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Abstract

In this paper we investigate certain properties of Stancu type generalization of the Baldzs operator.
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1 The Balazs-Stancu operators
For f € C[0, c0), the Baldzs operators [5] are defined by

e 20)e () ®

Jj=

Zp ( nX )f(i) x>0,neN
e "\ 1+a,x b,) " T 7 ’

(R,.f)(x)

where
pu@=()ra-ars20,
’ J

and (a,),, (b,), are two sequences of positive real numbers suitably chosen.

These operators have been studied and generalized in many directions [6], [11], [7], [1], [2], [3], [9].

In this paper we consider a generalization of Baldzs operators in the manner of the generalization of Bernstein operators
introduced by D. D. Stancu in [10]

]+1r) o)

(Supaf)(X) = an m(x)Zps cof

f €C[0,1], x €[0,1], where n € N and r,s € Ny = NU {0} are fixed such that rs < n. Bernstein’s operators are obtained for
s=0ors=1,r=0o0rs=1,r=1.
We consider the Baldzs-Stancu operators, defined as follows:

n—rs

Ry, f ) = ;}:pn_w(1 ey X)ZPM(HG x)f(]:%) 3)

f €C[0,00), x >0, where n €N, r,s € N, such that rs < n, (a,), being a sequence of positive real numbers.
x
Ifa,=1,(V)n €N, we have (R, . f )(x) = (S,..f) ( T )

2 Convergence properties

Lemma 2.1. The operator S, ,; satisfies the following relations:
D (Sprsd(x)=1;
i) (Syse1)(x) = x;

rs(r—l)). x(1—x)
" .

i) (Sys€2)(x) = x> + (1 + -

where x € [0,00) and ¢;(y)=y',i=0,1,2.
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Proof. For p € N,, we have

n—rs s itir p+1
(Sn,r,sep+1)(x) = an—rs,j(x)zps,i(x) (J )
j=0 i=0

"
- S g
DSOS

- Z CEE) (-2 BB,

where (B, f) (x) are the Bernstein operators.
From the above relation, one has:

n—rs s

(l) (Sn,r,seO)(x) = ZE) pn—rs,j(x) Zg)ps,i(x) =1
J= =
@i
(Sn,r,sel)(x) = (1_ E)(Bseo)(x)(Bn—rsel)(x)-i_ E(Bsel)(x)(Bn—rseO)(x)
n n
= (1—E)X+EX=X,

n n

(iii)
Soed) = (1-2) e ) B,re) ()
n

+2;_5 (1 - r—:)(Bsel)(x)(Bn_rseﬂ(X)
n (r_:)z (Bye,) (x) (B,_s€0) (x)
() o)
+(E)2 (x2+ —x(l_x))
n s

rs(r—l)). x(1—x)
" .

n

= x2+(1+

Lemma 2.2. The operator R, ,, satisfies the following relations:
() Ry.sf 20, (V)f €C[0,00), f=0;
) (Ryrse0)(x)=1;

X
(lll) (Rn,r,sel)(x) - 1 +anx’

) _ x?2 rs(r— 1)). x )
(lV) (Rn,r,sez)(x) - (1 +anx)2 + (1 + n nan(l +anx)2’

where x € [0,00) and e,(y) = y?,p =0,1,2.

Proof. We specify that we have

n—rs

S . .
S o) Sy
VA
n

a 1+a,x )

Ry, rs€5)(x)

(i) Itis obvious by definition;
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(i) Itis clear that

Ropse0)(x) = (sn,,,seo)( @, )zl

1+a,x

(iii) From (S, e;)(x)= x it is obtained

1 a,x b'e
(Rn,r,sel)(x) = a_(Sn,r,sel)( ) =

1+a,x 1+a,x’

it is obtained

( s 2)(1—i-c1 x)

_ x?2 +(1+rs(r—1))_ x

(iv) From (S, e,)(x) =x?+ (1 + rs(rn— 1)) . x(ln—x)

(Ryr5€2)(x)

