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Abstract

This work introduces a compact algebraic representation of generalized B-spline basis functions built
upon uniform knot partitions (also known as cardinal GB-splines), that stands out for its simplicity with
respect to the well-known integral formulation. Moreover, this result clarifies the relationship between
cardinal GB-splines and classical polynomial B-splines, as it isolates the polynomial component of a
GB-spline from the non-polynomial contribution brought by the two non-monomial generators of the
function space.
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1 Introduction and purpose of the work

Generalized B-splines (GB-splines for short), first introduced by Kvasov in [15,16], are special types of Chebyshevian splines
[1,2,4,23]. Chebyshevian splines are a generalization of classical polynomial splines, where each spline piece belongs to the
same extended Chebyshev space, rather than to a polynomial space. Extended Chebyshev spaces (see, e.g., [4, Definition 1])
allow the presence of transcendental functions in addition to polynomials, that can be exploited, e.g., to reproduce circles and
other shapes that cannot be represented by polynomials only. Whenever the underlying extended Chebyshev space is spanned
by all the monomials up to a certain degree and two other special functions, we are in the domain of GB-splines. GB-splines
include cycloidal (or helix) splines [5], hyperbolic-polynomial splines [20], Unified-Extended splines (or shortly UE-splines) [30]
and, of course, polynomial B-splines [24,28]. In the past few years GB-splines received more and more attention due to their
increasing number of applications which currently range from geometric design [7,12,14,17,19,25-27] and numerical analysis
(especially quadrature formulas, differentiation and numerical solutions of linear Fredholm integral equations) [11, 18] to
isogeometric analysis [8,13,21,22] and imaging [6,9,10]. Differently from [4,29], where algorithms for evaluating general forms
of Chebyshevian B-splines have been proposed, we here focus our attention on GB-splines built upon uniform knot partitions,
and we address our efforts towards underlying their connection with cardinal polynomial B-splines. The goal of this paper is
indeed to present an elegant algebraic expression of cardinal GB-splines that stands out for its compactness and its simplicity with
respect to the well-known integral formulation. The proposed expression is intended for having an easy-to-manipulate general
symbolic formulation for cardinal GB-splines and not for numerical evaluation, as it is well known that numerical instabilities
might arise (see, e.g., [4,29]). To pave the way for our result, we first recall from [15] some preliminary notions (Section 2) that
are later exploited to get our novel algebraic representation of cardinal GB-splines (Section 3). Finally, we exploit the obtained
expression of cardinal GB-spline basis functions of arbitrary order, to get back the algebraic expressions of some known instances
and work out new non-trivial examples (Section 4). Section 5 concludes the paper with some final remarks.

2 Cardinal GB-splines: preliminary notions

For a fixed interval length h > 0, we consider the uniform partition of R given by the intervals {Z,:=[hk, h(k + 1)]};cz- Let
peN\ {1} and U, V : Z, — R be such that

@ U, Ve (1)

(ii) the quantity
A = U(p—l)(o) V(p—l)(h) _ V(p—l)(o) U(p_l)(h),
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is non-zero and the functions

u(x) == aUP ™ (x) + b VP I(x) and v(x) = cUPD(x) + d VP I(x), ¢))
where
a:=veMn)/a,  b:=—-UPYMn)/a, c:=-vED0)/4a, d:=U%10)/A,

are such that {u, v} is a Chebyshev system on Z,,, i.e., any non-trivial element in span{u, v} has at most one zero in Z,. In
particular, due to (1), we have u(0) = v(h) =1 and u(h) = v(0) = 0.

