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Abstract

In this article, a new class of the degenerate Apostol-type Hermite polynomials is introduced. Certain
algebraic and differential properties of there polynomials are derived. Most of the results are proved by
using generating function methods.

1 Introduction

Throughout this paper, we use the standard notions: N :={1,2,...}; N; :={0,1,2,...}; Z denotes the set of integers; R denotes
the set of real numbers and C denotes the set of complex numbers. Further let k € Z and A, u € C.

On the subject of the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials and their various extensions, a re-
markably large number of investigations have appeared in the literature, see for example [3, 4, 7, 8, 9, 12, 14, 15, 17]. Certain
results including various relatives of the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials are established.
Recently, many researchers studied degenerate versions of the familiar polynomials like Bernoulli, Euler, falling factorial and Bell
polynomials by using generating functions, umbral calculus, and p-adic integrals, see for example [5, 10, 11, 13, 19].

The 2-variable Kampé de Fériet generalization of the Hermite polynomials are given by (see [2]):

L % ] yrxn72r
H(,y)=nd> —— . 1
ney)=n “ri(n—2r)! )
It is to be noted that
Hn(z'x; _1) = Hn(x);
where H,(x) are the ordinary Hermite polynomials [1].
These polynomials satisfy the following generating equation:
2 = t"
Xt+yts _
ety —ZHn(x,y)m. (2)
n=0
The 2-variable degenerate Hermite polynomials H,(x, y,a) [20, p. 65] are defined by means of the generating function
oo t”
1 +at)i(1+at®)e =Y H,(x,y,a)—. )
n!

n=0

Since, (14 at)@ — ¢*f and (1 + atz)% e’ asq — 0, it is evident that Equation (3) reduces to Equation (2). That is
H,(x,y) is the limiting case of H,(x, y,a), when a — 0.
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The first—kind Stirling number s(n, k) is the number of ways in which n objects can be divided among k non-empty cycles and the
second-kind Stirling numbers S(n, k) count the number of ways to partition a set of n elements into exactly k nonempty subsets.
The generating functions are given, respectively, by (see [18]):

(]

1 n
= lin(1+ 0] = st(n,k)% @
and
1 & n
E(et—l)k=;5(n,k):l—!~ ®

The generalized falling factorial (x|a), with increment a is defined by (see [19, Definition 2.3]):
n—1

(xla), = [ Jex—ak), )
k=0

for positive integer n, with the convention (x|a), = 1, it follows that

n

(x|a), = Zs(n, k)a"*xk. @
k=0
From Binomial theorem, we have
P — t"
(1+at) =Z(x|a)nﬁ. (€)
n=0 )

Next, we recall the definitions of the degenerate Bernoulli polynomials B,(x; a), the degenerate Euler polynomials &,(x; a)
and the degenerate Genocchi polynomials G, (x; a) [6], with parameter a € R in the variable x and in a suitable neighborhood of
t = t,, by means of the corresponding generating functions.

t

P o t"
———— (1 +at)s = » B,(x;a)—. Q)
(1+at)’—1( o) Z(; & a)n!

When x =0, B,(a) := B,(0; a) are the corresponding degenerate Bernoulli numbers. It is to be noted from Equation (9) that
}liL%Bn(X; a)=B,(x), n>0, (10)

where B, (x) are the n—th order Bernoulli polynomials [16].

P = t"
——— (1 +at)e =) &(x;a)—. an
(1+at)%+1( ) HZ(; 5o

For x =0, &,(a) := &,(0; a) are the corresponding degenerate Euler numbers. It follows from Equation (11) that

mé&,(x;a)(x;a) = E,(x), n=0, (12)
where E, (x) are the n—th order ordinary Euler polynomials [16].

2t x t"
—= ——(1+at)f =Y G, (x;a)—. 13
(1+at)% +1( at) nzogn(x,a)n! (13
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When x =0, G,(a) := G,(0; a) are the corresponding degenerate Genocchi numbers. Consequently from Equation. (13), we
have

lin(l) G,(x;a) =G,(x), n=>0, 14)

where G, (x) are the n—th order ordinary Genocchi polynomials [17].