(1+a,x)? n na,(1+a,x)?’
O
Lemma 2.3. Let the m-th order moment for the operator be denoted as follows:
_ - j+ir L
(Rn’r’s(e1 —xeo)m)(x) = ;pn_w( T+a, X)Zp“(l T, x) . ( na, —X) ,m=1,2,....
Then we have
(€]
a,x?
(Rn,r,s(el —xeo))(x) = TTvax
(i)
a’x* rs(r—1) x
2 — n .
(R”’r’S(el —xeo) )(X) -7 (1+a,x)? (1 R ) na,(1+ a,x)?
Proof. )
<« j+ir
(Rn,r,s(el_xeo))(x) = jzopnfrsd(l_i_a X)Zp“(l-{-a x)( na, _X)
a,x?
= (Rn,r,sel)(x)_x :_1 +anx;
@i
<« j+ir 2
2 _ . —
(Rn,r,s(el_xeo) )(X) - onpn—rs,](l+a x)Zp“(l-i-a x) ( na, X)
= (Rn,r,sez)(x) - ZX(Rn,r,sel)(x) + X
a’x* -1
_ n + (1 + rs(r )) _ x '
(1+a,x)? n na,(1+ a,x)?
O

Theorem 2.4. If lim a, =0 and lim na, = oo, then for a bounded function f € C[0, 00) it follows
n—oo n—oo
lim R, ,.f = f uniformly on any compact interval K C [0, 00).
n—oo 7

Proof. Let K C [0, 00) be a compact interval, K =[m,M],0<m <M < co.
It is obvious that
lim ”Rn,r,seo - eO”[m,M] =0.
n—oo

Since

2
(Ruser) () =1 ()] = 72— < @, M2, (V)x < [m, M]

n
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and a,M? — 0, result
n—oQ

lim ”Rn,r,sel - el”[m,M] =0.
n—oQ

Since
a,x3(2+a,x) rs(r—1) X
_ — e = v eal1+
(Ropser) ) —ex(ol = (=22l (3 D)
< a,M*(2+a,M)+ (1 G )) L (V)x € [m,M]
n na,’

—1 M
and a,M>(2 + a,M) + (1 + M) — — 0, result

n naTl n—oo

HILIEOHRn,r,seZ - ez”[m,M] =0.

Finally, Theorem 2.4 results by applying [4]-Theorem 4.1. O

The modulus of continuity of a continuous function f on [0, 00), is defined by

w(f, ) =sup{|f(y)—f(x)l: x,y €[0,00), |y —x[ < t}, t>0.
Theorem 2.5. For any function f € C[0, 00) such that w(f,t) < 0o, (V)t > 0O, the following inequality holds

|(Rn,r,sf) (.X') _f(x)| <2w (f’ en,r,s,x)! (4)

a’x* -1
Oprsx = o +(1+rs(r ))- X .
o (1+a,x)? n na,(1+ a,x)?

where

Proof. Since
2
FO=F S wfly—xD < (1 + WT")) o(f,0)

turns out that

|(Rn,r,sf)(x)_f(x)| < (Rn,r,s |f _f(x)eol)(x)
_ 2
(1 + Bunles ) )(x))w(f,e).

IA

The result is obtained by choosing

0 = 6n,r,s,x = \/(Rn,r,s(el _xeo)z)(x)
_ aix“ rs(r—1) X
B J (1+a,x)? +(1+ n ) na,(1+a,x)?’

Remark 1. For f € C[0,00) and M > 0 we have

Rorof = Fllo < 20 (f, Q azm+ (14 ). ﬁ). ®)

n na,

Corollary 2.6. If f is a function which is uniformly continuous on [0, 00), then f can be uniformly approximed on any compact
interval K C [0, 00).

3 Some preservation properties
Lemma 3.1. For f € C[0,00),0<x <y, A€[0,1] we have
(Rn rsf) ((1 - A)X + A'.y)

n—rs

a,(y —x)
Z Z p5k111(1+ax (1+a, X)(1+anJ’))

k1+11=0 kp+15=0

( a,x an(y_x) )
Prrsiata\ 75 a,x’ (1+a,x)1+a,y)

5 )(,(1+Clny)
Z Z Piy,my (Ml +a,y)+(1—=A)(1+ anx)) .