We are interested in the space of GB-splines of order p + 1 given by

S = {f eI R) : f-+hk)|, €PY, kez},
where
PPV = span {{(VY5, UL V |

The goal of this work is to present a fully explicit and compact expression of the cardinal GB-spline basis function associated to
S’fj’v, i.e., the function 4)5"/ € CP7}(R) such that

@l ¢ €S,

p
(1) supp(¢y") = [0,h(p+ D] =T

k=0
(c.1) forevery f € Sg’v,

FG) = D7 fi UV (x —hk),
kez
for some {f}, € R};cz-

Let
v(x), if x e Z, =[0,h],

-1
e (x) == 87" ¢ u(x—h), ifxeZ;=[h2h], with &' := (J v(y)dy + J u(y—h)dy) . )
T, 2

0, otherwise,

Starting with ¢} we can then proceed, as in the polynomial case, with the construction of qbg’v via the following recursive
relation

v 1 u. 1 ) u.
Pn(x) = ety () = J ) e () dy
o
qe{]-)"':p_]-}:

1 (F 3)
= 3 f (el () — ¢ (y—h) ) dy,

which yields d)g,v (x) = ¢y”(x). In particular, defining for everyq € {1,...,p—1},

DS = {feCPUR) : f(-+hK)|;, €DPYY, keZ},
with )
span { {(V}I7%, U@, V@ ), ifg<p-1,
apUYV .
DIPYY =
span{UP™V vV} = span{u, v}, ifg=p—1,
we have that

a2) ¢y € DP’Q‘S‘;]’V;

q
(b.2) supp(pl") = [0,h(g+ 1)1 = JZ;
k=0
(c.2) forevery f € DP’qSIEJ’V,
FG) =D fio @l (x —hk),
keZ
for some {f}, € R};cz-

Remark 1. We emphasize that:
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(D If U(x)=V(h—x), then ¢>;”V is symmetric within its support.

(II) There is a trade off between normalization and partition of unity. Indeed,

fdﬁ,”v(y)dy:f ¢, () dy

2l

- %J Y(2) dz f () dy = f Y1 () dy
R R R

= .. = T)dy =1
® ® JR )y 3

> ¢UV(x—hk) = Zf e, () dy = % J e, () dy =
—h(k+1)

kez kez
Thus, only for h = 1, it is possible to have

= > ¢V (x—k) = J ¢, " (y)dy, peN\{1}

kezZ

and

;~._.

3 Cardinal GB-splines: a compact algebraic expression of the basis functions

1 . 1
7 L e, * X, (¥)dy = ELJ e, (y —2)x7,(z) dz dy

This section contains the main result of this work. Precisely, the following theorem provides a fully explicit and compact
representation of the cardinal GB-spline basis function qb;”" (), that isolates its polynomial component and expresses it in terms
of linear combinations of classical polynomial B-splines of degree s < p — 2 built upon the uniform knot partition hZ.

As it is well-known [24, 28], for k € Z and By o(x) := y7, (x), the degree-s polynomial B-spline By ;, s € N, can be defined via

the convolutional recursion 1
Bk,s(x) = HBk,s—l >kBk,O(x)»

or, more explicitly, via the recurrence relation

x —hk h(k+1+s)—x
By s1(x) + %

Bk,s (x) - Bk+1,571 (x)

Moreover,
Bk,s(x) = Bk—l,s(x _h) = BO,s(x _hk):

and (4) can be rewritten as

Bk,s(x) = %J (Bk,sﬂ(J’) - Bk+1,s—1(}’) ) d
h

k
For later use, it is convenient to introduce S, T € span{U, V} such that

SPU(x)=u(x) and TP D(x)=v(x),
i.e., due to (ii),
S(x) =aU(x) + bV(x) and T(x) = cU(x) + dV(x).

Clearly, for any p € N\ {1}, SPU’V = Sj’T and 4>pU’V(x) = d)?’T(x).
Moreover, we point out that 611’” in (2) can be rewritten in terms of S and T as

& =D, with D= TOMR) — TY(0) + S(h) — $9(0), se{o,...,p—2}.