Waseem A. Khan [21] introduced the Degenerate Hermite-Bernoulli Numbers and Polynomials of the Second Kind by means
of the following generating function:

1 [ee]
log(1 +at)a x t"
%(l+at)5(l+at2)% ZZHBn(x;y;a);. (15)
_ g !

For A,u € C and a € N with u # 1 the generalized degenerate Apostol-type Frobenius Euler-Hermite polynomials of order a
which are given by generating function (see [22, P 569]):

1— ¢ . ) n
(A(th)ulu) (1+at)i(1+at?)s :Zth(x;y;a;A;u)%. (16)
‘T n=0 .

Taking u =—1 and a =1 in (16), we obtain the degenerate Hermite-Euler Polynomials

2 . = "
—— (1 +a)i(+at) =Y yia )= an
A1+at)a +1 =0 n

Subuhi Khan et. al. [19] introduced and studied the degenerate Apostol-type polynomials order a, denoted by P (x;, a; A; u; v)
by means of the following generating function:

247 * r e ¢
——— | (I1+at)e =ZP§“)(x;a;k;pL; v)—', (18)
A +at)a +1 =0 n

where x € R, A, u, ve C; n € N,.

For x =0, Pﬁ“)(a sA U v) = Pr(l“)(O; a; A; u; v) denotes the corresponding the degenerate Apostol-type numbers of order a and
are defined as:

oWtY )a = "
———— | =) Pa; A pu;v)—. 19
(A(1+at)i+1 HZ:(; " n!
In view of Equation (18), it follows that
lim P(x;, a3 2543 v) = FP(x; A5 %), n20, (20)

where }'T(l“)(x; A; u; v) are the Apostol-type polynomials of order a (see [18]).

This article aims to introduce a new class of degenerate Apostol-type Hermite polynomials. Some algebraic properties and
relations for these polynomials ara derived. These results extend certain relations and identies of the related polynomials.
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2 Degenerate Apostol-type Hermite polynomials

In this section, the degenerate Apostol-type Hermite polynomials are introduced and certain result for these polynomials are
derived.

Definition 2.1. For arbitrary real or complex parameter a and for a € Z*, the degenerate Apostol-type Hermite polynomials
P (x,y;,a; A; u; v), are defined, in a suitable neighborhood of t = 0, by means of the generating function:

2t ¢ x Y = t"
Airanisn) (reoraras):= D Py a A ), 1)
atje n=0 .

-1
t] <|log| —
el < rog( )

Taking x = y = 0 in Equation (21) we obtain the corresponding degenerate Apostol-type Hermite numbers defined as:

, 1%:=1.

( 24tY )a i (@ t"
—_— | = P (a; As u; v)—. (22)
1 H ERAZY o3
AMl+at)a +1 =" n!
We note the following limit case:
2kt ¢ x y 28t \* 2
lim| —————— | (A+at)*(1+at?)s = ( ) Xty
=0\ A1 +at)a +1 Aet +1
that is
= t" - t"
: (@ N (@) e b
}lgré;,qfn e, 5052503 9) ;an CoysAm ),

where H]—'r(l“)(x, VAU v)% denotes the Apostol type Hermite polynomials. Consequently, we have
N— tr (@) t"
lim, P90, y;a; 40— = g F 00, y; A0 v)—.
a—0 n! n n!

Also, we note the following limits:

(=D lim, P, y;4;15039) = 4BI(x, ),
lim, PO, y;4,131,0) = yEP(x,y),
lim, PCy; a1 = 46(x, ).

Example 2.1. For any A € C\ {—1,1}, a = a = u = v =1, the first few degenerate Apostol-type Hermite polynomials are given
as:

2
(a e _
HPO )(X:y:ayl)“: V) - A+1,
2 22
(a)
AU — _ —
le (x;}’,a, 7M7v) A,+1x (A+1)2’
2 2 22 42 4)2
(a) 2
Vi usv) = — + - MEwrhizeeat
nPy (Y365 25105 9) P [;\+1 (A+1)2]x [A+1 (A+1)3]
2 6 61 122 1223
(a) . A’ . = 3 _ + ] 2 __ —
WPy (oY) = X [A+1 a+02)" T T Gy
+[12y+ 1222 + 62 + 4 ]x
A+1 (A+13 (A+1)2 A+1

