Buira = | DOy @ 0,0 (7 )|+ 060, (44
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where ¢ < |b|*. From (11),

®,.,(0
lim | %222 | = i | 2220y
n—oo | n—o00 <I>n+1(0)
which further implies that
lim [, (0)["/" = |b. (45)

Therefore, from (8) and (45),
1/n
= [b[*.

L - 2 2n
nlirgo ‘(D(O))ZKnKn+1(<I>n+1(0)q>n(0)) ( |C| |bb| )

It is not difficult to show that this and (44) imply that
l, = lim |An+1,2|1/n = [b|*.

Again, from this, and the equations (3) and (40), we obtain

_h_ bl 1

T T T

This completes the proof. O
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