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Abstract

An Altomare projection gives rise to a Cy-semigroup and to generalized convexity. Besides other properties,
it has one which can be described in geometric terms as well as in terms of algebraic semigroups. We
study operators having only this last property and the types of convexity induced by them. In this
framework we consider also a conjecture formulated by E Altomare and I. Rasa in 1999 and present
related results.

1 Introduction

Certain Cy-semigroups can be approximated by suitable iterates of positive linear operators. This area of research was intensively
investigated by Francesco Altomare and his school (see [3]-[7], [10], [11], [18] and the references therein). The approximation
operators, called Bernstein-Schnabl operators, are constructed in terms of special projections T called Altomare projections;
see, e.g., [15]-[17]. An Altomare projection is positive, its range contains the affine functions, and it has a property with an
algebraic/geometric flavor (see (i) from Theorem 4.3) intertwined with the convexity theory. The aim of this paper is twofold.
On one hand we consider operators having the third property mentioned above and study them. On the other hand we return to
a conjecture formulated by E Altomare and I. Rasa in [8]. It involves the infinitesimal generator A of a C,-semigroup and the
convexity properties of a function f with A(f) > 0.

In Section 2 we consider an algebraic semigroup of linear operators acting on C(X), the space of continuous functions defined
on a compact convex set X. These operators are instrumental in Section 3 where we describe the Bernstein-Schnabl operators B,
associated with an arbitrary bounded linear operator T acting on C(X). The construction of B, is based on two de Casteljau
type algorithms. Section 4 introduces the T-convex and T-affine functions. An example illustrates these notions when T is not
positive.

In Theorem 4.3 we consider an operator T, not necessarily positive, but having the algebraic properties needed in Altomare’s
theory.

In Section 5 we combine these properties with the positivity of T and present the associated C,-semigroup together with the
corresponding notions of T-convex functions. An example illustrates the general theory. Section 6 is devoted to a conjecture
relating a notion of subharmonicity with notions of convexity. The conjecture was formulated in [8] and a related result was
obtained in [1]. Here we present another related result, Theorem 6.2. In Section 7 we consider the canonical projection on the
standard simplex in R? and illustrate all the notions and results presented in the previous sections.

2 A semigroup of linear operators

Let X be a compact convex subset of a Hausdorff locally convex real space. By C(X) we denote the space of all continuous
real-valued functions defined on X. B(C(X)) will stand for the space of all bounded linear operators on C(X) and I, for the
identity operator on C(X).

Letz € X, a €[0,1]. Consider the operator K, , € B(C(X)) defined by

K, .f(x):=f(ax+(1—a)z), f €C(X), x €X. 2.1

Set

K= {Kz,a lzeX,ae [0,1]}.
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Proposition 2.1. (K, o) is a subsemigroup of (B(C(X)), o) and Iy is the unit element.
Proof. Forz € X wehave K, ;f(x) = f(x), f € C(X), x €X, and 50 I;x) =K, , € K. Moreover, let a,b €[0,1], y,z € X. Then

K a-ap+aa-n)y ., ifab <1,
it

K OKZ = (22)
b “ { IC(X)7 ifa=b=1.

Therefore K, 0K, , € K and this completes the proof. O

The algebraic structure of the semigroup (K, o), interesting in itself, will be investigated in a forthcoming paper in relation
with several results from [13], [14]. Here we collect a list of preliminary properties.

Proposition 2.2. Let x,y,z €X, a,b,c €[0,1]. Then
i) IfK,, =K, ,, thena =b.
ii) IfK,,=K,,anda=b <1, thenz=y.
iii) Kyq0Kep =Ky poKeq=Kygp
iv) IfK,,0K,, =K,, oK, ,anda<1,b<1,thenx=y.
v) IfK, ,oK,,=K,, oK, and b >0, then K, , =K, .
vi) IfK,,0K,, =K, oK, , and b >0, then K, , =K, .

The proof is straightforward and we omit it.