Theorem 3.1. For U,V :Z, — R satisfying (i) and (ii) and p € N\ {1},

5u,v p p—2 p—s
oL ()= [Z (Ak,PT(x —hk) +Ay_y,S(x —hk))Bk,O(x) + D 1D CrpeiBr(x)
k=0 s=0 k=0
where, for every k € Z,
Ay =06y, (Kronecker delta)
Agsr1 = Ars — Ak s€N,
and, fors €{0,...,p—2},
k—2
Ck,p—s = Z Aj,p—s Ds + Ak—l,p—s (T(S)(h) - T(S)(O) _S(S)(O)) - Ak,p—s T(S)(O),
j=0

with Dy specified in (8).

@

©)

(6)

™

(8

9

(10)

(1n
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Proof. Due to (3), we compute cp;"’(x) = ¢;”V(x). We start rewriting (2) as
Pr(x) = &Y [v(x)Boo(x) + ulx —h)Byo(x) ]
= & [T(pil)(x)Boo(x) + S(pil)(x—h)Blo(X”
’ ’ (12)
1

5 D Ay TOD(x —RK) + Ay SP7D(x —hk)) By o(x),

k=0

where A, ; = 8y, k € Z.

Then, from (12) and (3), we get

oy & [
0y (x) e i

1
D Ay TPy —hk) + A1y ST (y —hk)) Beo(y)
k=0

1
— 2, (A TPy —h(k + 1)) + A, SPV(y —h(k +1))) Bo(y —h) } dy
k=0
5U,V X 1
= - f D (A TED(y —hk) +A1 STy —hk)) Bio(y)
0 k=0
2
- (Ak—l,l T D(y — hk) +Ar 21 SP(y — hk)) By_10(y —h) } dy
k=1
87"

X 2
f Z ( (Ak,l _Ak71,1) T(p_l)(}’ —hk) + (Ak71,1 _Akfz,l)s(p_l)(y —hk) ) Bk,o(.)/) dy
0 k=0
5u,v x 2
- f D (A TOD(y —hi) + Ay , STy —hk) ) Bio(y) d,
0 k=0

where Ay, = Ag; — Ax_11, k € Z. Now, for every k € Z,

x—hk min(h,x—hk)
f T®D(y) Boo(y) dy = f T®V(y)dy
—hk 0

f TP D(y —hk) By o(y) dy
0

0, for x <hk,

TC2(x —hk) — T?2(0), forxe1,
T®=D(h) — T®=2(0), for x > h(k +1).
A similar argument holds for S®~V and so
h u,v — — —. —
W‘Pz’ Az, = Aoz TP (x) + A1, S (x) — (Ao,z T?2(0) + A1, s 2)(0)),
1

h
W‘P;’V(X)El = A, T®2(x —h) + Ao SeA(x —h) — <A1,2 T¢?2(0) + Ao S(P’Z)(O))
1

+Ag, (TO2(R) — TP2(0)) + Ay, (ST 2(h) — sP2(0))
= A TP (x—h) + Ay, ST (x—h) + Agy TP 2(R) + A_y, ST2(h)

- (Ao,z + Al,z) T?2(0) — (A—1,2 + Ao,z) 5@=2(0),

Dolomites Research Notes on Approximation ISSN 2035-6803
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h
W‘P;’V(XNIZ = A2,2 T(piz)(x —2h) + A1,2 5@72)(X —2h) — (Az,z T(piz)(o) + A1,2 S(Piz)(o) )
1

+A;, (TP2(R) — TPD(0)) + Ay, (SP2(h) — SP2(0))
+Agy (TC2(R) — TC2(0)) + A, (S 2(R) — s@2(0))
= Ay, TP (x—2h) + Ay, P (x —2h)
+ (Agz + Ary) TP D) + (A, + Ay ) SP2(R)
— (Aga + Ay + Ayy ) TOD(0) — (ALy, + Agy + Ay, ) SP2(0),
and

h u,v — — — —
5o 03 (o) = (Ao,z + A, + Az,z) (T2 (h) — TP2(0)) + (A—1,z + Ay + A1,z) (P2 (h) — $72(0))
1

= (1-1+40)(T??2Mh) —TC20) + (0+1—1) (P2 (h) — s*2(0))