=0my=0

) A(1+a,y) ) (k2+m2+r(k1+m1)
plzm2(1(1+any)+(1—/m)(1 +a,x) na )

(6)

n
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m! . . . .
where p, (U, V) = ——— V(1 —u—v)"*is the two-variable Bernstein basis.

kKi'(m—k— )
Proof. Let f € C[0,00),0<x<y,Ae€[0,1].

We denote by a,(x) = T nX

IfF,;:C [0,00) — R, i=0,...,n, are linear positive functionals, proceeding similarly as in [8], we obtain:

, n € N and note that a,(x) < a,(y).

D Py (0 (1= 2)x + Ay)) F ()

j=0
_Z( )[a () +a, (1= A)x + Ay) —a, ()] -

1=, () +a, () = a, (A= Ax + Ay F, ;(f)

_Z( )Z( ) o, () [a, (1—)x +Ay)—a, ()]

n—,

J
(”p J ) [ (y) =ty ((1 = A + )P [1— ay (TP ()

nJ
=ZZ k‘(] k)l r'lén i p)'a (X)k [an((l—?t)x+?ty)—an(x)]j_k

n Jj n—j al

= ZZ RO kT p)!(n_j_p)!an(x)k [ ()= @, ()Y P [1 = a, ()7

j=0 k=0 p=0
.(j—k-i-p)! an((l—l)x-l-),y)—an(x) j—k Otn(y)—an((l—)t)x-kly) p

CE TR s e ol I R v KA
_Zzzpnk) k+p(a (X) a (y) a (X))

j=0 k=0 p=0
Prasnrs (L ey ) E)

We reverse the summation order and change the index j—k +p =1:

D Py (@, (1= 2)x + 23)) Fy ()
j=0

n n n—k
=3T3 pr @b a0~ g RIS

k=0 j=k l=j—k a,(y)—a,(x)
We reverse the summation order and change the index j —k = m and we obtain the following representation:

> 1pn (0, (L= A)x + Ay E, 5 (f) @

Jj=0

= > P (@,(0), @, (1) =, (x)) -
k+1=0
1

5 (an (1= Mx + A9) — 2, (x)
L Prm () — (%)

JLAE!

Repeating the application of an adapted version of relation (7) yields
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(Rn,r,sf) ((1 - A)X + A)’)

n—rs

= Zs: Z DPsiiyty (@,(30), 2, () — @, (x)) -

k1+1;=0ky+15=0

'pnfrs,kz,IZ (an(x)) a, (.Y) - an(x)) ‘

L I

ST b (an ((1—A)X+l}')—an(x)).

()~ ,(x)

Do (an (A =2A)x+Ay)—a.(x) )f (kz +my +r(k, + ml)) .

a,(y)—a,(x) na

n

Theorem 3.2. Let f € C[0, 00). If f is a non-increasing function, then R, ,f is a non-increasing function.

Proof. Let 0 < x <y < 0o. We have

(Rn,r,sf)(.y) - (Rn,r,sf)(x)

= Z Ps iy (an(x): an(.y) - an(x)) Z Pr—rsky 1, (an(x): an(y) - an(x)) :

ky+1,=0 ky+l=0

-[f(k2+12+(k1+ll)r)—f(k2+k1r)]so.

na, na,

Theorem 3.3. Let f € C[0, 00) a non-increasing function. If f is a convex function, then R, . f is a convex function.

Proof. Let0<x <y and A €[0,1]. From 3.1, we have
(Rn,r,sf) ((1 - )L)X + A)’)

— Z 2 ps,kl,ll( a,x an(.y_x) )

ke Te0 ky T 1+a,x (1+a,x)1+a,y)

-p ( a,x an(y_x) )
nrskela\ 14 g, x” (1+a,x)(1 +a,y)

L Db

Z Zp ( A(1+any) )
= bm\ (1 + a,y)+(1—=2A)(1+a,x)
( A(1+a,y) )f(k2+m2+r(k1+m1))

Pizmy AM1+a,y)+(1—2)(1+a,x) na, ’