3 Bernstein-Schnabl type operators and de Casteljau type algorithms
Let T € B(C(X)). For x € X consider the Radon measure u, defined by

u(f):=Tf(x), f € CX). (3.1
We shall use also the notation

Tf(x) =J f(©)dp,(¢). (3.2)
X

The Bernstein-Schnabl operators associated with T are defined by
trte T+t
B.f(x) = f £ (A e i), (3.3)
Xxn

wheren €N, f € C(X), x € X. See [3], [5] and the references therein.
The results presented in the next three theorems were obtained in [17] for a more specialized family of operators T. For the
sake of completeness we give here simplified, more detalied proofs for arbitrary operators T € B(C(X)).

Theorem 3.1. (First de Casteljau type algorithm). Let n > 1, f € C(X), x € X be given. Define the functions f*, f,..., f, of the
variable t € X, by f; = f,
FEO = (TR gjuoien f5) (), i=1,00m (3.4)

Then the function f is constant, namely
fE()=B,f(x), t€X. 35)

Proof. Fori=1,...,n—1 we have

t1+---+tn_i+t) ( )

(AT Tt TN gy () = | (Kegres * ) (6)du,(t

Lﬁl( LG JX wes 5 ) (00
t1+--~+t,H-)

=T (Krl"""‘”nfi #fiil) (X) = fix (
n—i > n—i+1 n—i

Together with (3.4), this leads to
bttt
B.f () =J U f3 (;)mm]dux(tl)...dux(rn1)
xn—-1 X n

b+t
=J A (A Y (6. dpy () =
xn-1 n—1

= J fas(@)dp (6) =Tf7,(x) =TK, 1 £, (x) = f(0).

This proves (3.5). O
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Forn>1,i=0,1,...,nand x € X set
ty+e b i
D, = { % tryeens b ex}. (3.6)
Let f € C(X). Define the functions p{ : D,; , = R by pJ = f,
pr(6)=(TKuex 1p2, ) (x), i=1,...,n, £ €Dy (3.7)
Theorem 3.2. (Second de Casteljau type algorithm) With the above notation,
P, (x) = B, f (x). (3.8
Proof. First, we have fori=1,...,nand tq,...,t,_;;; €X,
ti+ A+t +(E—1Dx ty -+t Hix
| g (At T e (39)
X
ty ot i
Indeed, set t := B v T pen
n
. t1+-~~+t,H-+ix)
. - t = —X X
p (A 1) = (TKue 197, ) ()
nt—x-+t,;
= K’“%X,lpii](tnfiJrl)dtu‘x(tnfiJrl) = p;:] ——l dMX(tH*i‘Fl)
n—1-’n n
X X
i+t F(E—1)x
= J- P4 ( : nﬂ )d.ux(tn—iﬂ),
X
and this proves (3.9). Furthermore, using (3.9),
B.f(x) = f [ f ( e )]dux(rl) ...... NG
xn-1 LJx
t + x
=f py ( T — )dux(tl)---dux(tnfl)
xn-1
ty+F g+ 2x
=f (A I ) dint ) =
Xn— 2
+(n 1)x
=fp [ e =0,
and this completes the proof. O

Remark 1. If X =[0,1] and Tf(x) = (1 —x)f(0) + xf(1), f € C[0,1], x € [0,1], the second algorithm is the classical de

Casteljau algorithm for the computation of the Bernstein polynomials (see, e.g., [9], [12]).
Theorem 3.3. For each x,t € X and f € C(X) one has f(t) = pX(x) and

£ =KX,L—ipf‘(t), i=0,1,...,n—1.
Proof. We use induction on i. For i =0, (3.10) reduces to f = p; = f. Suppose that
L) =K, neis) pi, ().

Using (3.4) it follows
Fr) =(TK, 1 f*)(x)
= (TK, 1 Ky bl ) ().

> n—i+

From relation (2.2) we get

fix(t) = (TK(i—l)xrgn—i)t’%pf_l) (x)
On the other hand, ) )
K, wip(t) = p} (Et + ix).
T n n
Using (3.7), one has
Kx’L;ipf(t) = (TK(n—i]rtlt(li—l)x ’%pf_l) (x).
This shows that (3.10) is valid also for i. Moreover, remark that according to (3.5) and (3.8)
£E(t) = p;(x) = B,f (x).