= 0.
Equivalently, in a more compact form,
u, 2 2
w0y (%)= # <Ak,2 T®™2)(x — hk) +Ak71,25(p_2)(x - hk))Bk,o(X) + Z Cr2Bio(x) |, (13)
k=0 k=0
where, for k € Z,
k—1 k=1 k k
Coo = 2 ALTOD(R) + 3 AL, ST 2(0) — DAL TC(0) = Y Ay, S779(0)
j= j=0 j=0 =0
k=2
= D A5D, s + Ay, (TOD()—TE2(0)—5C2(0)) — Ay, T2(0).
j=0

When applying (3) again to (13) in order to obtain ¢, for the first sum the computations are analogous to the ones just shown,
while the terms of the second sum simply follow (4). Iterating this process up to ¢,»" completes the proof. O

Remark 2. We observe that, fors € N and k € {0,...,s — 1},
s—1 k=2
Ak,s = (_1)k ( k ) and Z Aj,p—s = Ak—Z,p—s—l'
=0

Remark 3. If U(x) = V(h—x), then u(x) = v(h —x) and S(x) = (—=1)""'T(h— x). Therefore, fors € {0,...,p —1}, S®(0) =
(1P TO(R) and SO () = (—1)*~' T®)(0), and, from (11), we have

— (Ae1ps + Arps ) TO(0), ifp—se2Z+1,

Ck,p—s = 2Ak72,p7571 (T(S)(h) - T(S)(O)) + Ak*l,pfs (ZT(S)(h) - T(S)(O))
if p—s e2Z.
_Ak,p—s T(S)(O):
In particular, if U(x) = ¢4 and V(x) = e%—x,
h
%(;lc)’ if p € 2N, 0, ifp—se€2Z+1,
sinh(x) sinh(h) .
V) = S — T0) = — 190 =4
sin : .
sinh(x) ; ifp—se2z
> f (S 2N + ]., : 4 >
sinh(h)” F sinh(h)

and so, for every j,k € Z, Cy 5,1 = 0. In this case, Theorem 3.1 yields an algebraic expression that is analogous to the one found
in [20, Theorem 2]. To the best of our knowledge, this is the only other attempt at separating the B-spline components in the
expression of the cardinal GB-spline. The approach of Theorem 3.1, however, is more general. For example, one can treat in a
similar way the trigonometric case using, e.g., U(x) = cos(7tx/(2h)) and V(x) = sin(7tx /(2h)).

Dolomites Research Notes on Approximation ISSN 2035-6803
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4 Cardinal GB-splines: algebraic expressions of classical and unexplored examples

For the sake of shortness, in all the following examples we focus our attention on the case p = 3. We point out that, to the best
of our knowledge, all the basis functions U and V chosen in the following examples are new and never appeared in the literature
before. In the first example we start discussing a one-parameter family of GB-splines that includes two classical cases, namely the
case of hyperbolic polynomial B-splines and the one of trigonometric polynomial B-splines.

Example 4.1. For a fixed a € [0, 1] and a fixed interval length h = 7t/2, consider
U(x) = cos (%x) eU=0Eh2) = cos(ax) P and  V(x) = U(h—x).

When a =0 and a = 1, one respectively recovers the celebrated cases of hyperbolic and trigonometric polynomial B-splines built
upon a uniform knot partition having interval length 7t/2 (see, e.g., [5,20,30]). For such a U and V we have

UD(x) = ((1—a)cos(ax) — asin(ax)) el=D&=m/4, v(x) = —UW(h—x),
UP(x) = ((1—2a)cos(ax) — 2a(1—a)sin(ax) ) e==m/4) VvA(x) = UP(h—x).
Therefore,
A = UPOWVOR) - vOOUPH) = (U2(0)" — (UPR)
= (1—2a)? e =972 _ ((1—2a)cos(an/2) — 2a(1 —a)sin(an/2) )* U072