Dolomites Research Notes on Approximation ISSN 2035-6803



/0"0\,\ Cesarano - Ramirez - Khan 5

Similarly, for any A € C\ {—1,1}, a = a = u = v = 1, the first few degenerate Apostol-type Hermite numbers are given as:

P(@259) = ALH
H”pi"‘)(a;k;u;v) = %’

WP ;) = [%Wfﬁ)g]
aPO(@ A y) = _(73?13)4'

3 Properties of the degenerate Apostol-type Hermite polynomials
PO (x, y;a; A5 u;v)

In this section, we establish some basic properties for the degenerate Apostol-type Hermite polynomials, considered in the
previous section.

Theorem 3.1. The degenerate Apostol-type Hermite polynomials HPV(I“)(x, ¥;a; A; u; v) of order a and variable x, satisfy the following
summation formula:

("+ﬁ)(x+y,z+w a; A u;v)= Z( ) P(ﬁ)(y,w a; A; u; v)HP( O z5a5 A5 05 v). (23)
k=0

Proof. Consider

24t

a+f
Z P(“+ﬁ)(x+y,z+w a; A; u; v)— ) (1+at)%(1+at2)z+Tw

n=0 AQ+at)i +1

[e]
tn
( 1P (750545 s V)—)(ZHP,Sﬁ)(y,W;a;l;u; V)—,)
=0 n!
oo

n
n t"
> (k)HP,E’i)k(x,Z;a;/l;u; PP wias 250 V)) -

n=0 \k=0

tn
Comparing the coefficients of =, we get result (23).
n!

Theorem 3.2. For n €N, let {HPr(l“)(x,y; a; A; u; )} s be the sequence of degenerate Apostol-type Hermite polynomials in the
variable x. They satisfy the following relations:

(D) 5 P00, y5 a5 45 5 v) =y PLO0x + @, y505 43 5 v) — anyg P2 (x, v @ 25 13 ).

(i) yPOx, y5a5 A5 5 9) = gy PO(x, y + a3 a; A us v) —an(n— 1)y P (x, v a3 As s ).

Proof (i). From generating function (21), we have

(L) (1+at)a (1+at2)a —Z 73( x, y;a;A; u; v) . 24)
A(1+at)s +1 =0
(L)a(1+at) ‘(l+at?)7 = (1+at)ZH7D(”‘)(x VA5 v)—
A1 +at)s +1 o ’
Z PO(x+a,y;a;4; 05 V)— = Z PO,y a5 25 u; V)—
n=0 n=0
+at2 P(“)(x Via;A;u; v)

n=0
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Therefore,

oo tn oo tn
POt a i my) o = D POy a A )

n=0 n=0
(o] atn
E (@) caqe ey
+ d nHPn_l(X,}Ga;)L,M, V) n .
n=

Thus, we have

(oo} [ee]

trl
D PO+ 4,50 A s M- = D PO, yias s s v)
n=0 ° n=0

a t"
+any PO (x, y; a5 A543 )] Pt

Comparing the coefficients of t" in both sides of the equation, the result is

POy Y) = pPOx+a,ya A0 ) —ang PO (x, v as As s v).

(ii). From generating function (21), we have

28t” * x = t"
(—1) (I+at)e(1+ atz)% = ZHP}I“)(x,y;a;)L;u; v)—'. (25)
A1 +at)a +1 = n!
284t “ x a sl "
(—1) (1+at)a(1+ atz)% = (1+ atz)ZHPfla)(x,y; a; A u; v)—
A(l+at)a +1 pry n!
= £ S £
> PO,y +asa; A s M= = > uPOCx, yia A s M=
n=0 n n=0 n
oo t”
2 (a) P e Y
+at HZO: o P0Gy a5 A u; v)n!.
Therefore,
oo o0
@ t" @ t"
Zzﬂ’n (L y+taaipv)— = a PR ys a5 As ps v)—
n! n n!
n=0 n=0
— an(n—1)t"
+ > naPO ey a A s V)(—,)-
=0 n!
Thus, we have
o t” oo
DPO gy m )= = O [P0 ysa A5 s v)
n=0 n! n=0

tn
+an(n— 1)y P (x, y; a3 As 5 v) ] —.
n n!