Thus the proof is complete.

(3.10)

(3.1

(3.12)
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4 T-convex and T-affine functions
Let T € B(C(X)) and f € C(X).

Definition 4.1. We say that f is T-convex if
TKf =Kf forallK € K. 4.1)

As usual, T is called a positive linear operator if Tg > 0 for all g € C(X), g = 0.

Theorem 4.1. If T is positive and f is T-convex, then
B f(x)=f(x),n=1, xeX. (4.2)

Proof. First, we prove that
ffzK wif,i=0,1,...,n. (4.3)

Clearly, (4.3) is true for i = 0. Suppose that it is true for a given i € {0,...,n—1}. Then

20 =(TK, 1+ £7) )= (TK, 1 K, ot f) ().
Using (2.2) and (4.1) we get

(TK, 1 Kot f ) () =T (Kw,%f)(x) > (K%,%f)(x) = (K, e £ ) (1),
and consequently (4.3) is proved. For i = n, using (3.5), one has
B, f(x) = £X(x) = Ky of (x) = £ (x)
and the proof of (4.2) is completed. O
Definition 4.2. We say that f € C(X) is T-affine if
TKf =Kf forall K € K. 4.4

According to Theorem 4.1, if T is positive and f is T-affine, then B, f = f, n > 1. In fact, the condition "T positive" is not
necessary, as we will see in the next theorem.

Theorem 4.2. Let T € B(C(X)) and f € C(X) T-affine. Then
B.f=f,n=>1. (4.5)

Proof. Consider the functions p{ : D,,;, @ R,i=0,1,...,n (see (3.6)). We will prove that

pi(t)=f(t), t€D,;,. (4.6)
For i = 0, (4.6) is obviously true. Suppose that it is true for a given i € {0,1,...,n—1}.
s+nt—x
letteD,;,,,ands€X. Then ——— €D, ., hence
i+, n A,

fStnt—x s+nt—x
()= ()
n n

Knr%lx,lpf(s) :Km%lx,lf(s), seX.

This entails

Therefore,
Kone—x lpf =Kunt—x 1f.

n—1> n—1->n

Now, using (3.7) and (4.4), we can write
P (0) = (TKuce 1p7) () = (TKuex 1 £) () = £ (0).

This completes the proof of (4.6). In particular, for i = n, (4.6) yields p*(x) = f(x), hence B, f (x) = f (x) follows from Theorem
3.2. O
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Example 4.1. Let X =[0,1] and
Tf(x)=1—-x)f(0)—xf(1), f €C[0,1], x €[0,1]. 4.7
Then
TK, . f(x)=1—=x)f(1—a)z)—xf(a+(1—a)z),

and consequently the following are equivalent
f is T — convex, (4.8

1-x)f((Q1—a)z)—xf(a+(1—a)z)= f(ax+(1—a)z), a,x,z€[0,1]. 4.9)
D If f is Jensen convex and f < 0, then f is T-convex. Indeed, in this case we can write
1-x)f(1—a)z)—xfla+(1—a)z2)=2(1—x)f(1—a)z)+xf(a+(1—a)z)
> f(ax +(1—a)z),

ie., f is T-convex.
II) If f is T-convex and f > 0, then f is Jensen convex. Indeed, we have