1—2 —(1—a)n/4
a=d=ud0ya =272 T

A b
b=c=-—UDR)A = — ((1—2a)cos(an/2) — 2a£1—a)sin(an/2)) e(l_“)“/“,
the expression 67" in (8) reads as
5 = (a(UOR)—UD(0)) + b(VI(h)—VI(0)) + c(UV(R) — UV (0)) + (VP (R) — v (0))) ™"

= (2(@@+b) WDPHR)-UD0))"

= (2(a+b) (((1—a)cos(an/2) — asin(an/2)) e+ — (1—a) e 79/4) )_1 ,
and the functions u,v,S, T are of the form
u(x) = aU®Bx) + b V3 (x) = a UP(x) + b UP(h—x),
v(x) = cUBx) + d VO (x) = bUP(x) + a UP(h—x) = u(h—x),

and
S(x) =aU(x)+bV(x) =aU(x) + bU(h—x),

T(x) =cUKXx)+dV(x) =bU(x) + aUh—x) = S(h—x).

Hence, using (2) and (9), we can easily compute the algebraic expression of ¢} and 4);] "V for different values of a € [0,1]. For
example, for a =0,

cosh (E) sinh (x), t e,
0y (x) = ﬁ :
2sinh (%) sinh () sinh(mt—x), tel,
sinh(x) — x, t e,
. . T T T m
UV( ) 9 cosh (%) sinh(7t — x) + 2sinh (E_X> + <1+2cosh<§)) (x—5> -3 tel,
3’ xX) = - N - = .
nzslnh(4) Smh(Z) sinh(x — ) + 2 sinh (X_S_n) + <1+2cosh(z)> (Bl—x> —E, tel,
2 2 2 2
sinh(27t —x) — (2w — x), tel,,
and, fora=1,
sin(x), t e,
u,v
(Pl’ (X) = E .

cos(x —m/2), tel,

Dolomites Research Notes on Approximation ISSN 2035-6803
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x —sin(x), t e,

m—x—2cos(x)—sin(x), tez,
U»V(x) - i .
3 - 2

x —m—2cos(x)+sin(x), te,,

21 — x + sin(x), teZ,.

These functions are represented in Figure 1, together with the ones obtained by setting @ = 1/3 and a = 2/3. For the sake of
shortness, we decided to avoid including also their expressions.

Equation (9) can also be used to easily get the algebraic expressions of cardinal GB-splines having more exotic generators U
and V, like in the following examples.

Example 4.2. Consider h = log(1 + v2) and U(x) = sech(x), V(x) = tanh(x). These two generators satisfy the relation
(U(x))* + (V(x))?* = 1, which is useful to describe circular arcs, but they are non-periodic and U(x) # V(h — x). Therefore,
starting from them, we will obtain a GB-spline ¢§] " that is non-symmetric. Indeed, for such a U and V we have

UM (x) = —tanh(x) sech(x), v(x) = (sech(x))?,

U@ (x) = sech(x) ((tanh(x))* — (sech(x))*),  V®(x) = —2 tanh(x) (sech(x))?,

A = UPOWVADh) — vAOUP(h) = ‘/75
_ V@) _ _ _U(Z)(h) o, _ _w _o, _ m -3
A A A A
and the expression 6} in (8) reads as
5 = ((a+0)(UPR) — UD(0)) + (b+d) (VIR — v(0))) " = 2(v2—1).

Moreover,

u(x) = sech(x) ( (sech(x))* — (tanh(x))*), v(x) = 242 tanh(x) (sech(x))?,
and

S(x) = —sech(x),  T(x) = —v2 tanh(x).
Using (2) and (9), we can thus compute the algebraic expression of ¢}”" and ¢§] . In particular,
2 +/2tanh (x) (sech(x))?, teT,,