Comparing the coefficients of t" in both sides of the equation, the result is

WPOG Yy a ) = PO +a,ysa;4;mv) —an(n— 1), PO, (x, v a5 A5 3 v).
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Theorem 3.3. For n € N, let {HPr(l"‘)(x,y; a; A; u; v)},so be the sequence of degenerate Apostol-type Hermite polynomials in the
variable x. They satisfy the following relations:

By P(x, y; a5 A s V):”Z_lzn L

. n—1 a
() -~ k+1( B )P(lk(xy,aku,V)
k=0
PO, y;a; A v) 4 2k (n—2\
(i) == = > =Dt 2 (") )P a2 )
k=0

Proof (i). Partially differentiating (2.1) with respect to x, we have

0 t" 26t “ 2 . v
——uPO(x, y5a5 A5 43 v)— (—) Z (1 +at)i(l+at?)a
,;ZMH " n! A(1+at)s+1) 9x

e Y N " 1
= (1+at)e(1+at®)e In(1+at)—
7L(1+at) +1 a

— " (=" 1
E (a) P W 2 gtttz
( Hpn (X,}’,ayl’ﬂ» V)n!)(n_ n+1 a)

n=0

_ = (@) AL k! tn+1
= E_Ok o Pk 06y a5 A s v)(—1) a (k)_k+1 i
n= 0
Thus, we have
o 3 t" 2 &4 n—1\ k! t"
(o) N (@) k_k r
n§=0 axHPn (5 a5 A5 u; V)n! = ;:o;( OHP GGy a A us v)(—1) a n( K )k+1 ol

Comparing the coefficients of t" in both sides of the equation, the result is

OuPD(x,y;a; A5 7) &5 k! (n—1
n — —1)kgk—= ( ) (@) A
= 2 nvfat S P v ),

(ii). Partially differentiating (2.1) with respect to y, we have

2)7

= 9 " 24t
——u PP (x, ;a4 05 ) — ( )
;ayH " n! A(1+at)s +1
24tY
A(1+at)i +1

= (ZHP'Sa)(x,y;a As s v)— )(Z(nj)ln nily 2n+2i)

) (1+at)a(1+at?)7In(1+ at?)t
a

n=0 n=0
o N o ( 1)k k2
= Z HPT(I )k(x yia; A u; v) -
n=0 k=0 (Tl k)
Thus, we have
0 F £n oo n—k 2%kl "
—u POy a A v) = = P sas Asps v)(—1)kak —1( )
;ay” nCoyia A ) ;ZO:H o ok (6 Y A s v)(—1) a“n(n—1) T

Comparing the coefficients of t" in both sides of the equation, the result is

PO, ysa; A5 v) &4 2k!
Bl k) _ ((1
oy = éon(n—l)( 1)ka k ( 2% ) Pl (65 a; A5 45 v).
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Theorem 3.4. For n €N, let {HPr(l"‘)(x,y; a; A; u; )} s be the sequence of degenerate Apostol-type Hermite polynomials in the
variable x. They satisfy the following relation:

n n

a o n [0
> Py A POy A ) = D (k)HP,E Y(2x,2y; a3 A; 5 ) (26
k=0 k=0

X PO (a5 A3 55 ).

Proof. Consider the following expressions:

(L) (1+at)i(l+at?)s —Z P(“)(x Via; A u; v) 27)
A(1+at)i +1 =
_— (1+at) (1+at?)s = a P,y as A u; v)— (28)
A1 +at)a+1 =0

From (27) and (28), we have

oo

2a
28t 2x 2y
—— | Q+a)c(Q+at)T = PO, y;a; A5 u; v)—
(A(1+at)3+1) Z:(;

oo tn
Z P,y 0525 5 v) —
n!

oo oo oo

" e e
Zﬂ’ﬁ‘”(a; A5t ¥) — ZHP;‘”(Zx,Zy;a; M= = D POl yia )
n=0 n=0 n=0
oo
XZH,P(OL)(X y;a; A; s s V)_
n=0
[ n l_'n o0 n
> (k)HP(ak(a A5 5 M) P(2x, 2y a5 A5 Vo= Z ( )HP(“ G, y5 a5 A s )
n=0 k=0 ) n=0 k=0

a t"
><H7’£ o,y a5 250 9)—.
n!
Hence, we get assertion (26).