1-x)f(Q—a)x)+xfla+(1—a))>2Q—x)f(1—a)z)—xf(a+(1—a)z) = f(ax+(1—a)z).
Let 0 <u <v < 1. Itis easy to see that there exist a,z € [0, 1] such that
(1—-a3=u a+(l—a)z=v.
It follows that
Q=) fW+xf(M)=f((A—x)u+xv)
forallx €[0,1]and 0 <u<v <1,i.e, f is Jensen convex.
) Let f € C[0,1] be T-affine. Then
1-x)f((1—a))—xf(a+(1—a)z)=f(ax+(1—a)z), a,x,z<[0,1].
Setting a = 0 we get xf(z) = 0 for all x,z €[0,1]. So, f is T-affine if and only if f = 0.
Returning to the general case, let T € B(C(X)) and set
H:=T(CX))={TglgCX)}
Denote by 1 the constant function on x having the value 1.
Theorem 4.3. Consider the following statements.
(i) TKT =KT forallK €,
(ii) H is the space of all T-affine functions,
(iii) T is a projection, i.e., T>=T, andso H={f € C(X)|Tf = f},
(iv) Bjh=hforallheHandn=>1,
(v) IfT#0, then T1=1.
Then (i) <= (ii). Moreover, (i) implies (iii), (iv), (v).
Proof. (i) = (ii). Let f € H, i.e., f = Tg for some g € C(X). According to (i), for all K € K we have TKTg =KTg, i.e.,
TKf = Kf, which means that f is T-affine. Conversely, if f € C(X) is T-affine, then Tl f =I¢x)f,ie. Tf =f andso f € H.
(i) = (i). Let ge C(X),K €K, f =Tg. Then f € H and according to (ii) we have TKf =Kf,i.e., TKTg =KTg, and so
(i) is proved.
(i) = (ii). It suffices to take K = Iy, in (i).
(i) = (iv). This is a consequence of (ii) and Theorem 4.2.
(i) = (v). Suppose that T # 0. Then there exist f € C(X) and z € X such that Tf(z) # 0. Using (i) we have
TK, Tf =K, Tf.ButK,,Tf =Tf(2)1, so that
T(Tf(2)1)=Tf(2)1,
which implies T1 = 1. O
Remark 2. 1) Suppose that T, and T, have the property (i) from Theorem 4.3 and T, T, = T, T;. Then the operators T; T, and
T, T, :=T, + T, — T, T, have the same property.

2) Let X =[0,1] and consider the Lagrange interpolation operator L, associated to the knots 0 < t, < t; <--- <t, < 1.
Then L, has the property (i) and generally it is not positive.
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5 A C,-semigroup

Let E be a Banach space. Denote by B(E) the space of all bounded linear operators on E.
A semigroup of bounded linear operators on E is a family (T(t)),s, of elements of B(E) such that

T(s+t)=T(s)T(t) for everys,t >0,

where I denotes the identity operator on E, i.e., I;(f) := f for every f €E.
A semigroup (T(t)),so on E is a Cy-semigroup if

lirgl+ |IT(t)f —fll=0, forall f €E.
t—!
The generator of the C,-semigroup (T(t)),s is the operator A: D(A) — E defined on the linear subspace
T(t)f —
D(A) := {f € E| There exists lirél % e E},
t—0t

by
Af := lim

Jlim T(t)# for every f € D(A).

Let X be a convex compact subset of R?, p > 1, having nonempty interior. Denote by C(X) the Banach lattice of all real-valued,
continuous functions on X equipped with the supremum norm and the usual ordering. C2(X) stands for the subspace of all
functions f € C(X) which are two times continuously differentiable on the interior intX and whose partial derivatives of order
< 2 can be continuously extended to X.

Denote by pr; € C(X), j =1,...,p, the function defined by

pri()=x;, x =(x1,...,x,) €X.
Let T € B(C(X)), T #0, T # I.x). Suppose that
T(pr;)=prj, j=1,...,p, (5.1)
TKT =KT forallK e K. (5.2)
According to Theorem 4.3, we have T> =T, T1=1,
H:=T(CX))={heCX)|Th=nh}.
For eachi,j=1,...,p, denote
a;; := T(pr;pr;) —pr;pr;.
Consider the differential operator Wy : C2(X) — C(X) defined by

1< d2u(x
W) = 2> a0 540,
i0Xj

i,j=1

for every u € C?(X) and x € X.
Let A,,(X), m > 1, denote the subspace of the restrictions to X of all polynomial functions of degree < m. Then, A;(X) = A(X)
is the subspace of all continuous affine functions on X.

Theorem 5.1. ([2]) Suppose that T is positive and T (A,(X)) C A(X). Then the operator (Wy, C%(X)) is closable and its closure
(A, D(A)) generates a Cy-semigroup on C(X).