Pr(x) = 2(vV2-1) -
sech(x —h) ((sech(x —h))* — (tanh(x —h))*), te1I,,

V2(x — tanh(x)), t e,
A, (x, k) cosh (x) + A, (x,h) sinh (x) — v/2
- , te Il:
2(VI-1) 2cosh (x) — v/2sinh (x)
uv _ - )
s ()= (log(v2 + 1))2 As(x, k) cosh (x —2h) + A,(h) sinh (x — 2h) + 16 sinh (h) ter,
2+/2(cosh (h))® cosh (x — 2h)
As(x,h) cosh (x —3h) + Ag(h) sinh (x — 3h) — 4sinh (h)
B t e,
20+/2cosh (x) — 28sinh (x)

where
A(x,h) = 5vV/2h—4—3v2x,  Ay(x,h) = 3x —5h+4+2,

As(x,h) = 2(x —3h) (cosh (h))?* (cosh (k) — 2) + sinh (3k) — 2sinh (2h) — 7sinh (h) + 4(3x — 8h),
A4(h) = 4 (2(cosh(h))*—(cosh(h))’ —4),  As(x,h) = sinh(2h) +8h—2x,  Ag(h) = 2 (1—(sinh(R))?).
These functions are represented in Figure 2.

Finally, in the last example, we consider a space of GB-splines with rational derivatives.

Dolomites Research Notes on Approximation ISSN 2035-6803
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Example 4.3. Consider h =e—1 and V(x) =1log(x + 1), U(x) = V(h—x). Then, for such a U and V, we have

VO = ——, UPG) = VO k),
x+1
v® - - U® = V@ -
() =~ ) (h—x),
A = UP0) VO — vP0) UP(h) = (VOm)* — (vP(0))® = e — 1,
v@(n) 1 v@(0) e?
a=d= = - , b=c=— = — - s
A 2 sinh(2) A 2 sinh(2)
and the expression )" in (8) reads as
wy m ) ) o) -1 cosh(1)
57 = ((a+a)(UPMm) —UuP0) + (b+d) (VP((R) —v(0))) = 1

Moreover,

1 ( e? 1 )

= - = h—
YO = @ \e—xe G /e v =),

. (x + 1) — e log(e — x)

log(x +1) —e“log(e —x

T = B S = T(h—x).
() 2 sinh(2) () (h=2)
Thus, using (2) and (9), we can compute the algebraic expression of ¢} and d)g Y later illustrated in Figure 3. In particular,
¢ __1 ted,
1 (e=x)2 (x+1)2° o
7 ) = e s 2 .
teT,,

(2—e+x)2 (2e—1—x)?’

—e? ((e+ 1)x —log (x + 1) + e*log (e — x) —e?) .

(e —1)3(e* — 1)sech(1) ’ o

Aix + Ay log(2e —x — 1) — Az log(x —e + 2) —2e> —e* + 2e fer

. (e —1)3(e* —1)sech(1) ’ B
5 (x) =

—A1x + Ay log(x —2e +3) — A5 log (3e — x —2) + 6¢° — 5e* + 42 — 6e e

(e —1)3(e* —1)sech(1) ’ »

e’ ((e+1)x +log(4e —x —3) —e?log (x —3e +4) — 3e? +4) et

€
(e —1)3(e*—1)sech(1) ’ »

where
A o= e(2e®+e?+e+2), A, = e2(2e%+1), Ay = e2(e? +2).

5 Closing remark

In this paper we have presented a new easy-to-manipulate algebraic formulation of cardinal GB-splines that isolates the polynomial
component from the non-polynomial contribution brought by the functions U and V. The polynomial component is expressed in
terms of linear combinations of uniform polynomial B-splines of degree up to p — 2, whereas the non-polynomial component is
specified by a piecewise function whose pieces are explicitly written in terms of U and V.
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a=1/3

a=2/3

o o.s 1 1.5 = 2.5 =3

Figure 1: The functions (p'l"v (first column) and d)é] "V (second column) obtained with the choice of h, U and V specified in Example 4.1 for
values of a € {0,1/3,2/3,1}.
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Figure 2: The functions cp;l’v (left) and ¢g v (right) obtained with the choice of h, U and V specified in Example 4.2.
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Figure 3: The functions cp;"v (left) and ¢g v (right) obtained with the choice of h, U and V specified in Example 4.3.
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