For I, + rl; # 0 we have
ky +my+r(k, +m;)
na,

_ (1_ mz—i—rml) ky+ 1k, N my+rmy ky+ 1L, +r(ky+1)

- I,+rl na, I+rl na, ’
Since f is a convex function it results

f (k2+m2+r(k1 +m1))

na,

< (1_m2+rm1)f(k2+rk1)+m2+rm1 (k2+lz+r(k1+ll)),

L+rl, na, I+rl na,
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from where

(Rn,r,sf) ((1 - A)X + 70’)

S n—rs

Z ( a,x ) ( a,x )f(k2+rkl)
P\ T3 a,x Prorsio\ T a,x na,

k1=0k,=0

IA

n—rs

a,(y —x)
+ Z 2 p‘klll(1+ax (1+Clx)(1+any))X

k1 +13=0ky+13=0
ly+rl #0

. ( a,x an(y_x) ) %
Prorskaa\ 73 a,x’ (1+a,x)(1+a,y)

k, +rk A(1+a,y)
dl ( : 1)2 Zpllml(A(1+any)+(1—m(1+anx))X ®

=0my=0

§ ( M1 +a,y) )(1_u)
Pama\ 30+ @)+ A= (A + a,x) L+rh

ky+ 1+ 10 +1)) & & A1 +a,y)
+f(%) Z Z:pll"“(A(lJran)/)Jr(l—M(lJranx))><

my;=0my

( A1 +a,y) ) m, + rml]
Pom\ YT a ) +A—n0+ax)) L+,

_ Z "Z‘”p ( a,x )p ( a,x )f(k2+rk1)
- s,k n—rs,k:
=i "N\1+a,x 2\14+a,x na,

n—rs

a,(y —x)
+ Z Z p5k111(1+ax (1+a, x)(1+any))x 7

Ky +11 =0 kp+1=0
ly+rl1 #0

a,x an(.y_x)
*Pu-rslaly (1 +a,x’ (1+a,x)(1+ any)) x
A1+a,y) ko + 1k,
X[(l_ Al+a,y)+(1-2)(1 +anx))f ( na, )
A1 +a,y) (k2+lz+r(k1+ll))]
A(1+any)+(1—k)(1+a x)f na

n

- Y Sy (a”x ty ) )X
s,k1,l1 1+a,x ’ (1 + anx)(l + any)

ky+11=0 ky+l3=0

-p ( a,x an(y_x) ) x
nrskela\ 14 a,x” (1+a,x)(1 +a,y)

AM1+a,y) ky + 1k,
X[(l‘A(1+any)+(1—x)(1+anx))f( na, )
AM1+a,y) (k2+12+r(k1+11))]
AM1+a,y)+(1—-A)(1+a,x) na
_ A(1+a,y)
- (_A(1+any)+(1—;\)(1+anx)

A +a,y)
)L(1+any)+(1 D +a, )(Rn,r,sf)(y)~ (10)

n

) o))

Since x < y, we obtain
AM1l+a,y)

AM1+a,y)+(Q -1 +a,x) —
Because f is non-increasing it follows from Theorem 3.2 that (R, ,.f )(x) = (R,,.f )(¥) and hence from (11) we have

( _ A1+a,y)
AMl+a,y)+(1A—-2)(1+a,x)

1n

A(1+a,y)
AM1+a,y)+(1—-A)(1+a,x)

)(Rn,r,sf )(x)+ Ryrsf ) < (A=2A)Ry 15 f)) + AR, 1o f )(Y)-

Then using (10) we get
Rn,r,sf) ((1 - 2')X + 70’) < (1 - Af)Rn,r,sf)(x) + an,r,sf)(.y)'
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We denote by Lip,,a the class of Lipschitz continuous functions on [0, c0) with exponent a € (0, 1] and the Lipschitz constant
M > 0 i.e. the set of all real valued continuous functions f defined on [0, c0) that verify the condition

f)=fDII<M-[x—y]* (V)x,y €[0, 00).

Theorem 3.4. Let f € C[0,00), M >0and a €(0,1]. If f € Lipy,a, then R, .. f € Lipya.

Proof. Let 0 < x <y < 0o. We have
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