Other properties of this C,-semigroup can be found in [3], [5] and the references therein.
For the sake of simplicity, in what follows we use also the notation

foa(X) =K, o f (x) = f(ax +(1—a)z).
In agreement with Definition 4.1, we will use

Definition 5.1. ([15]) A function f € C(X) is said to be T-convex if
foa £T(f,,) foreachz € X, a €[0,1].

Moreover, we need

Definition 5.2. ([8]) A function f € C(X) is said to be weakly T-convex if

f(2) < T(f,)(z) foreachz€ X, ac[0,1].
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Proposition 5.1. ([8]) A convex function is T-convex. A T-convex function is weakly-T convex.

Definition 5.3. Let X be a simplex. The function f € C(X) is called axially convex if f is convex on each segment parallel to an
edge of X (see, e.g, [15], [19]-[21]).

Example 5.1. ([8], [22, Ex.18.15]) Let X =[0,1] and T be the canonical projection associated with X, described by
Tf(x)=1—-x)f(0)+xf(1), f €C[0,1], x €[0,1].
(1) f is T-convex if and only if
1-x)f(1—a))+xf(a+(1—a)z) = f(ax+(1—a)z),

for all a,x,z €[0,1].

(2) f is weakly-T-convex if and only if
1-2)f(1—a)2)+zf(a+(1—a)z)= f(z), forall a,z €[0,1].

(3) The following statements about f € C[0, 1] are equivalent.
(a) f is convex;
(b) f is axially convex;
(c) f is T-convex;
(d) f is weakly-T-convex.

Similar results for operators and functions on the standard simplex in R? will be presented in Section 7.

6 A conjecture and related results
Definition 6.1. ([8]) Under the same hypotheses as in Theorem 5.1, f € D(A) is called a generalized A-subharmonic function if
A(f) > 0.
The following result was obtained in [8, Prop. 6.2].
Proposition 6.1. Assume that f € C2(X). If f is weakly T-convex, then f is a generalized A-subharmonic function.
Conjecture 6.3 from the paper [8] reads as follows.
Conjecture 6.1. If f € D(A) and Af > 0, then f is weakly T-convex.

Examples and results supporting this conjecture can be found in [8] but as far as we know the problem is still open.
A result related to Conjecture 6.1 was obtained in [1]. Briefly speaking, it was proved that a stronger hypothesis entails a
stronger conclusion.

Theorem 6.1. ([1]) Given f € C(X), let F : X x[0,1] > R,
F(z,a):=Tf,,(2)—f(2), 2€X, a€[0,1]. (6.1)

Then,
(i) F(z,0)=0, z€X.
(i) If f is convex, then F(z,-) is increasing on [0, 1] for each z € X. In particular; F > 0 on X x [0,1].

Remark 3. According to Proposition 6.1, the hypothesis "f is convex" in Theorem 6.1 is stronger than the hypothesis "A(f) > 0"
in Conjecture 6.1. On the other hand, the conclusion of Theorem 6.1, namely "F(z, -) is increasing on [0, 1] for each z € X and
F(2,0) =0, z € X" implies F > 0 and so it is stronger that the conclusion of Conjecture 6.1. The relationship between these
hypotheses, conclusions, and other conditions/properties of f deserves to be further investigated.

Here is a result in this sense.

Theorem 6.2. Let f € C(X) be a convex function and z € X. Then F(z,-) is convex on [0,1].

Proof. Leta,b€[0,1] and z € X. Then

fz,%(f)=f(a;bt+(1—#z))zf(at+(1_a)2';bt+(1—b)2)

< flat+ (1 —a)x)+ f(bt+(1—b)z) _ fea(t) + f25(£)
- 2 2 ’

Dolomites Research Notes on Approximation ISSN 2035-6803



/O‘Q\,\ Acu - Chivu - Rasa 153

1 1
Thus fz,# < 3 foa Tt 3 f2.p» which yields
1 1
sz,% < Esz,a + Esz,b'
In particular,
1 1
Tf, (@) < STha(@)+ 5T
ie.
1 1
Tf, @)= f() < 5 (T~ @)+ 5 (T4~ ().
This entails 5 1 1
a+
< = —
F(z, 5 ) < 2F(z,a)+ 2F(z,b),
which means that F(z, ) is convex on [0, 1]. O