Theorem 3.5. The degenerate Apostol-type Hermite polynomials HPTE"‘)(X, y;a; A; u; v) of order a and variable x, are defined by the
following series expansion:

WP, y3 a2 ) = D )P 052505 9)xla) 29)
k=0

Proof. Using equations, (8) and (21) and applying the Cauchy-product rule in the resultant equation, it follows that

oo ’p(‘" sa; A v)(xla), tt &
Z b n'u )(x|a), = PO, yia; A v) . (30)

n=0 k=0 n=0
Equating the coefficients of same powers of t in Equation. (30), assertion (29) is proved.

Theorem 3.6. For n € N, the degenerate Apostol-type Hermite polynomials HPT(I“)(X, y;a; A; u; v), are related with the degenerate
Apostol-type Hermite-Bernoulli polynomials of the second kind by means of the following identity.

n—

1 n+1
PO,y @A) = Z( VB 1350320, P2,y 052505 9)
=0

n+1
—1
1 n+1 @
- ( )HBk(X; ¥ D PO (@A us ). 3D
0

n+1k: k
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Proof. From generating function (21), we have
28t ¢ p
(—1) (1+at)i(l+at?)a
AMl+at)s +1
3 [ 2t ] 1 Alog(1 +at)a
Al+at)i +1] log(1+at)s | A(1+at)i—1
26t ¢ 1 log(1 + at)s .
_[ 1 ] 1 og( al) (1+at)i(1+at?)e. (32)
Al +at)a +11 log(1+at)a [ A(1+at)a—1
Taking into account the generating functions (15), (21) and (22) in Equation. (32), it follows that

](1+ac)*a“(1+at2)ﬁ

Z Prx, y; a3 45 5 V)— = —Z e A5 s V) ZHBk(xH;y;a; l)%

n=0 'nO

z" z"
LS e V)= ZHBk(x;y;a;A)—,
z n=0 n n=0 n

Using the Cauchy product rule in the right hand side of the above equation and, then, equating the coefficients of identical
powers of t in both sides of resultant equation, assertion (31) is proved.

Theorem 3.7. For n € N, the degenerate Apostol-type Hermite polynomials HPr(l“)(x, ¥;a; A; u; v), are related with the degenerate
Apostol-type Hermite—Euler Polynomials by means of the following identity:

1< «
nPOy A uy) = EZ( )AHSk(erl ¥3a; P (a; A s v)
k=0
BN «
2 D () s 05 P s 2 ), 33)
k=0

Proof. Following the same line of proof as in Theorem 3.7, and using of equations (17), (21) and (22) assertion (33) can be
proved.

Theorem 3.8. The following implicit summation formula involving degenerate Apostol-type Hermite polynomials in the variable x,
holds true:

n

PLE(x +3,y +w;a; 2543 v) =Z(D P, ¥ a3 4 5 v)Hi(z, w5 ). 34
k=0

Proof.
28t”

Z P(“)(x+zy+wa7tu,v)— =
)L(1+at) +1

n=0

) (1 +at) = (1 +at?)

( 2"t )a x 2L 5 2V
(1+at)e(1+at?)a(1+at)a(l+at?)a

(1+at) +1

oo oo t"
= ZOHP(a)(x » Y5 a; )L u; V)_) (ZOHH(Z:W; a)m)
= ( HP(“ (6, ¥ @5 A5 5 V)Hy (2, w; a))

Comparing the coefficients of t", we get result (34).

4 Conclusions

The paper aims at presenting the study of degenerate Apostol-type Hermite polynomials which plays an important role in
several diverse field of physics, applied mathematics and engineering. Certain expressions, representations and summations of
these polynomials are derived in terms of well-known classical special functions. The results we have considered in this paper
indicate the usefulness of the series rearrangement technique used to deal with the theory of special functions. We have derived
several implicit summation formulas for the degenerate Apostol-type Hermite polynomials by using different analytical means on
their respective generating functions. This process can be extended to derive new relations for conventional and generalized
polynomials.
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