7 The canonical projection on the standard simplex in R?

LetX = {(x, ¥)ER?|x,y >0, x+y < 1} be the standard simplex in R? and T be the canonical projection, namely

Tf(x,y)=0—x=y)f(0,0)+xf(1,0)+yf(0,1),
forall f € C(X), (x,y) €X.
Example 7.1. According to Definition 4.1, f is T-convex if and only if
A=x—-y)f(1—a)u,Q—aW)+xfla+(1—a)u,(1—a)v)
+yf(1—a)u,a+(1—a)v) = flax +(1—a)u,ay +(1—a)v),
for all a € [0,1] and (x, y), (u,v) € X.

According to Definition 5.1, f is weakly-T-convex if and only if
I-u—v)f(1—a)u,1—av)+uf(a+(1—a)u,(1—a)v)
+vf(1—a)u,a+(1—a)v) = f(u,v),

foralla €[0,1] and (u,v) € X.
Example 7.2. ([8], [22, Ex. 18.16, p.101]) A function f is T-convex if and only if f is axially convex. There exist functions
T-convex that are not convex and there exist functions weakly-T-convex that are not T-convex.

If we refer to the statements

(a) f is convex;

(b) f is axially convex;
(c) f is T-convex;

(d) f is weakly-T-convex.

formulated for a function f € C(X), we have the following implications:
(@) — (b) «— (c) — ().

Remark 4. ([22, p.102]) It follows that f € C(X)is T-convex if and only if it is convex on every segment within the triangle X
that is parallel to the Ox-axis, the Oy-axis, or the line x +y =1
If f € C%(X), the T-convexity is characterized by

" " " " "
FL20, £/ 20, fIL+f! —2f/ >0. 7.1
If f € C?(X), the convexity is expressed as
fa 20, f) 20, flf) —(f) =0. (7.2)

Now we can better appreciate the difference between convexity and T-convexity on the standard simplex; in particular, it is clear
that (7.2) implies (7.1).
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Example 7.3. Let f € C*(X), 2 = (x,y) € X, a € [0,1]. Consider the points P(x — ax,y —ay), Q(x + a(1—x),y —ay),

R(x

and

—ax,y +a(l—y). Then, according to (6.1),
F(z,a)=Q—x=y)f(P)+xf(Q+yfR)—f(x,y)

Fl(z,a) = (1—x = y) [ f/(P)(—x) + f|(P)(=¥)]
+x [ FUQO =)+ £QEN ]+ ¥ [ FIR(=x) + FLRA— )]

Fli(z,0) = (1—x —y) [x*f4(P) + 2xy f1, (P) + £ 4(P)]
+x[ (1= xPFLB) =21 =)y £, (Q)+ 2 f4(Q)]
+y [¥FAR) —2x(1 = Y)fL(R) + (1= ¥ f4(R)].

Suppose that f € C?(X) is convex. Then F;’Z (z,a) = 0, so that F(z,-) is convex on [0, 1]. Moreover, if a = 0, then the points

P, Q, R are reduced to (x, y). It follows that F/(z,0) = 0, and consequently F(z,-) > 0. This Example illustrates Theorem 6.1.

Example 7.4. Tt is easy to verify that the infinitesimal generator corresponding to the canonical projection T acts on C*(X) as
follows

x(1—x)
2

A1) = S ey e+ P e ),

In this case the Conjecture 6.1 asks to prove that if f € C2(X) and

x(1—x)
2

yd-y)

foaG,y)—xyf] (e, y)+ Tfy”z(x,y) >0, x,y €X,

then

I-u—v)f(1—a)u,Q1—awv)+uf(a+(1—a)u,(1—a)v)
+vf(Q1—a)u,a+(1—a)v) = f(u,v),

foralla €[0,1] and (u,v) €X.
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